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1. Introduction

Following the introduction of fuzzy set theory byadeh [18], the fuzzy set theory
proclaimed by Zadeh himselfand others have foundynag@plications in various field of
Science, Engineering, Medical science etc. Pu and13] deduced the notion of fuzzy

points, the fuzzy points of a semi-groG), are the key tools to describe the algebraic

system ofGg.Wang et al., [17] characterized fuzzy ideals agyymints of semi-group.

Liu [10] exposed fuzzy subrings as well as fuzzgaid in rings. Malik and Mordeson
[11] investigated some properties of fuzzy idealsémi-ring. Rosenfeld [14], Das [15]
and Bhattacharya [2] found the connection betweezyf groups and so called level
subgroups. Henriksen [4] defined a more restriclads of ideals in semiring, which is
called the class ok-ideals, with the property that if the semiriSgis a ring then a
complex inS is a k-ideal iff it is a ring ideal. Dutta and Biswa3] [studied fuzzy k-
ideals of semiring. Kar and Purkait [6] charactedizhe regularity of some semiring by
special fuzzyk-ideals and general properties of fuzKyideals. Notions of fuzzy k-
ideals, prime fuzzy k-ideals and semi regularitgemiring are described by Ahsen et al.,
[5]. Atanassov [1] introduced intuitionistic fuzaets which is a generalization of the
notion of fuzzy sets. The fuzzy sets give the degremembership of an element in a
given set, while intuitionistic fuzzy sets give bat degree of membership and a degree
of non-membership. Muhammad and dudek [12] puhftre concept of IFS to semirings
and intuitionistic fuzzy leftk -ideals of semirings and analyzed their properesairaja
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and Nagarajan [16] construct®dfuzzy group. Kim [7] studied intuitionisti® -fuzzy
semiprime ideal in semigroups. Lekkoksung [8,9)estigated some properties ofx-
fuzzy interior ideal of a semigroup and further lgggp the concept of intuitioniti@ -
fuzzy set to semiring and intuitionist@ -fuzzy right k -idealin semiring.

In this article, the universe of discouse is taksna semiring and the s& is
considered as a semigroup. In section 2, basimitefis needed for the study are
recalled. In section 3, right (leftx-subsemigroup of semigroup is introduced with an
example. Strongness betweeD-fuzzy (semiring, ideals) and, -fuzzy (semiring,

ideals) are analyzed with suitable examples. Leubkets for th&), -fuzzy set has been
defined and the level set properties are discusSedherQ, -fuzzy K-ideal has been

introduced and an interesting results withsubsemigroup is studied. The same has been
extended to intuitionistic fuzzy semiring.

2. Preliminaries
In this section we recall some definitions neededbir study.

Definition 2.1. A non-empty setS together with two binary operatior and '." is said

to be a semiring if
1) (S, +) is a commutative semigroup,

2) (S,.)is a semigroup,

3) a(b+c)=ab+acand(a+b)c=ac+bc Oa,b,cOS.

We say that a semiriffy has a zero if there exists an elemdht]S such that
0x=x0=0and0+x=x+0=x for all xOJS.

Definition 2.2. A non-empty subsefA of S is said to be a subsemiring & if A is
closed under the operation of addition and muttgilon in S.

Definition 2.3. A subsemiring of S is called a right(left) ideal of S if for all

rdS,x0O1,xr O1(rxO1). A subsemiring of a semirindS is called an ideal ofS if
it is both left and right ideal.

Definition 2.4. An (A right (left)) ideal | of a semirindS is called a (right (left))k -
ideal of a semirin® if x+y,yOl implies XUI.

Definition 2.5. A mappingu: X xQ - [0,1], where X, Q are arbitrary non-empty sets,
is called a Q-fuzzy set of X. An upper level sead®-fuzzy seti denoted byJ (y;t) is
defined asU (y;t) ={xO X| t(x q) 2t,0g0Q} and a lower level set of @-fuzzy
set 1/ denoted byl (y;t) is defined asL(y;t) ={x0 X| p(x q) <t,0qOQ}, for all

t J[0,1].
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Definition 2.6. A fuzzy set i of a semirindS is said to be a fuzzy semiring if for all

X,y €S,
D p(x+y)zmin{ (X, L Y)}
2) p(xy) = min{ (%), p( Y)}-

Definition 2.7. A fuzzy sety is called a fuzzy left ideal(right ideal) of semg$S if for
all x,ydsS

Du(x+y)zmin{ (%), p(y)}

2) u(xy) 2 u(y)(u(xy) 2 1(X)).-

Definition 2.8. A fuzzy left ideal i/ is called a fuzzy left k-ideal of a semirifsgif for
all x,y,z0OS,x+y =2z implies x(x) = min{ 4 y), 1 2)}.

Definition 2.9. An intuitionistic fuzzy set defined on non-emptysseX is an object of
the form A={<X HaA(R, )IA(X)>| xOX}, where the functionu,: X - [0,1] and
A, X - [0,1] denote the degree of membership (namely(x)) and the non-
membership (namelyl,(x)) for each elemenk X, to the set A, respectively, and
0< u,(x)+A,(x)<1 for eachx X. Obviously, every intuitionisti@Q-fuzzy set i
we can haveAZ{(X HA(R, AA(X)>| x[OX}.

For any intuitionistic fuzzy set A,B of X, define

(An B)(X) = (min{ (), 4s(X}, maxX AL ¥, A{ }}) and
(ADB)(X) = (max{ z\( %), te( X}, mig AL X, AL X)

Definition 2.10. An intuitionistic Q-fuzzy set defined on non-empty seXs and Q is

an object of the fornA={<x g Un(X ), A5(X, q)} | xOX,q0Q}, where the function
My XxQ - [0,1] and A, : X xQ - [0,1] denote the degree of membership (namely
HA(X,0)) and the non-membership (namely(x,q)) for each elemenx [ X,q0Q

to the set A, respectively, an0< u,(x,q)+A1,(x,q)<1 for each xO X, qOQ.
Obviously, every Q-fuzzy set 4 we can have A={(X ¢ (X% 0), A,(X0))

| xO X ,q0Q}. For the sake of simplicity, we shall use the symBat (1,,4,) for the
intuitionistic Q-fuzzy set A={(X g £,(x @), A,(x ))| x0S,q0Q}. Obviously for

an IQFS A= (u,,A,) in X, when A(x,q) =1- u(x,q), for every xO X,q0Q, the
IQFS A is a QFS.

Example 2.11. Consider the semirin§=(Z,,J,©0) and Q be any non empty set. Let
A={0,2,4} 0 S Define 4, : SxQ - [0,1] and A, : SxQ - [0,1] as
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0.7,ifx0A,qUQ,

Halx9) = {0.3,otherwise

and
0.2,ifxOA,qOQ,
A (XQ)= .
A9 {O.G,Otherwise.
ClearlyA=(u,,A,) is an IntuitionisticQ - fuzzy set.

Definition 2.12. Consider a fuzzy set/ of a semirind> with the following condition

Du(x+y,q)zmin{(x q), 4(y, q)}

2) p(xy,q) = min{2(x ), u(y, o)}

3)u(xy,aq)= u(y,q)

4)(u(xy,q) = u(x,q))forall x,yS,qUQ.

Then u is said to be &) -fuzzy semiring if it satisfies (1) and (£) -fuzzy left ideal if it
satisfies (1) and (3) an@ -fuzzy right ideal if it satisfies (1) and (4).

Throughout this papefQ,,.) is a semigroup.

3. Q;- fuzzy ideals of semi-ring

Definition 3.1. Let (Gg,.) be a semigroup. A subsemigrofpof G is said to be a right
(left) k-subsemigroup o6; if r,.r, JA andr, OA(r,0A) impliesr, DA (r, OA).

In the following example we show that a subsemigrofia semigroup need not be a
right(left) k-subsemigroup of a semigroup.

Example 3.2. Consider the semigro#,,®). | ={0,1,3,5} is clearly a subsemigroup
of (Zs,©). But | is not a right (left) k-subsemigroup ¢Z,®). If r, =2,r, =3 then
r.r,=001 andr, =301 butr,=201.If | ={1,3,5}, then| is a right (left) k-
subsemigroup ofZ, ®).

Definition 3.3. Let (Q,,.) be a semigroup. &), -fuzzy sety of a semi-ringS is said to
be aQ, -fuzzy semi-ring if

1) p(x+y,q) = min{ (% q), L(y, q)}
2) pu(xy,q) = min{ (% q), (Y, q)}
3) ,U(X,Gﬂ.qz)Z min{z( x, q])7 (X, qz)} Ox yOSq, ql’qZDQl'

Example 3.4.Consider the semi-rin§ = (Z,,J,©) andQ, =(Z,,0).
Let A={0,2,4}0 S andM ={0,1} 0 Q, Defineu:SxQ, - [0,1]as

260



Intuitionistic Q-Fuzzyk-ideals of Semi-Ring

(x.q) = 1,if xOAandqOM,
HO= 0,otherwise
Clearly it is a @-fuzzy semi-ring of S.

Remark 3.5. The following example shows that every-fQzzy semi-ring is Q-fuzzy
semi-ring of S, but the converse need not be true

Example 3.6. Consider the semi-rin§=(Z,, 0,0)and Q=(Z,,0). Let A={0,
2,40S andM ={2,3} 0Q
Define y/: SxQ - [0,1] as
(% ):{1,if xDA,anquM )

0,otherwise
Since 0= 1(4,0)= (4,2 2} u (4,200 (4,2F It does not satisfy condition (3)
for Q,-fuzzy sety of a semi-ringS. Clearly/ is a Q-fuzzy semi-ring but nd, -fuzzy
semi-ring. Therefor& -fuzzy semi-ring does not impl€), -fuzzy semi-ring S.

Definition 3.7. An upper level set of @ -fuzzy set/ is denoted by,
1) If qUQ is fixed thenU, (4;t) ={x0 S| 1(x q) = t},
2) If xOS is fixed thenU  (4;t) ={q0Q,| tA(x q) =t}
and a lower level set of @, -fuzzy set// is denoted by,
1) If qUQ is fixed thenL (1;t) ={xO S| t(x g) <},
2) If xOS is fixed thenL, (x;t) ={q0Q,| t(x q) <t}.

Lemma 3.8. Let 1/ be aQ,-fuzzy set of a semiring S. Thets is a Q, -fuzzy semiring
of Siff U (x;t) is a semiring o8 and U, (u;t) is a subsemigroup o, for qOQ,
xUS and for allt (0[0,1] whenever nonempty.

Proof: Supposey is a Q -fuzzy semiring ofS and U (4;t) andJ (4;t) are non-
empty for t 0[0,1]. Letx, yOU, (4t). Then u(x,q) 2 t, u(y,q) 2 t.Sinceu(x + Y, q)
2 u(x,q) Ou(y,q)=t,implies that x+yOU (4;t).Again since  u(x Y, Q)2
H(%,q) Ou(y,q)=t, implies thatxy OU  (4t). ThereforeU  (4;t) is a semiring of
S.Let q,q,0U, (1;t) implies that z(x,¢) >t, #(x,0,)=t. Now g(x,0,.9,) = &
(%,0,) Ou(x,g,)=t. This implies thatq,.q, OU, (u;t). Therefore U (u;t) is a
subsemigroup of),.
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Conversely, assume that each non-empty{..!sqe(w; t) is a semiring ofS and
U, (u;t) is a subsemigroup d®, for all t[0,1]. If there existsx, y'S and q0Q,
such that u(x+vy,q)<u(x,q)0u(y,q).Lettd0[0,1]such thap(x+y,q)<t
< u(x,9) Ou(y,q). This shows that, forx, yOU, (4;t), x+yOU, (4t). This is a
contradiction to the fact that (4;t) is a semiring ofS and henceu(x+y,q) 2
H(X,q) Du(y,q) Ox,yOS. Suppose there existx,y(0S and qUQ, such that

H(xy,q) < p(x,q)0u(y,q). Let t0[0,1] such thatu(xy,q) <t < u(x,q)Du(y.q).
This in case shows thaty U (4;t) for x, yOU  (x;t). This is a contradiction to the

fact that U, (4;t) is a semiring of S and hence u(xy,q) 2 u(x,q)0u(y.q)
Ox,yOS. Similarly if there exists XS and q,,q, JQ, such thatu(x,q,.q,) <
H(X,q,) Du(x,g,). Let t0[0,1] such thatu(x, ¢,.0,)<t < £(x, )L ((X,q,). This
in turn shows forq,,q, OU, (i;t), 6.0, 0U (4;t) a contradiction to our assumption

that U, (x;t) is a subsemigroup ofQ. Hence u(X,q,.q,)= £(x,9,) Ou(X,,)
UxOS,q,,0,0Q,. Thereforey is aQ, - fuzzy semiring of S.

Definition 3.9. A Q,-fuzzy set of a semirindS is said to be &), - fuzzy right (left)
ideal if

1) p(x+y,q) = u(x,0)0u(y,q)

2) p(xy,q) 2 u(x,q)[u(xy,q) 2 (y.q)]

3) (X, qu.0,) 2 1 (X,0)(1(x,9,))0 %,y S,0.9,9,0Q,

Example 3.10. Consider the semirifg=(Z,,J,0) and Q, =(Z,,0). Let A={0,
2,4}0S andM ={0,1} 0 Q, Let u:SxQ, - [0,1] be defined as in Example [3.4].
Clearly i is aQ, - fuzzy right (left) ideal of a semiring S.

Remark 3.11. Every Q, -fuzzy right(left) ideal of a semiring iQ -fuzzy right (left) ideal
of a semiring S, but the converse need not be true.

Example 3.12. Consider the semirinf§=(Z,,lJ,0) and Q=(Z,,0). Let A={0,
2,40S andM ={2,3} 0 Q define #:SxQ - [0,1] by
LifxOAqOM,
X,d)= .
H(x.0) {O,othervwse.
Clearly u(x,q) is a Q-fuzzy right (left) ideal of a semiring S, but n@, -fuzzy right
(left) ideal of a semiring S, sinca(0,1)= 0# 1 (0,2 1
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Theorem 3.13. Let 1 is a Q,-fuzzy set of a semiring S. The is a Q,-fuzzy right
(left) ideal of Siff U, (4;t) is a right (left) ideal ofS and U, (u;t) is aright (left) of
Q, for qOQ, x[S and for allt 0[0,1] whenever nonempty.
Proof: Suppose is a Q,-fuzzy right ideal of S and U (1), U, (u;t) are non-
empty for t0[0,1].Letx, yOU, (4;t). Then u(x,q)=t, t(y,q) 2t.Since p(x+y
,0) = p(x,q) Du(y,q)2t,we havex+yOU, (4;1). For xOU (1), yOS, pu(xy,
Q) = 4(x,q) 2t, which yieldsxy U, (4t) for xOU (4;t). ThereforeU  (4;t) is a
right ideal of S.Let qOU (&t) and q,0Q then x(x,g)=t. Indeed
(X, 0,.0,) = 1(X,q,) = t. This implies thatg,.q, U  (4;t). ThereforeU (4;t) is a
right of Q..

Conversely, assume that each non-empty.ge(tu;t) is a right ideal ofS and
U, (u;t) is a right ideal of Q. If there exists x,ydS and qJQ such that

H(X+y,Q)<p(x,0)0u(y,q). Let tO[0,1] such that u(x+y,q)<t< u(x,q)
Ou(y,q)- Then for x, yOU  (4;t), we havex+yOU (4;t). This is a contradiction

to the hypothesis thatU,(xt) is a right ideal of Sand hence
Ux+y,q)z u(x,q)0u(y,q) Ox,yOS. Again if there existsx,yO'S and qLIQ
such that z(xy,q) < ¢(x,q). Let t0[0,1] such that(xy,q)<t< u(x,q). This
shows that forxOU (1), xy U, (1;t) contradiction to our hypothesis thidt, (4;t)

is a right ideal ofS and henceu(xy,q) = u(x,q)0Ox,yOSand qUQ,. Similarly, if
H(X,0.09,) < u(x,q,) for xOS and q,q,0Q,. Let tO[0,1] such that
(X, 0.0,)<t < 1(x,q,). Then for g, OU, (1), .., 0U (4;t), a contradiction to
our assumption that), (z;t), is a right ideal of Q. Hence f(X,¢.0,)= 4(X,q,)
Ux0S,q,,q9,0Q,. Thereforeu is aQ,-fuzzy right ideal of S.

Definition 3.14. A Q,-fuzzy right (left) ideal # of a semirindS is called Q, - fuzzy
right (left) k - ideal if for allx,yO' S andq,q,,9, JQ,

1) (%, 0) 2 p(x+y,0)0u(y,q)

2) p(x, ) 2 (X, 0.0,) D (X,0,) [4(X, 0y) 2 p(X, 0,.0,) D 4(X, ).

Example 3.15. Consider the semirin§=(Z,,0,0) and Q =(Z,,0). Let
A={0,2,440S and M ={0,1} 0 Q. Let w#:SxQ, -[0,1] be defined as in
Example [3.4]. Clearlyu is aQ, - fuzzy right (left) k - ideal of a semiring S.
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Remark 3.16. Every Q, -fuzzy right (left) k-ideal of a semiring i€Q-fuzzy right (left)
k -ideal of a semiring S, but the converse need adtue.

Example: 3.17. Consider the semirin§ = (Z,,00,©) and Q=(Z,,0). Let A={0,
2,40S andM ={2,3} 0 Q define :SxQ - [0,1] by
LiftxOAQqOM,
X,q) = .
Hx.0) {O,othervwse.
Clearly u(x,q) is a Q-fuzzy right (left) k-ideal of a semiring S, but nd®, -fuzzy
right(left) k -ideal of a semiring S, sinca(0,1)= 0# 1 (0,2)Ju (0,2F 1

Lemma 3.18. Let i be aQ,-fuzzy set of a semirin§ . Then i/ is a Q,-fuzzy right
(left) k-ideal of Siff U, (41) is a right (left) k-ideal ofS and U, (u;t) is a right (left)
k -subsemigroup o), for qJQ, and xJ Sand for allt [0,1] whenever nonempty.
Proof: By Lemma [3.8]U, (4;t) is a right ideal. Lefs be aQ, -fuzzy right k-ideal of a
semiring S. If there exists X,ylS,qUQ, such that x+y,yOU, (4t) then
U(x+y,q)=t and u(y,q)=t. Since 4 is a Q fuzzy right k-ideal
H“(x,q) 2 u(x+y,q)0u(y,q)=t. Thus for x+y,yOU, (4t) andqUQ, we have
xOU, (i;t) . HenceU  (y;t) is aright k-ideal of S.

Similarly if there existsq,.q,,q,JU, (1;t) then u(x,0,.0,)=t and u(x,0,)=t.
Since y is a Q, fuzzy right k-ideal u(x,q,)= u(x,9,9,)0u(x,q,)=t and so
HU(x,q) =t . Thereforeq, U, (u;t), implying thatU, (x;t) is a k —subsemigroup of
Q.

Conversely assume that, (4;t) is a right k-ideal ofS andU, (u;t) is ak-
subsemigroup o), for qLQ,, XS and for allt 1[0,1] whenever nonempty. If there
exists x,yOS, qUQ, such that u(x,q) < g(x+y,q)0u(y,q). Let t0[0,1] such
that  p(x,q)<t<p(x+y,q)0u(y,q). This shows x+y,y0OU (ut) but
x0OU,(4;1). This is a contradiction to the fact thidt, (4;t) is a right k-ideal of S.
Similarly, if d,,0,.q, DJx (u;t)and p(x,qp) < p(X,0,.09,)0u(X,0,). Let t0[0,1]
such that z(x,q,) <t < u(x,0,.9,) 0x(X,q,). This meansq,,q,.q,0U, (x;t) but
g, OU, (u;t). This is a contradiction to the fact thdt (u;t) is a k-subsemigroup of
Q,. Thereforey is aQ, -fuzzy right k-ideal of the semiring S.
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Definition 1.19. An intuitionistic Q, -fuzzy set of a semiring is an object of the form
A={(X ¢ (% 0, A (x 0} | XxOS,q0Q with u(x,q)+A(x,q)< 1 is called an
intuitionistic Q, - fuzzy semiring ofS if
1) 4p(X+y,0) 2 1, (x,0) O, (y,q)
2) HA(Xy,Q) 2 1, (x,0) O, (y,Q)
3) /'IA(X’ onqz) 2 /'IA (X’ql) DtuA (quZ)
4) An(X+y,Q) < A, (x,q) DAL (y,Q)
5) Au(xy, ) < A, (x,9) T4, (y,q)
6) /]A(X7 q1q2) s AA (X’ql) |:|AA (XiqZ)DX !y D S lq ’ql 7q2|:| Q

Example 3.20. Consider the semirin§=(Zs,J,0) and Q, =(Z,,0). Let A={0,
2,40S andM ={0,1} 0 Q. Define 1, :SxQ, - [0,1] andA,:SxQ, - [0,1] as
0.7,ifxOA,qUM, 0.2,ifxOA,qOM ,
X,q) = . andl,(x,q) = .
Halx.9) {0.3,0therW|se A(%.0) {0.6,otherW|se.
Clearly it is an intuitionistioQ, -fuzzy semiring of S.

Remark 3.21. Every intuitionistic Q,-fuzzy semiring is an intuitionisticQ -fuzzy
semiring of S but the converse need not be true.

Example 3.22. Consider the semirin§=(Z,,J,0) and Q=(Z,,0). Let A={0,
2,40S andM ={2,3} 0Q
Define y/: SxQ - [0,1] andA,:SxQ, - [0,1] as

0.8,if xOA,qOM, 0.1,if xOA,qOM,
Hal6 )= {0.3,otherwise and,(x.q) = {O.6,otherwise '
Sincew, (2,0)= 0.3# 1 (2,23, (2,25 0. and A,(2,0)=0.€£1,(2,2)
A,(2,2)= 0.1 It does not satisfies conditions (3 and 6) fowitinistic Q,-fuzzy
semiringA of a semiring S. Therefore intuitionist@-fuzzy semiring does not implies
intuitionistic Q, -fuzzy semiring S.

Definition 3.23. Let A=(u,,A,) be an intuitionisticQ, -fuzzy set of a semirin§ and
let s,t0[0,1]. Then the set Sff(;; ={xOS| p(x ) 25 y.(xq) <t,q0Q} and

Sf(g ={qUQ| #(x Q) =S yu(xq) <t, xS} is called a (s,t)- level set of
A=(Uy,Ay). The set {(st)OlIm(u) xIm(A)|s+t<1} is called image of

265



P. Murugadas and M.R.Thirumagal

A= (Up,Ap)-Clearly, S5 =U, (1,:9) n Ly (Ait) and S) =U, (1,:9) n L (A;t),
wherqu(,uA;S)[Ux(,uA, 9] and L, (AL (A 1)] are upper and lower level subsets of
MU, and A, respectively.

Example 3.24. In Example 3.225{0:" ={0, 2,4} and S{;” ={2,3}.

Definition 3.25. An intuitionistic Q, -fuzzy set of a semiring is an object of the form
A={(% 0 U(% O, A,(x )| xOS,q0Q} is called an intuitionisticQ, - fuzzy
right(left) ideal of S if

1) up(X+y,0) 2 ,(x,0) O, (y,q)

2) UA(XY, Q) 2 1\ (X DA (XY, ) 2 1, (Y, )]

3) MA(X 0.G) 2 1, (X,0;) (U4 (X,0,))

4) Aa(x+y,0) = A, (x,0) 04, (y,9)

5) A (xy, Q) < A, (X, Q)AL (XY, Q) < A, (y, 0]

6) /]A(X7 q1q2) < AA (X!ql)(AA (X’qz))DX’yD S !q ’ql ’q ZDQZL'

Example 3.26. Consider the set of all positive integ&=Z;.Clearly it is a semiring
under usual multiplication and consider the semigfQ, = (Z,,©®). Define
{O?leD(Z) qDQl, Axq) = {O3IfXD(2} qDQl,
@] 0.2,0therwise ’ 0.8,0therwise
Then A= (u,A) is an intuitionistic Q, fuzzy right ideal of S.

Definition 3.27. An intuitionistic Q, -fuzzy right (left) ideal A in S is said to be an
intuitionistic Q, -fuzzy right (left) k-ideal ofS if

1) 4a(x,0) 2 4y (x+y,0) O p,(y,q)

2) HA(% ) 2 [, (X,00.9,) U, (X,02) (14 (X,0p) 2 14, (X, G0 ) U 4 (X,00))

3) Au(x%,Q) = Au(x+y,q)UAL(Y.Q)

4) A% ) = Ap(%,4,.9,) O AL (X,0,) (Aa (X G) = Ax (%,4,.9,) T A4 (X,04))
forall x,yOS andq,q,,q,JQ,.

Example 3.28. Consider the semirin§=(Z,,J,0) and Q =(Z,,0). Let A={0,
2,410 SandM ={0,1} 00 Q, defined as in Example [3.20]. Clearly it is @nfuzzy
right(left)k -ideal of a semiring S.
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Remark 3.29. Every Q, -fuzzy right(left)k -ideal of a semiringis @-fuzzy right (left)

k -ideal of a semirin@ but the converse need not be true. We illustkitethrough the
following example.

Example 3.30. Consider the semirin§=(Z,,J,©0) and Q=(Z,,0). Let A={0,
2,408 andM ={2,3} 0 Q Define z:SxQ - [0,1],4:SxQ - [0,1] as
Lif xOAqOM, 0,if xOAqOM,
Xq) = . and A (X,q) = ) .
Halx.9) {O,othervwse A(%0) {1,otherW|se
Clearly A is an intuitionistic Q-fuzzy right(left) k-ideal of a semiring S, but not an
intuitionistic Q,-fuzzy right(left) k-ideal of a semiring S. Sinceu,(0,1)= 0%

££,(0,2)041, (0,2)= 1and A,(0,1)= 0% A, (0,274, (0,2F 1

Theorem 3.31. An intuitionistic Q,-fuzzy set A={< x g t/,(X 0), A,(x,q) > |xO S,

qUQ} in S is an intuitionisticQ, -fuzzy semiring of Siff any level setS,(f(’;; is a
semiring of S and Sff(g is a subsemigroup df, respectively for alls,t [J[0,1] with
S+t <1 whenever nonempty.

Proof: Let A be an intuitionisticQ, -fuzzy semiring ofS and S{;) andS,) are non-

empty for all s,t00[0,1] with s+t<1. Let X,yDS,(f(';;. Then u,(x.q)=s,
Ha(Y:Q) 28, Ay (x,q) stand A,(y,q) <t. Since u,(x+y,0) 2 4,(x,q) T, (y.q)
2sand A,(X+Vy,q)<A,(x,q)0A,(y,q)st, X+ yDS,(f(’;g. Again since ,(xy
)2 4, ) Oy, aq)2s  and A, 00,9) < A,(x,9) 04, (y,q)<t, xyOSgY.
Therefore Si;) is a semiring of S. Let q,0,0Syy) implies that 1,(x,q,)
2S [Up(X,0,) 2 S, A\(X,q) st and A (X,0,)<t. Since f,(X,0,.0,) = Ha(X, &)
OuA(%0,) s and A, (X,0.0,) < Au(X @) D044 (x,0,) <t OxOS, ¢, 0, 0S5
This implies thatty.0}, 0 S{y). ThereforeSSy) is a subsemigroup d@..

Conversely, assume that each non-enmtﬁgg is a semiring ofS and S,(f(f(g is
a subsemigroup of Q. If there exists x,yOS and qOQ, such that

HaA(X+Y,0) <t (X,0) O, (y,q) and A, (X+y,0) > A, (x,q) UA,(y,0). Let stD
[0,2] such that (x+y,q)<s< u(x,q)0u(y,q) and A, (x+y,q) >t 2A,(x,q)0

Ax(y,0). That is for all X, yOS{;) we havex+yOS{). This is a contradiction to
the hypothesis thatS{y;) is a semiring of S and hences,(X+Y,0) = f,(x,q)
Ou,(y,q) Ox,yOS. Suppose there exists y[(0S and qLJQ, such thatu, (xy,q) <
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HUa(X,q) Op,(y,q) and A (Xy,q) > A,(x,q)0A,(y,q). Let s,t0[0,1] such that
HA(Xy, Q) <s< 1, (X, Q) U (y,q) and A,(xy,q) >t2A,(x,q)0A,(y,q). This in
case shows thaxyDSff(g for all X, yDSﬁ\S(';g. This is a contradiction to the fact that

Sk is a semiring ofS and henceu, (XY, ) = £, (X,0) O, (y,q) and A,(xy,q)
<A(x,q)0A,(y,q) Ox,yOS.

Similarly if there exists XUJS and q,,q,0Q, such that z,(X,0,.0,)<
£, ) O, (x,0,) and A,(%,6.0,) > A, (%,6,) T4, (x,0,). Let s,t0[0,1] such
that £7,(X,0,.0,) <S< 1, (X,0,) U4, (X,0,) and A,(X,0,.0,) >t 2 A, (X,0,) DA (X,
Q,). This in turn shows foicy, o, OSg,), 0.0, OSS). This is a contradiction to our
assumption thatS,(f(’f(; is a subsemigroup of),. Hence u,(X,q,.0,)= i, (X,0,) 0
Ha(X,0,) and A,(X,0,.0,) < A, (X,0,)0A, (X,0,) OxOS,q,,0, 0Q,. ThereforeA is
an intuitionisticQ, - fuzzy semiring of S.

Theorem 3.32. Let | be a non-empty subset of a semiBigand J be a non-empty
subset of a semigro@Q . Then an intuitionistidQ, -fuzzy setA=(u,A) defined by

(X, ):{sz,ifxDI-,qDJ, Ax, ):{tz,ifxDI.,qDJ,

S ,otherwise t,,otherwise,
where0<s5<s,<1,0<t,<t;<1 and 5 +t, <1 for eachi =1,2 is an intuitionistic
Q, fuzzy right (left) ideal ofSif and only if | is a right ideal ofS and J is a right
ideal of Q,.

Proof: Let | be a right ideal inS and J be a right ideal inQ,. Let x,yO1 and
qOJ, then x+y0Ol. Thereforeu(x+y,q) =s,, A(X+y,q)=t,, u(Xx+y,q)=s, =
U, q)Ou(y,q) and A(x+y,q)=t, =A(x,q)JA(y,q).If xoryOl,qOJ then
H( Q) Op(y,q)=s < u(x+y,q) andA(x,q) UA(Y,q) =t, 2 A(x+Y,0q).

Let xOI and qOJ, #(xy,q)=s, =u(x,q). If xOlandqOJ then
S = u(X,q),q)and t =A(X,q)2A(xy,q). Again for g0J and x0OI, then
H(X, ) =S, and  U(X,q0,) =S,.Therefore  £/(X,q,0,) = (4(X,0,) and
A(X,00,) =A(x,q,) for q,0J and for any xu(x,q,) =S, < u(X,q,9,) for any q,
and A(x,q) =t, 2 A(x,0,0,).

and

Corollary 3.33. Let | be a non-empty subset of a semitBgand J be a non-empty
subset of a semigro@ . Then| is a right (left) ideal ofS and J is a right (left) ideal

of Q,if and only if the intuitionisti€), -fuzzy setA=(,,1- %, ) defined by
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Lifxdl,qO0Jd,
X (x,q)= .
0,otherwise
is an intuitionisticQ), -fuzzy right(left) ideal of S.

Theorem 3.34. An intuitionistic Q, -fuzzy set A=(x,A) in S is an intuitionisticQ, -

fuzzy right (left) ideal ofSif and only if theQ, fuzzy subsetsy and A° are Q, fuzzy
right(left) ideals of S.
Proof: If A=(u,A) is an intuitionisticQ, fuzzy right ideal of S, then clearly is aQ,

fuzzy right ideal of S. For alk, yUIS,qUQ,,
A*(x+y,0) =1-A(x+y,q) 2 1-max{A(x g), A(y, )}

=minfl - A(x 0),1-A(y,q)} =mir{A(x ), A°('y, )}
and

A*(xy,0) =1-A(xy,q) 21~ A(x,q) = A°(x, Q).
Also for g;,0, JQ,
A (% q0,) =1-A(x,q0,) 21-A(X,q) =A%(x, ).
Thus A° is aQ, -fuzzy right ideal of S.
Conversely assume that and A¢ are Q,-fuzzy right ideals of S, then conditions 1,2
and 3 of Definition [3.25], are satisfied. Now fary [0S andqQ,
1-A(x+y,q) =A°(x+y,q) 2min{A%(x q), A%y, o)}

=minfl —A(x a),1-A(y,q)} =1-max{A(x q), A(y.q)}
which implies—A(x+vy,q) =-max{A(x q), A(Y, )}

implies A(x+y,q) <max{A(x d), A(y, a)}

andl-A(xy,q) =A°(xy,0) 2A%(x,0) =1-4(x,q)

This implies=A(xy,q) = -A(x,q) implies A(xy,q) < A(X,Q).

Also for q;,d, 0Q;, 1-A(X,0,0,) =A°(X,qd,) 2 A°(x,¢) =1-A(X,q)
This implies=A(x,0,0,) =2 —A(X,q,) impliesA(X,q,0,) < A(X,q,).
Therefore A= (u,A) is an intuitionisticQ, fuzzy right ideal of S.

Corollary 3.35. Let A=(u,A) be an intuitionisticQ, fuzzy set in S. TherA is an
intuitionistic Q, fuzzy right (left) ideal of Sif and only if intuitionistic Q, -fuzzy set
A =(u, (%) and intuitionistic Q, fuzzy set A, = (A°,A) are intuitionistic Q, -fuzzy
right (left) ideals of S.

Theorem 3.36. An intuitionistic Q,-fuzzy set A={<x g (,(X Q), A,(x,q) > xOS,

qOQ} in S is an intuitionisticQ, -fuzzy right (left) ideal inSiff level sets Sy is a
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right (left) ideal of S and Sﬁ\s&; is a right (left) ideal ofQ, respectively for all
s,t0[0,1] with s+t <1 whenever nonempty.

Proof: SupposeA is an intuitionisticQ, -fuzzy right ideal of S and Sff(’;g, S,(f()g are
non-empty for s,tJ[0,1], with S+t<1. Let X,yDSf(’;g. Then u,(x,q)=s,

Ha(y,d) 2 s, Ap(X, Q) <t, A\ (Y, Q) St. Since p,(X+Y,0) 2 (4 (X,0) Opa(y,q) = s

and A, (x+y,q)<A,(x,q)0A,(y,g)st. We have X+ yDS,(f(’;g. Further
HAOY, Q) = (a(X,0) =S and A, (xy,q) <A, (x,0)<t. This yields xyOSG) for

x, YOSy, . ThereforeS{:) is a right ideal ofS.

Let OSy) and ,0Q then x(xq)=s and A,(x,q)<t. Indeed
Ha(X,0.0,) 2 U, (X,0)2s and A,(X,0.0,)<A,(X,0,)<t. This implies that
.0, 0S§y)- ThereforeSy) is a right ideal ofQ).

Conversely, assume that each non-emptyg\%g is a right ideal ofS and Sf(g is a
right ideal of Q. |If there exists x,yOOS and qUQ such that
Ha(X+Y, Q) < 4 (X,0) Opn (y,a) and Ay (x+y,0) > A2 (%, ) UA,(y,Q). Let s,t0

[0,2] such that (x+y,q) <s< u(x,q)0u(y,q) and A, (Xx+y,q)>t 2A,(x,q)0

A,(y,0). That is for x, yO S we havex+y[OS{?. This is a contradiction to the

hypothesis thatSiy) is a right ideal of S and hence t,(X+Y,q) = 1,(X,0)
Oun(y,q) and A,(Xx+Yy,0)<A,(X,q)0A,(y,q) Ox,yOS. Again if there exists
XS and qUQ, such thaty,(xy,q) < #,(x,q) and A,(xy,q)>A,(X,q). Let
s,t0[0,1] such that,(Xy,q) <s< u,(x,q) and A,(xy,q)>t=2A,(x,q). This
shows that for xO S}, xy 0 Sy contradiction to our hypothesis thaf;;) is a right
ideal of S and hence u(xy,q)= u(x,q) Ox,yOS and qUQ. Similarly, if
Ua(X,0,.0,) < Uy(X,0,) for xUOS and q,q,0Q,. Let s,t0[0,1] such that
Hp (X 0.0,) <SS (4, (%,0) and A,(X,G.0,) >t 2 A,(x,q,). Then for ¢ 0SS,
0.0, DS,(\S&)) a contradiction to our assumption ttﬁf&; is a right ideal ofQ,. Hence
H(X,0,.0,) 2 #(X,0,) and A, (X,0,) < 1,(X,9,9,) OxOS,q,0, JQ,. ThereforeA is
an intuitionisticQ, -fuzzy right ideal of S.

Theorem 3.37. An intuitionistic Q,-fuzzy set A={<x g (X Q), A,(X,q)>
[xOS,q0Q,} in S is an intuitionisticQ, -fuzzy right (left) k - ideal inSiff Sﬁ;g is a
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right(left) k - ideal of S and S,(f(f(; is a K-subsemigroup ofQ, respectively for all
s,t0[0,1] with s+t <1 whenever nonempty.
Proof: Let A be an intuitionisticQ, -fuzzy right k-ideal of a semiring S. By Theorem

3.2 Sy is aright ideal of S. If there exist®, y0S,q0Q such thatx+y, yO S
then u,(X+y,q)=s and i, (y,q) =S, A,(X+Yy,q)<tandA,(y,q) <t. Since A is an
intuitionistic Q,fuzzy right k-ideal in S, u,(x,q) 2 y,(X+y,q) Ou,(y.q)=s and
A (%q) €A, (x+Yy,q)0A,(y,q)<t. Thus for x+ y,yDS,(f(’;; and q0Q, we have

XDSff(g . HenceS,(f(’;g is a right k-ideal of S.

For xOS and ¢,0,0Q if 0.0,,0,0S) then 1,(x,0.0,)2 s, (,(X.0,) 2 s,
An(X0.0,) <t and A,(X,0,) <t. Thus 14, (X,6;) 2 (4 (X,0,0,) D4, (x,9,)2 s and
SO Ua(X,G) = S.Also A, (X, 0) A, (X,0,9,) 04, (X,0,)<t . Therefore g OS)
which implies thatS{;) is a k —subsemigroup of..

Conversely assume thﬁff(;; is a right k-ideal ofS and S,(f(f(; is a k-subsemigroup of
Q for qUQ,, xS and for alls,t (01[0,1] such thats+t <1 whenever nonempty. If
there exists x,y0S, qUQ, such that u,(x,q) <y, (x+y,q)0u,(y,.q) and
A(X,q) > A, (x+y,q)0A,(y.q). Let s,t0[0,1] such that (,(X,q) <S< p,(X+
Y, a) O 1, (y,q) and A,(%,q) >t 2 A, (x+Yy,q) 04, (y,q). This shows X+y,yl]

st)

S but XDSS(’;;. This is a contradiction to the fact th&, ;) is a right k-ideal of

$S.$ Similarly, for Q21Q1-Q2DS(AS(:<))’ it p (%) < 1a (X, 0p0,) D, (%,0,) and
A (Xq) > A,(%,0,9,) 014, (X,q,). Let s,t0[0,1] such that i, (x,q,) <S< U, (X,
q1q2) D/’IA(xiq2) and AA(X7 ql) >t < /]A(Xiql'qz) |:|/]A (X’qz)- ThlS meanSqZ’ anz

0 Sy but g, 0S). This is a contradiction to the fact th8f}) is a k -subsemigroup

of Ql .Therefore iuA(X’ q1) =N (qul'qz) Hy7N (X’qz) and /]A(X1 q1) s /]A(X1
0,-9,) JA,(X,0,). HenceA is an intuitionisticQ, -fuzzy right k-ideal of the semiring S.

4. Conclusion

In this paper k-subsemigroup of a semigr@yp has been introduced in real case and we
provide a structure foiQ-fuzzy set andQ-intuitionistic fuzzy set. This article is a
threshold for a new algebraic structure and aflabo be done using this new structure.
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