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Abstract. We introduce some new topological indices: secdhild, fourth and fifth
arithmetic-geometric indices of a molecular gradlsingle number that can be computed
from the molecular graph and used to charactenimeesproperty of the underlying
molecule is said to be topological index or molacudtructure descriptor. In this paper,
we compute the general reformulated first Zagretbexnand the fifth arithmetic-
geometric index of triangular benzendigand hexagonal parallelogra®im,n) nanotube
by using the line graphs of subdivision graphsheke chemical graphs.
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1. Introduction
We consider only finite, simple and connected grajth a vertexXV(G) and an edge set
E(G). The degreeals(Vv) of a vertexv is the number of vertices adjacentwolrhe edge
connecting the verticasandv will be denoted byv. Let ds(e) denote the degree of an
edgee=uv in G, which is defined byg(e)= dg(u)+ dg(v) — 2. LetSs(v) denote the sum of
degrees of all vertices adjacent to a vereXhe line graphL(G) of a graphG is the
graph whose vertex set corresponds to the edg@ssath that two vertices af(G) are
adjacent if the corresponding edgesGofire adjacent. The subdivision grafi®) of a
graphG is the graph obtained frof@ by replacing each of its edges by a path of length
two. We refer to [1, 2] for undefined term and tiata

We need the following existing results.

p

Lemma 1. [1] Let G be a p, g) graph. TherlL(G) hasq vertices and%ZdG (ui)2 -q
i=1

edges.

Lemma 2. [1] LetG be a p, q) graph. Ther§G) hasp+q vertices and @ edges.

A molecular graph is a graph such that its vesticerrespond to the atoms and
the edges to the bonds. Chemical graph theoryhsaach of Mathematical chemistry
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which has an important effect on the developmenthef chemical sciences. A single
number that can be computed from the molecularhgeaq used to characterize some
property of the underlying molecule is said to bdopological index or molecular
structure descriptor. Numerous such descriptorse hasen considered in theoretical
chemistry and have found some applications, espeiaQSPR/QSAR research, see [3]

In [4], Milicevi¢ et al. reformulated the first Zagreb index in terof edge
degrees instead of vertex degrees and define@#pective topological index as

EM(G)= ), dG(e)z-
eJE(G)

This topological index was also studied, for exampi [5, 6].

TheK-edge index of a grapB is defined as

3
Ke(G)= > ds(e)”.
eJE(G)
TheK-edge index was introduced by Kulli in [7] and vetisdied, for example, in

[8].
In [9], Kulli proposed the general reformulatedgéeb index of a grapks and

defined it as
EM{(G)= 2 ds(e)’
eJE(G)
wherea is a real number.
The arithmetic-geometric index [10] of a grapllédined as

AGl(G) - Z ds (u) +dg (V) )
wE(G) 2y dg (u) dg (V)
Motivated by previous research on topological ¢éedi we now propose the
second, third, fourth and fifth arithmetic-geomeiridices of a graph as follows:
The second arithmetic-geometric index of a gr@ph defined as

_ n, +n
AG,(G)= —
:(C) UVDZE%G) 2,nyny

where the numben, of vertices ofG lying closer to the vertex for the edgeuv of a
graphG.
The third arithmetic-geometric index of a graplis defined as

+
AG;(G)= > L
wiE(G) ZyMm,
where the numben, of edges ofs lying closer to the vertexfor the edgauv of a graph
G.
The fourth arithmetic-geometric index of a grapfs defined as
glu)+e
AG4 (G) - (U) (V)
wiE(e) 2y(u)e(v)
where the numbea(u) is the eccentricity of all vertices adjacent teeatexu.
The fifth arithmetic-geometric index of a gra@hs defined as
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u)+Ss(v
wiE(6) 2y S (U) s (V)
whereS;(u) is the sum of the degrees of all vertices adjatea vertexu.
In this paper, we compute the general reformulatiest Zagreb index,
reformulated first Zagreb indeX-edge index and fifth arithmetic-geometric index of

triangular benzenoids,, and hexagonal parallelograR{(m, n) nanotubes by using the
line graphs of the subdivision graphs of these ¢bangraphs.

2. Resultsfor triangular Benzenoids T, nON

We consider triangular benzenoids which is a famiflipenzenoid molecular graphs. We
denote the triangular benzenoid molecular graphTbyn which n is the number of
hexagons in the base of a graph, as shown in Filjae Clearly a triangular benzenoid

Tn has Y(T;)|=n? + 4n + 1 vertices andE (T, =gn(n +3) edges.

The line graph of the subdivision graph of trigiaguenzenoidr, is depicted in
Figure 1¢).

A
]

AAAA
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(a) (b) (c)

Figure 1. (a) triangular benzenoidl, (b) subdivision graph of, (c) Line graph of the
subdivision graph of .

We now compute general reformulated Zagreb indeformulated first Zagreb
index andK-edge index of the line graph of the subdivisiompdr of a triangular
benzenoid.
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Theorem 1. Let G be the line graph of the subdivision graph of angiular benzenoid,,
n OCN. Then

EMf(G)=3(n+3)2a+6(n—1)§+g( B+n- )2 (1)
wherea is a real number.
Proof: The triangular benzenoid is a graph with+ 4n + 1 vertices andgn(n+3)
edges. By Lemma 2 and Lemma 1, the line graph efdbdivision graptG has
g(sn2 +7n- 2) edges. Father, the edge partitiorGdbased on degree of end vertices of

each edge is given in Table 1.

dgs(u), ds(v)\e = uvOE(G) 2,2 (2,3 3,3
ds(€) 2 3 4
Number of edge 3(n+3) 6(n—-1) 3(3n2 +n- 1)
2

Table 1. Edge degree partition &
To computeEM{ (G), we see that

EMZ(G)= > dg(e)’ :@ZE: ds () +d]ZE: ds () +§E“ ds ()

¢IE(G)
=3(n+3)2+ 6(n— 1)3+ g (3n? +n—1)4.

An immediate result is the reformulated first Zggindex ofG.

Corollary 1.1. Let G be the line graph of the subdivision graph of antgular benzenoid
T, NON. Then

EMy(G) = 7n*+ 90n + 42.
Proof: Puta = 2 in equation (1), we get the required result.

Corollary 1.2. Let G be the line graph of the subdivision graph of artgular benzonoid
T, NON. Then

Ko(G) = 2887 + 28 — 186.
Prof: Puta = 2 in equation (1), we get the required result.

We compute fifth arithmetic-geometric index of fme graph of the subdivision
graph of a triangular benzenoid.

Theorem 2. Let G be the line graph of the subdivision graph of angiular benzenoid,,
nON. Then

_gz+[ 39 17 3}14{ 27 39 17

AG.(G)=2n?+| 2L 4 =L = - S LY
5(C) 2 2010 2/2 2 2/5 210 4 2
=9, ifn=1.

j, ifnz1,
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Proof: The edge partition based on the degree sum ofibeigrertices of each edge Gf
is obtained as given in Table 2.

Se(u),

Se(v) \uv O (44)(45) 55 (5.8 (8,8 (89 (9,9)
E(G)

g9 6 30-2)6(-)3M-16M-1) F@EF- M+ 2)

Table 2: Edge partition o5
Case 1. Supposen # 1.
To computeAGs(G), we see that

_ S (u)+S(v)
P WPy e

o St 22 e of 22
+6(n-1) 2?/;799+§3(3”2 -+ %[ 23;(_99J

e v IR U P TR

+g(3n2 -5n+ 2)

_gan{ 39 , 17 __?jn{ 27 39 17+6j
2 2J10 2/2 2 2/5 210 € 2
Case 2. Supposan =1

To computeAGs(G), we see that

W) s ava )
) B )

3. Resultsfor hexagonal parallelogram P(m, n) for any m,n O N nanotubes
We consider hexagonal parallelogram nanotubes.eTh@sotubes usually symbolized as
P(m, n) for anym, n O N in whichm is the number of hexagons in any row and the
number of hexagons in any column, see. Figure Z(dexagonal parallelograf(m, n)
has 2 fn+n+mn) vertices and®n + 2m +2n — 1 edges.

The line graph of the subdivision graph of hexagquarallelogranP(m,n) is
depicted in Figure 2(c).

We compute general reformulated Zagreb indexymaitated first Zagreb index
andK-edge index of the line graph of the subdivisioapdr of a hexagonal parallelogram
nanotube.
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(a) (b) (c)

Figure 2. (a) hexagonal parallelograr®(3,4) (b) subdivision graph ofP(3,4)
(c) line graph of the subdivision graphRi(f3,4).

Theorem 3. Let G be the line graph of the subdivision graph of a agexal
parallelogranP(m, n) for anym, n O N. Then

EM®(G)=2(m+n+4) 2+ 4m+n-2 3+(9mn- 20— 2- 5 2(2)
wherea is a real number.
Proof: The hexagonal parallelogram is a graph withm2¢+mn) vertices and
3mn+2m+2n — 1 edges. By Lemma 2 and Lemma 1, the line gdpthe subdivision
graphG has 2(&n+2m+2n — 1) vertices andrn+4m+4n-5) edges. Further, the edge
partition of G based on degree of end vertices of each edgeds givTable 3.

dg(u), dg(v)\e = WWOE(G) (2, 2 2,3 3,3
do(€) 2 3 4
Number of edge 2(m+n+4) 4(m+n-2) 9mn-2m-2n-5

Table 3: Edge degree partition &.

To computeEM{? (G), we see that

EM®(G)= Y, ds(e)*=2 ds(e)*+ D ds(e)* + X ds(e)®
&JE(G) eE, eE, e,
= 2(m+n+4)2 + 4(+n— 2)3'+ (9mn — 2n— 2n — 5)4.
An immediate result is the reformulated first Zdgiredex ofG.

Corollary 3.1. Let G be the line graph of the subdivision graph of aagexal
parallelogranP(m, n) for anym,n O N. Then

EM;(G) = 144mn + 12(m+n) — 120.
Proof: Puta = 2 in equation (2), we get the required result.

Another immediate result is the K-edge indexzof

Corollary 3.2. Let G be the line graph of the subdivision graph of aagexal
parallelogranP(m,n) for anym, n O N. Then

Ke(G) = 576nn — 4(m+n) — 472.
Proof: Puta = 3 in equation (2), we get the required result.

We compute fifth arithmetic-geometric index of i graph of the subdivision
graph of a hexagonal parallelogram nanotube.
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Theorem 4. Let G be the line graph of the subdivision in graph ohexagonal
parallelogranP(m,n) for anym, n O N. Then

AGs(G) = ( ji 31/7_2j 795—%—%2, if n£1, me1.
o 13, 17 )43y 18 26 34
=9mn (\/_ el j(m n)+3 75 T10 72 if nz1, m>1.

Proof: Case 1. The edge partition based on the degree sum ohbergvertices of each
edge ofG=P(m,n) n# 1,m= 1 is obtained as given in Table 4.

Se(U), (44, (45 (65 (6.8 6.8 (89 (99
S(W\ uv OE(G)

Number of edge 10 4 2(n-2) 4(n-1) 2(n-1) 4(n-1) n-1

Table4: Edge partition o =P(m,n) ,nZ1,m=1

Suppose # 1 andm= 1.
To computeAGs(G), we see that

_ Sg (u) + S5 (v)
P ey o e

o 2 A S oA 2

o S 5
_( 13 17) 9 13 17

"0 a) s V0 42

Case 2. The edge partition based on the degree sum ohbeigvertices of each edge of
G =P(m,n), n# 1, m>1 is obtained as given in Table 5.

Se(u), (44)(45) (55 (5.8) (8.8) 8.9 (9.9)
S(v) \ wE(G)
Number of edges 8 8 2(m+4) 4(m+-2) 2(m-2) 4(m-2) 9mn-8(m+n)+7

Table 5: Edge partition oG =P(m, n), n# 1, m>1.

Supposen # 1, andm>1.
To computeAGs(G), we see that

(o) 3 e

B R
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—9mn+(

10.
11.
12.

13.

14.

18 26 34
J5 J10 &2
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