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Abstract. In this paper, we prove the existence of the adjagertex distinguishing total
coloring of line graph of Fan grapk,, double starK Friendship graphF" and

inn?

splitting graph of pattP, , cycle C , starK,, and sun let grapls®" in detail.
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1. Introduction
Throughout this paper, we consider finite, simptennected and undirected graph
G =(V(G),E(G)). For every vertexu,vJV (G), the edge connecting two vertices is

denoted byuvJE(G) . For all other standard concepts of graph theegysee [1,2,5].
For graphs G, and G,, we let G G, denotes their union, that is,
V(G OG,)=V(G)UV(G,) andE(G, UG,) = E(G)UTE(G,). If a simple graph G
has two adjacent vertices of maximum degree, thep(G) = A(G) + 2. Otherwise, if a
simple graph G does not have two adjacent verteesnaximum degree, then
Y..(G)=A(G) +1. The well-known AVDTC conjecture, made by Zhang et al. [8]
says that every simple grafh has x,,(G) < A(G)+3. AVDTC of tensor product of

graphs are discussed in litrature [6,7]. (2,1)it#belling of cactus graphs and adjacent
vertex distinguishing edge colouring of cactus bsapre discussed in literature [3,4].
Throughout the paper, we denote the path graple gyaph, complete graph, star graph,

sun let, fan graph, double star and friendshipfglap P,, C, K, K, , S F..

K., and F" respectively. A proper total coloring & is an assignment of colors to the

vertices and the edges such that no two adjacetite® and adjacent edges are assigned
with the same color, no edge and its end verticesissigned with the same color and for
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any pair of adjacent vertices have distinct setobdrs.

A total k-coloring of the graphG is adjacent vertex distinguishing, if a
mapping f:V(G)OE(G) - {1,2,---,k}, kOZ"* such that any two adjacent or
incident elements iV (G) O E(G) have different colors. The minimum number of
colors required to give an adjacent vertex distisiging total coloring (abbreviated as
AVDTC) to the graphG is denoted byy,, (G).

First, we find the adjacent vertex distinguishiogat chromatic number of Fan
graph, double star graph, Friendship graph and egraph.

Proposition 1.1. x,,(F,)=n+1, n>3.

Proof: Fan graph denoted bl , is a graph obtained by joining all vertices o fhath
P, to a further vertex called the center vertexThus F, containsn+1 vertices and
2n-1 edges. Here, we have the vertex and edgeVi&]):{v,vl,vz,---,v} and

E[Fn]:{(Uin:lvvi)D( :11\4\4+1)}. Now we define f :V(F,)OE(F,) - {1,2,---,k}
given by,
Forl<i<n, f(v)=i and f(v)=n+1
Forl<i<n-1, f(vv,)=i+2andf(w,)=n
For2<i<n, f(vv,)=i-1
O Xu(F)=n+1,n>3.

Proposition 1.2. . (K,,,)) =n+1, for n>2.
Proof: The double stakK

edge of the existingh pendent vertices. Here is the apex vertex. The vertex set and
edge set oK as follows,

VIK, 1= {(Uvm s VJ} and E[K, ] = {L“J(vvi 0 vivi)j}

i=1

1nn IS Obtained from the staK, | by adding a new pendent

1n,n

Then|V(K,,,)|=2n+1 and|E(K,, ,)|=2n. We define
f V(K )OE(K,,,) - {1,2,---,k} given by
f(v)=n+1,f(w,) =1, f(v,v,,)=landf (v.v) = 2.
Forl<is<n, f(v)=iandf(V)=n+1,
Forl<i<n-1, f(w,)=i+1
Forl<is<n-2, f(vVv)=i+2.

0 Xa(Kipn))=n+l, forn>2.

1,n,n

Proposition 1.3. x,,(F")=2n+1, n=2.
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Proof: The friendship grapH=" can be constructed by joining copies of the cycle
graph C, with a common vertex sayw. Thus, the vertex set and edge set are

{vv,v,, v, } and E[F"] ={(Ui2:lvvi)D(Uir':1v2i_1v2i )} Here |V(F")|=2n+1 and
|[E(F")[=3n. Now we definef :V(F")OE(F") - {1,2,---,k} given by forn>2,

Forl<is<n,
F(Vaa) =2, 1(v3) =3, (W, ) =2 -1, f(wy)=2and f(v) = f(v,,vy)=2n+1.

O x.,.(F')=2n+1, n=2.

Proposition 1.4. The complete graph K, admits AVDTC and
n+1, if n=0(mod 2)
Xan () ={n+2, if n=1(mod 2)
Proof: Let Xx,X,,---X, be the vertices of complete grapkK,. We define
f:V(K,)OE(K,) - {1,2,---,k} given by
Case-1 Whenn=0(mod 2)
Forl<i,j<n

f(x) = i
f(xx;)) = i+j, ifi+j=n+1
Fori+j#n+1
Y1 it i+j=0(mod 2)
)= n+l|. . 2 e
UT—‘(I+1)j(mOd n+1), if i+j=1(mod 2)
Case-2 Whenn=1(mod 2)
Forl<i,j<n
f(x) = I
f(xx;)) = i+], ifi+j=n+2

Fori+j#n+2
I+ ]

2
f(xx,) =
U%ﬂ(i ¥ j)J (modn+2), if i+j=1(mod 2)

, if i+j=0(mod 2)

n+1l, if n=0(mod 2)

Oy (K)=
Kan () {n+2, if n=1(mod 2)
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We observe that these graphs are admits the atljaedex distinguishing total
coloring conjecture. Next, we discuss the line brap these graphs admits AVDTC
conjecture.

2. AVDTC of linegraph
A graphG and its line grapH_(G) is a graph such that each vertexldfG) represents

an edge ofG and two vertices ol (G) are adjacent iff their corresponding edges are
adjacent inG. In this section, the adjacent vertex distinguighiotal coloring of line
graph of Fan graph_(F,), double starL(K,, ) and Friendship graph (F") are
discussed.

Theorem 2.1. Thelinegraph of Fan graph L(F,) admits AVDTC and

XaiL(F,)=n+3, forn>3
Proof: From the proposition (1.1), Let us consider theesdof F, as
w, =x, forl<i<nandvyv,, =y, forl<i<n-1.

VIL(E)] :{(ijD(Uy j}

2 —
Hence |V (L(F,))|=2n-1 and | E(L(F,)) |:%r]8. Note that{x,X,, -+, X }
forms the complete graph K, ~with n vertices. Now we define
f :V(L(F,)) OE(L(F,)) - {1,2,---,k} as follows. For this, first we color a clique in
L(F,) using the proposition (1.4). Now the remainingtieess and edges df(F,) are
colored as follows.

Figure 1: L(F,)

Case-1. Whenn is even.
Forl<sisn-1, f(xy)=n+2; f(x..y)=n+3; f(y)=f(XX..);
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Forl<i<sn-2, f(yy,)=i+1l

Case-2. Whenn is odd.
Forl<isn-1, f(xX.)=f(y): f(x.¥%)=n+3;
Forl<i<n-2, f(yy,)=i+1,

. nh . n- .
Forlsis LEJ c O Yy) =i F (X Yai) = FET +i.
Hence Line graph of fan graph admits AVDTC.

O X.:(L(F,)) = n+3. Hence the theorem.

Theorem 2.2. The line graph of double star graph L(K,, ) admits AVDTC and

XatL(Ky ) =n+2, for n>3.

Proof: From the proposition (1.2), Let us consider thgesdof K asw, = x and

1,n,n

vV =y, for 1<i<n. V[L(K,, )] ={Uin:1(>§ O yi)} Hence|V (L(K,,,))|=2n and

n’ +

[E(L(K,,.. ) |= N Note that{x,,x,,---,X,} forms the complete grapK, with

n vertices. Now we definef :V(L(K,, ) OE(L(K,,,)) - {1,2,---,k} as follows.
For this, first we color a clique irL(K, ) using the proposition (1.4). Now the

remaining vertices and edges are colored as follows

1,n,n 1nn

Figure2: L(K ¢

Case-1. Whenn is even.
Forl<isn, f(xy)=n+2; f(y)=n+1.
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Case-2. Whenn is odd.

Forl<i<n, f(y)=n+2.Forl<i ngJ, f (%Y, ) =1

Forlsis FET o (KyaYa) = F%T +i.

Hence the Line graph of double star admits AVDTC.
O Xa(L(K,,,)) =n+2. Hence the theorem.

Theorem 2.3. Theline graph of friendship graph L(F") admits AVDTC and
XaiL(F")=2n+3, for n>2

Proof: From the proposition (1.3), Let us consider thgesdof F" as
V, V=Y, for1<i<2n andw, = x, for 1<i<n.

VIL(F)] = {(UV J . (Ux j}

Figure 3: L(F®)
Hence |V(L(F"))|=3n and |E(L(F"))|=n(2n+1). Note that
{X, %+, %,,} forms the complete grapK,, with 2n vertices andx,_, and x, are

adjacent withy, for 1<i <n. Now we define

f:V(L(F")OE(L(F™) - {1,2,---,k} as follows. For this, first we color a clique in
L(F") using the poposition (1.4). The remaining are wgalo for 1<i<n,
f(XY)=n+2; f(x;%)=n+3; f(y)=f(X;,%;). Hence the Line graph of
friendship graph admits AVDTC. 0O x,,(L(F"))=2n+3.

3. AVDTC of splitting graph
For a graphG the splitting graph ofG is obtained by adding a new vertak
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corresponding to each vertex of G such thatN(v) = N(V'). The resultant graph is
denoted asp(G) . In this section, the adjacent vertex distinguighiotal coloring of
Splitting graph of pattP, , cycle C, and starK, , and sun letS*™ graphs are discussed.

Theorem 3.1. The splitting graph of path graph Sp(P,) admits AVDTC and
6, forn=4
P)=
XanP(F) {5, forn=3
Proof: Let we denotdV,,V,,---,V,} as the vertices oP, and{V,V,,---,V.} as the new
vertices. The vertex set and edge seBofP,) are
n n-1
VISp(R)] = {(Uv ij} and E[Sp(R)] = {[U(vivm D%V D\/ivm)j}
i=1 i=1

"|.|’1 1'-"'2 'l.,|'3 '\1’4 "lrs

vy v V3 Yy Vs
Figure 4: S(R,)
Hence|V (Sp(P,)) |=2n and| E(Sp(P,)) |=3(n—1). This theorem is trivial fon=3.
Now we definef :V(So(P,)) U E(Sp(PR,)) - {1,2,---,k} given by forn=4,

Forlisn, f(v)=f(¥) :{{1}, if i =1(mod 2)
{2}, it i =0(mod 2)

Forl<is<n-1, f(vv,)= {{3}, .If .I =1(mod 2)
{4}, if i=0(mod 2)
f(vV,)=5and f(Vv,,)=6
Clearly, the color classes of any two adjacentieestare different.
O X..(S(P,)) =6, n=4.Hence the theorem.

Theorem 3.2. The splitting graph of cycle graph $(C,,) admits AVDTC and

XaeP(C,) =6, n24.
Proof: Let we denotgV;,V,,---,V.} as the vertices of, and{Vj,V,,---,v,} as the new

vertices. The vertex set and edge se§ofC,) is given by
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VI(C,)] = {Uv v, j} and

n-1

E[SJ(Cn )] = {(U(Vl Vi+1 O Vi'Vi+1 O Vi Vi’+1)] O (anl O V;Vl O ani)}

i=1

Figure 5: §(Cy)

Then|V(Sp(C,)) = 2n and| E(Sp(C,)) |=3n.
Define f :V(S(C,)) O E(P(C,)) - {1,2,---,k} as follows.
Case-1. Whenn is even.
For 1<i<n, f(y)= f(\/i):{l’ .|f i =1(mod 2)
2, ifi=0(mod 2)
3, if i=1(mod 2)
4, if i=0(mod 2)
F(vv.) = F(Vi) =6, f(vVi,) = f(v,v) =5, andf (v,v,) = 4.
Case-2. Whenn is odd.

Forl<i<n-1, f(vv,)= {

1, if i=1(mod 2)
2, if i =0(mod 2)
3, if i=1(mod 2)
4, if i=0(mod 2)

For 1<i<n-1,f(v)= f(\/i'):{
Forl<i<n-2, f(viviﬂ):{
For 1<i=n-1, f(WV%.) = f(vivw) =6, f(VVi,) = F(vV) =5, f(v,)=4,

f(v,v)=2and f(v,_v,)=1
The color classes of any two adjacent verticesldierent.
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0 xa(SP(C,)) =6.
Hence the theorem.

Theorem 3.3. The splitting graph of star graph Sp(K, ) admits AVDTC and
XaeSP(Kyp) =2n+1, n22.

Proof: Let {v,v;,V,,---,V,} be the vertices of staK,, and{V,v,V,,---,v;} be the

new vertices ofK, . Herev is the apex vertex. The vertex set and edge sgp(K, )

is given by

Figure 6: Sp(K, ,)

VIS(K, )] :{[Uv ijmvw} and E[Sp(K, )] :{LnJ(vvi OwW, 0wy )}

i=1

Then|V(Sp(K,,)) [=2(n+1) and| E(Sp(K,,,)) |=3n.
We define f :V(Sp(K,,)) 0 E(S(K,,)) - {1.,2,---,k} given by

Forl<i<n,
f(v)="fM)=i, f(v)=f(V)=n+1, f(w)=f(Vv)=n+1+i

Forl<i<n-1,
f(w)=i+1, f(w,)=1
Clearly, the color classes of any two adjacenticestare different.
O Xa(SP(K.,))=2n+1, n>2.
Hence the theorem.

Theorem 3.4. The splitting graph of sun let graph S*" admits AVDTC and
XaxP(S™) =8, n=4.
Proof: Let {V,,V,,"--,V.,\;,V,,---V'} be the vertices of sun let grap8®. Here

deg(v;) =3 and deg(v)=1 for i=1,2,--,n. Now consider the new vertices
{u,u,,---,u.,u;,U,---, U} of S™. The vertex set and edge setSf(S™") is given by
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VISp(S™)] = {[UV 0V 0y 0 u;j}

1590571 = { U, vt 0,0 I 0 )0 04 T80, )|

iVi+l i+l i
i=1 i=1

Then |V (Sp(S™)) |=4n and| E(Sp(S™)) |=6n.

Figure 7: (S°%)
We define f :V(F(S™)) O E(S(S™)) - {1,2,---,K} given by
Case-1.1f n=1(mod 2).
Forl<i<n-1

1, ifi=1(mod 2)
f(v‘)_f(u‘)_{z, if i =0 (mod 2)
Forl<i<n-2
fw ):{3, if i =1(mod 2)
Y4, if i =0(mod 2)

and f(v,)=4, f(v\v)=2, f(v_v,) =1
Forl<i<sn-1
f(vu.)=f(vu) =5, f(v,u)="~f(wu,)=6
Forl<i<n
f(v)=f)=3,f(vv)=7and f(uv)=f(vu)=8
Case-2.1f n=0(mod 2).
Forl<i<n
f(v)= f(ui)={1’ .|f _| =1(mod 2)
2, ifi=0(mod 2)
Forl<isn-1
3, ifi=1(mod 2)

f(ViVis) :{4’ if i =0(mod 2)

and f(v.v,)=4.
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For 1<si<sn-1, f(vu,)=f(vu)=5, f(vu)="~f(vu,)=6
Forl<isn, f(v)=f(u)=3,f(vv)=7and f(uv)=f(vu)=8

O X (SP(S*) =8, n=4,

Therefore the splitting graph of sun let graph admiiVDTC conjecture. Hence the
theorem.

4. Conclusion

We found the adjacent vertex distinguishing totabmatic number of line graph of Fan

graph, double star, Friendship graph and splittirapph of path, cycle, star and sun let
graph. Also, it is proved that the adjacent vedestinguishing total coloring conjecture

is true for these graphs.
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