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1.  Introduction 
Throughout this paper, we consider finite, simple, connected and undirected graph 

))(),((= GEGVG . For every vertex )(, GVvu ∈ , the edge connecting two vertices is 

denoted by )(GEuv ∈ . For all other standard concepts of graph theory, we see [1,2,5]. 

For graphs 1G  and 2G , we let 21 GG ∪  denotes their union, that is, 

)()(=)( 2121 GVGVGGV ∪∪  and )()(=)( 2121 GEGEGGE ∪∪ . If a simple graph G 

has two adjacent vertices of maximum degree, then 2)()( +∆≥ GGavtψ . Otherwise, if a 

simple graph G does not have two adjacent vertices of maximum degree, then 
1)(=)( +∆ GGavtψ . The well-known AVDTC conjecture, made by Zhang et al. [8] 

says that every simple graph G  has 3)()( +∆≤ GGavtχ . AVDTC of tensor product of 

graphs are discussed in litrature [6,7]. (2,1)-total labelling of cactus graphs and adjacent 
vertex distinguishing edge colouring of cactus graphs are discussed in literature [3,4]. 
Throughout the paper, we denote the path graph, cycle graph, complete graph, star graph, 
sun let, fan graph, double star and friendship graph by nP , nC , nK , nK1, , nS 2 , nF , 

nK1,  and nF  respectively. A proper total coloring of G  is an assignment of colors to the 

vertices and the edges such that no two adjacent vertices and adjacent edges are assigned 
with the same color, no edge and its end vertices are assigned with the same color and for 
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any pair of adjacent vertices have distinct set of colors. 
A total k -coloring of the graph G  is adjacent vertex distinguishing, if a 

mapping },{1,2,)()(: kGEGVf ⋯→∪ , +∈Zk  such that any two adjacent or 

incident elements in )()( GEGV ∪  have different colors. The minimum number of 
colors required to give an adjacent vertex distinguishing total coloring (abbreviated as 
AVDTC) to the graph G  is denoted by )(Gavtχ . 

First, we find the adjacent vertex distinguishing total chromatic number of Fan 
graph, double star graph, Friendship graph and complete graph.  

 
Proposition 1.1. 1=)( +nFnavtχ , 3>n .  

Proof: Fan graph denoted by nF , is a graph obtained by joining all vertices of the path 

nP  to a further vertex called the center vertex v . Thus nF  contains 1+n  vertices and 

12 −n  edges. Here, we have the vertex and edge set { }nn vvvvFV ,,,,=)( 21 ⋯  and 

( ) ( ){ }1

1

1=1=
=][ +

−∪ ii

n

ii

n

in vvvvFE ∪∪ . Now we define },{1,2,)()(: kFEFVf nn ⋯→∪  

given by,  
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=)(2=)(1,1
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1=)( +∴ nFnavtχ , 3>n .  

 
Proposition 1.2. 1=))( ,1, +nK nnavtχ ,   for 2>n .  

Proof: The double star nnK ,1,  is obtained from the star nK1,  by adding a new pendent 

edge of the existing n  pendent vertices. Here v  is the apex vertex. The vertex set and 
edge set of nnK ,1,  as follows,  
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 Then 12|=)(| ,1, +nKV nn  and nKE nn 2|=)(| ,1, . We define  

},{1,2,)()(: ,1,,1, kKEKVf nnnn ⋯→∪  given by  

2=)(1=)(1,=)(1,=)( 11 nnnnn vvandfvvfvvfnvf ′′+ −− . 

For 1=)(=)(,1 +′≤≤ nviandfvfni ii , 

For 11 −≤≤ ni , 1=)( +ivvf i  

For 21 −≤≤ ni , 2=)( +′ ivvf ii . 

1=))( ,1, +∴ nK nnavtχ ,   for 2>n .  

 

Proposition 1.3. 12=)( +nF n
avtχ , 2≥n .  
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Proof: The friendship graph nF  can be constructed by joining n  copies of the cycle 
graph 3C  with a common vertex say v . Thus, the vertex set and edge set are 

{ }nvvvv 221 ,,,, ⋯  and ( ) ( ){ }ii

n

ii

n

i

n vvvvFE 2121=

2

1=
=][ −∪ ∪∪ . Here 12|=)(| +nFV n  and 

nFE n 3|=)(| . Now we define },{1,2,)()(: kFEFVf nn
⋯→∪  given by for 2≥n , 

For ni ≤≤1 ,  
1.2=)(=)(2=)(1,2=)(3,=)(2,=)( 212212212 +− −−− nvvfvfandivvfivvfvfvf iiiiii

 

12=)( +∴ nF n
avtχ , 2≥n .  

 
Proposition 1.4.  The complete graph nK  admits AVDTC  and  
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Proof: Let nxxx ⋯,, 21  be the vertices of complete graph nK . We define 

},{1,2,)()(: kKEKVf nn ⋯→∪  given by 

Case-1   When 2)(0 modn ≡  

For nji ≤≤ ,1  
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Case-2   When 2)(1 modn ≡  
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 We observe that these graphs are admits the adjacent vertex distinguishing total 
coloring conjecture. Next, we discuss the line graph of these graphs admits AVDTC 
conjecture.  

 
2.  AVDTC of line graph 
 A graph G  and its line graph )(GL  is a graph such that each vertex of )(GL  represents 

an edge of G  and two vertices of )(GL  are adjacent iff their corresponding edges are 

adjacent in G . In this section, the adjacent vertex distinguishing total coloring of line 

graph of Fan graph )( nFL , double star )( ,1, nnKL  and Friendship graph )( nFL  are 

discussed. 
 

Theorem 2.1.  The line graph of Fan graph )( nFL  admits AVDTC and  

 3>3,=)( nfornFL navt +χ  

Proof: From the proposition (1.1), Let us consider the edges of nF  as  

niforxvv ii ≤≤1,=  and 11,=1 −≤≤+ niforyvv iii .  
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∪






 −

i

n

i
i
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i
n yxFLV ∪∪

1

1=1=

=)]([  

Hence 12|=))((| −nFLV n  and 
2

85
|=))((|

2 −+ nn
FLE n . Note that },,,{ 21 nxxx ⋯  

forms the complete graph nK  with n  vertices. Now we define 

},{1,2,))(())((: kFLEFLVf nn ⋯→∪ as follows. For this, first we color a clique in 

)( nFL  using the proposition (1.4). Now the remaining vertices and edges of )( nFL  are 

colored as follows.  
 

 
Figure  1: )( 6FL  

 
Case-1. When n  is even. 
For 11 −≤≤ ni ,   2=)( +nyxf ii ; 3=)( 1 ++ nyxf ii ; )(=)( 1+iii xxfyf ; 
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For 21 −≤≤ ni ,    1=)( 1 ++ iyyf ii . 

 
Case-2. When n  is odd. 
For 11 −≤≤ ni ,   )(=)( 1 iii yfxxf + ; 3=)( 1 ++ nyxf ii ; 

For 21 −≤≤ ni ,   1=)( 1 ++ iyyf ii , 

For ≤≤
2

1
n

i ,    iyxf ii =)( 22 ; i
n

yxf ii +−− 2
=)( 1212 . 

Hence Line graph of fan graph admits AVDTC. 
3.=))(( +∴ nFL navtχ  Hence the theorem.  

 
Theorem 2.2.  The line graph of double star graph )( ,1, nnKL  admits AVDTC and  

 3.>2,=)( ,1, nfornKL nnavt +χ  

Proof: From the proposition (1.2), Let us consider the edges of nnK ,1,  as ii xvv =  and 

iii yvv =′  for ni ≤≤1 . { })(=)]([
1=,1, ii

n

inn yxKLV ∪∪  Hence nKLV nn 2|=))((| ,1,  and 

2
|=))((|

2

,1,

nn
KLE nn

+
. Note that },,,{ 21 nxxx ⋯  forms the complete graph nK  with 

n  vertices. Now we define },{1,2,))(())((: ,1,,1, kKLEKLVf nnnn ⋯→∪  as follows. 

For this, first we color a clique in )( ,1, nnKL  using the proposition (1.4). Now the 

remaining vertices and edges are colored as follows.  

 
 

Figure 2: )( 1,6,6KL  

 
Case-1. When n  is even. 
For ni ≤≤1 ,   2=)( +nyxf ii ; 1=)( +nyf i . 

 



K.Thirusangu and  R.Ezhilarasi 

178 

 

Case-2. When n  is odd. 

For ni ≤≤1 ,    2=)( +nyf i . For ≤≤
2

1
n

i ,   iyxf ii =)( 22 . 

For ≤≤
2

1
n

i ,   i
n

yxf ii +−− 2
=)( 1212 . 

Hence the Line graph of double star admits AVDTC. 
2.=))(( ,1, +∴ nKL nnavtχ  Hence the theorem.  

 

Theorem 2.3.  The line graph of friendship graph )( nFL  admits AVDTC and  

 23,2=)( ≥+ nfornFL n
avtχ  

Proof: From the proposition (1.3), Let us consider the edges of nF  as  
niforyvv iii 21,=212 ≤≤−  and niforxvv ii ≤≤1,= .  

 
















∪







i

n

i
i

n

i

n xyFLV ∪∪
2

1=1=

=)]([  

 

 
Figure  3: )( 3FL  

   Hence nFLV n 3|=))((|  and 1)(2|=))((| +nnFLE n . Note that 

},,,{ 221 nxxx ⋯  forms the complete graph nK2  with n2  vertices and 12 −ix  and ix2  are 

adjacent with iy  for ni ≤≤1 . Now we define  

},{1,2,))(())((: kFLEFLVf nn
⋯→∪  as follows. For this, first we color a clique in 

)( nFL  using the poposition (1.4). The remaining are colored for ni ≤≤1 ,   

2=)( 12 +− nyxf ii ; 3=)( 2 +nxxf ii ; )(=)( 212 iii xxfyf − . Hence the Line graph of 

friendship graph admits AVDTC. 3.2=))(( +∴ nFL n
avtχ  

 
3.  AVDTC of splitting graph 
 For a graph G  the splitting graph of G  is obtained by adding a new vertex v′  
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corresponding to each vertex v  of G  such that )(=)( vNvN ′ . The resultant graph is 

denoted as )(GSp . In this section, the adjacent vertex distinguishing total coloring of 

Splitting graph of path nP , cycle nC  and star nK1,  and sun let nS 2  graphs are discussed.  

 
Theorem 3.1.  The splitting graph of path graph )( nPSp  admits AVDTC and  
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PSp navtχ  

Proof: Let we denote },,,{ 21 nvvv ⋯  as the vertices of nP  and },,,{ 21 nvvv ′′′ ⋯  as the new 

vertices. The vertex set and edge set of )( nPSp  are  
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Figure  4: )( 5PSp  

 Hence nPSpV n 2|=))((|  and 1)3(|=))((| −nPSpE n . This theorem is trivial for 3=n . 

Now we define },{1,2,))(())((: kPSpEPSpVf nn ⋯→∪  given by for 4≥n ,  
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Clearly, the color classes of any two adjacent vertices are different. 
4.6,=))(( ≥∴ nPSp navtχ  Hence the theorem.  

 
Theorem 3.2.  The splitting graph of cycle graph )( nCSp  admits AVDTC  and  

 4.6,=)( ≥nCSp navtχ  

Proof: Let we denote },,,{ 21 nvvv ⋯  as the vertices of nC  and },,,{ 21 nvvv ′′′ ⋯  as the new 

vertices. The vertex set and edge set of )( nCSp  is given by  
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Figure  5: )( 6CSp  

 
Then nCSpV n 2|=))((|  and nCSpE n 3|=))((| .  

Define },{1,2,))(())((: kCSpECSpVf nn ⋯→∪  as follows.  
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Case-2.    When n  is odd. 
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The color classes of any two adjacent vertices are different. 
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6=))(( navt CSpχ∴ . 

Hence the theorem.  
 

Theorem 3.3.  The splitting graph of star graph )( 1,nKSp  admits AVDTC and  

 2.1,2=)( 1, ≥+ nnKSp navtχ  

Proof: Let },,,,{ 21 nvvvv ⋯  be the vertices of star nK1,  and },,,,{ 21 nvvvv ′′′′ ⋯  be the 

new vertices of nK1, . Here v  is the apex vertex. The vertex set and edge set of )( 1,nKSp  

is given by  

 
Figure  6: )( 1,4KSp  
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Then 1)2(|=))((| 1, +nKSpV n  and nKSpE n 3|=))((| 1, . 

We define },{1,2,))(())((: 1,1, kKSpEKSpVf nn ⋯→∪  given by 

For ni ≤≤1 ,  

 
invvfvvfnvfvfivfvf iiii ++′′+′′ 1=)(=)(1,=)(=)(,=)(=)(

 

For 11 −≤≤ ni ,    
 1=)(1,=)( ni vvfivvf +  

Clearly, the color classes of any two adjacent vertices are different. 
2.1,2=))(( 1, ≥+∴ nnKSp navtχ  

Hence the theorem.  
 

Theorem 3.4.  The splitting graph of sun let graph nS 2  admits AVDTC and  

 4.8,=)( 2 ≥nSSp n
avtχ  

Proof: Let },,,,,,{ 2121 nn vvvvvv ′′′ ⋯⋯  be the vertices of sun let graph nS 2 . Here 

3=)( ivdeg  and 1=)( ivdeg ′  for ni ,1,2,= ⋯ . Now consider the new vertices 

},,,,,,,{ 2121 nn uuuuuu ′′′ ⋯⋯  of nS 2 . The vertex set and edge set of )( 2nSSp  is given by  
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Figure  7: )( 6SSp  
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⋯→∪  given by 
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6=)(=)(5,=)(=)(1,1 1111 niinii uvfuvfuvfuvfniFor ++−≤≤  

8=)(=)(7=)(3,=)(=)(,1 iiiiiiii uvfvufandvvfufvfniFor ′′′′′≤≤  

4.8,=))(( 2 ≥∴ nSSp n
avtχ  

Therefore the splitting graph of sun let graph admits AVDTC conjecture. Hence the 
theorem.  
 
4. Conclusion 
We found the adjacent vertex distinguishing total chromatic number of line graph of Fan 
graph, double star, Friendship graph and splitting graph of path, cycle, star and sun let 
graph. Also, it is proved that the adjacent vertex distinguishing total coloring conjecture 
is true for these graphs.  
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