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1. Introduction

Theimportant concept of afuzzy set introduced by Zadeh in 1965 (see [18]) has opened up
keen insights and applications in wide range of scientific fields. Rosenfeld introduced the
concept of fuzzy groups [15]. Among others, fuzzy semi-groups were introduced by
Kuroki [10]. A theory of fuzzy sets on ordered semi-groups has been recently devel oped
[4,5,6,8,9]. Fuzzy sets in ordered semi-groups were first studied by Kehayopulu and
Tsingelisin[5], then they defined fuzzy analogiesfor several notations, which have proved
useful in the theory of ordered semi-group. In [7], they have discussed fuzzy bi-ideals in
ordered semi-groups and they discuss fuzzy interior ideds in ordered semi-group in [9].
Fuzzy semi-groups were generalized in two folds: fuzzy ordered semi-groups and fuzzy
ternary semi-groups. Since ordered semi-groups are useful for computer science,
especialy in theory of automata and formal language, fuzzy ordered semi-group has been
extensively studied (see [1,2,3,5,6]). Interval-valued fuzzy subsets were proposed thirty
years ago as a hatural extension of fuzzy sets by Zadeh [18]. In [18], Zadeh dso
constructed a method of approximate inference using his interval-valued fuzzy subsets. In
[13], Narayanan and Manikantan introduced the notions of interval-valued fuzzy ideals
generated by an interval-valued fuzzy subset in semi-groups. Shabir and Khan [16] have
studied about interval-valued fuzzy ideals generated by an interval-valued fuzzy subset in
ordered semi-groups. Thillaigovindan and Chinnadurai [17] initiated some study on
Interval-valued fuzzy generalized hi-ideals. Some interesting studies are carried out in
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[11,12,14] using interval-valued fuzzy set. This paper characterize the ordered
semi-groups in terms of interval-valued Q-fuzzy |eft (right, interior and bi-)ideals.

2. Preliminaries
In [8], Kehayopulu and Tsingelis used the operation [] on the unit interval [0,1] to define
an operation ‘o’ on F(S) asfollows:

(og)(X) = {vy,zesxfwg(z) if S # @, for all XOS,

0 otherwise,

where S ={(y,2)0SxS:x<yz
An ordered semi-group is an ordered set S at the same time a semi-group such that a
<b=ax<bx and xa<xb foral Oa,b,xOS..

A non-empty subset A of anordered semi-group S iscalled asub semi-group of S
if AALA.
A non-empty subset A of an ordered semi-group S iscaledaright (resp. left) ideal of
S if
1. ASOA (resp. SAOA)
2. allA,Sb<a=DbOA.

A iscaledanideal of S ifitisbotharightand aleftidea of S.

A sub semi-group A of an ordered semi-group S iscalled aninterior ideal of S if
1.SASA.
2.al0A,Sb<a=DbOA

A semi-group A of an ordered semi-group S iscalled abi-ideal of S if
LASALA.
2al0ASlb<a=hbOA.

A fuzzy subset f of an ordered semi-group S is a function from S to the unit
interval [0,1] [5]. Let S be an ordered semi-group. A fuzzy subset f of Siscaled a
fuzzy sub semi-group of S if f(xy)=min{ f(x), f(y)} Ox,yOS.

A fuzzy subset f of an ordered semi-group S iscalled afuzzy left (resp. right) ideal
of S if

1) xsy= f(X)= f(y)
2) f(xy)z f(y) (resp.f(xy)= f(x)).

If f isbothafuzzy leftidea and afuzzy right ideal of S, then f iscalled afuzzy
ideal of S or afuzzy two sided ideal of S. Equivaently, f iscaled afuzzy ideal of
S if

) xsy=1T(x)= 1(y)
2) f(xy)zsup{ f(x), f(y)}-

A fuzzy sub semi-group f of anordered semi-group S iscaled afuzzy interior ideal
of S if
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1) xsy= f(X)= f(y)

2 f(xyz)= f(y).
A fuzzy sub semi-group f of anordered semi-group S iscaled afuzzy bi-ideal of S

if
1) xsy= f(X)= f(y)

2) f(xyz) 2 min{ f(x), f(y)}.

3. Interval-valued Q-fuzzy ideals generated by an interval-valued Q-fuzzy subset
in ordered semi-groups
We now give the interval-valued Q-fuzzy concepts.

Aninterval number on[0,1], say a isaclosed sub-interval of [0,1], that is
52[a‘,a+] where 0 <a” <a'<1. Let D[0,1] denote the family of al closed
sub-intervals of [0,1], 0 =[0,0] and 1 =[1,1]. For any two elements az[a‘,a+] and
b=[b",b"] inD[0,1]. We define

(i) a<b ifandonlyif a”<b” and a" <b*

(iila=b ifandonlyif a =b™ and a* =b",

(i) Min' {a,b} =[min{a”,b}, min{a’,b"}].

(v)Max' {a,b} =[max{a’,b’}, maxa’,b’}].
Similarly we can define inf' and sup' in case of family of elementsin D[0,1] .
A mapping A: XxQ - D[0,1] iscdled aninterval-valued Q-fuzzy subset of X.
where A(x,q) =[A (X, q), A" (x,q)]. OxOX and qOQ.

Let S bean ordered semi-group with identity element 1 and IQF(S) denotes the set of all
i-v Q-fuzzy subsetsof S.

Definition 3.1. Let Z,E bei-v Q-fuzzy subsetsof S. Then we have the following:
(i) A<B ifandonlyif A(X,q) < B(X,q).
(i) A=B if andonly if A(x,q)=B(X,q).
(iii) (AD B)(x, q) = max'{ A(x,q), B(x,q)} .
(iv) (An B)(x,q) = min'{ A(x,q9), B(x,q)} , fordl xS and qOQ.

Definition 3.2. Let "o" bea binary compositionin S. The product AoB of any two i-v
Q-fuzzy subsets A,B of S isdefined by
i .7 o , , . _
(@- B)xq) = {Vx=ab {Mlnl{_A(a, q),B(b, q)}} if x is expressible as x = ab
0 otherwise

Since semi-group S isassociative, The operation "o" is associative.
Wedenote xy insteadof x[y and AB for AoB.Let B beasubsetof aset S.
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Define afunction (characteristic function) )_(B :SxQ - DI[0,1] by
1ifx€B Vx€S andq € Q.

. 0 otherwise .
clearly xg isan i—v Q-fuzzy subset of S. Throughout this paper )Y, isdenoted by

X, ()= {

S and Swill denote a semi-group unless mentioned.

Definition 3.3. Let A be a Q-fuzzy subset of an ordered semi-group S with identity
element 1. Then the smallest Q-fuzzy left (right, two sided, interior, bi-)ideal of S

containing A iscalled a Q-fuzzy left (right, twosided,interior, bi-)ideal of S generated
by A denotedby < A> (< A>;,<A><A> ,<A>,) respectively.

Definition 3.4. An i-v Q-fuzzy subset A of an ordered semi-group S iscalled an i-v
Q-fuzzy sub semi-group of S ifforall x,yJS and qOQ,

A(xy,0) = Min'{ A(x,9), A(y, )} .

Definition 3.5. An i-v Q-fuzzy subset A of anordered semi-group S iscalledani-v
Q-fuzzy left (resp. right) ideal of S ifforall x,ydS and qOQ

) x<y= A(x,q)=A(y,q) ad q0Q
i) A(xy,q) 2 A(y,q) (resp. A(xy,q)= A(X,q)).

Ani-vQ-fuzzysubset A in S iscaled aninterval valued fuzzy two sidedideal of S
if itisani-v Q-fuzzy left ideal and ani-v Q-fuzzy right ideal of S.

Definition 3.6. An i-v Q-fuzzy sub semi-group A of an ordered semi-group S iscalled
ani-v Q-fuzzy interior ideal of S ifforall x,y,zO0S and qOQ

i) x<y= A(x0)2Ay.q)

i) ACyza)2y.
Definition 3.7. An i-v Q-fuzzy sub semi-group A of an ordered semi-group S iscalled
ani-v Q-fuzzy bi-ideal of S iffor all x,y,zOS and qOQ

) x<y= A(x0)2A(y,q)

i) A(xyz,q) = Min'{ A(x,q), A(z,q)} .

Theorem 3.8. An interval-valued Q-fuzzy subset A of an ordered semi-group S isan
i-v Q-fuzzy sub semi-group (left ideal, right ideal, two sided ideal, interior ideal, bi-ideal)
of S iff A~ and A" are Q-fuzzy sub semi-group (left

ideals, right ideals,interior ideals, bi-ideals) of S.

Proof: Let A beani-v Q-fuzzy sub semi-group of S.
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Thenforadl x,yOdS,and q0Q A(xy,q) = Min'{A(x,q), A(y,q)} , where
Min'{A(x, &), Ay, )} =[min{ A"(x,q), A"(y, &)}, min{ A" (x,0), A"(¥, @)} ] .
Thus A(xy,q) 2[min{ A (x,0), A" (y,q)}, min{ A"(x,q), A" (y, q)}].

Hence [A™(xy,q), A"(xy,q) 2[min{ A" (x,q), A" (y, )}, min{ A"(x,q), A"(y,q)}] .

Thus A™(xy,q) = min{ A" (x,q), A" (y,q)} ad A"(xy,q)=min{ A" (x,q), A" (y,q)}].
Hence A", A" are Q-fuzzy sub semi-groupsof S. The converseis straightforward.

Now suppose A isani-v Q-fuzzy left ideal oi S. _ B _
Thenforal x,ydS,and qO0Q x<y= A(X,q)=A(Y,q) and A(xy,q)= A(Y,Q)
Now A(x,0) = A(y,q) = [A(x,0), A"(x,0) [ A (y,a), A" (y,q)]

Thatis A (x,q)= A (y,q) and A" (x,q)=A"(y,q).

Axy,a) = Ay, q) = [A(xy, @)1, A (xy,q) 2 [A (y,0), A" (y,q)].

Thus A™(xy,q) = A"(y,q) and A"(xy,q)= A"(y,q).

Hence, A" and A" are Q-fuzzy left idealsof S.
The converseis straightforward. Similarly we can prove for other cases.

Definition 3.9. Let A beani-v Q-fuzzy set. Then the smallest i-v Q-fuzzy left (right, two
sided) ideal of S containing A iscalled ani-v Q-fuzzy left (right, twosided ) ideal of S
generated by A, denoted by (A (AR),(A)) respectively.

Theorem 3.10. Let A be ani-v Q-fuzzy set. Then (Z}sz,
where J=[J",J*] suchthat
J7(x,q9)= sup A (%,q) and J*(x,q)= sup A'(x,,q) fordl XxOS and qOQ.

XX Xo XX X
X1 %S X1, %S

Proof: Foral allS and qOQ,
J (a,q9) = supA (x,,0)=2A(a,0), since a=la= A (a,9)<J (a,q).

asxX,
Similarly A"(a,9) < J"(a,9) = A(a,q) = [A(a,0),A"(a,q)]<[J (a,0),I"(a,q)]-
Thus A0 J.Nowweshowthat J isaninterval-valued Q-fuzzy leftideal of S, for this
we have to show (x,q) < (y,q) = J(x,q)=J(y,q) and J(xy,q)=J(y,q) for all
X, yOS and qUQ.Let X,y[IS,suchthat X<y.If y<xx,,then x<xX,.

Hence J7(y,q) = supA (X,,0)< sUpA(%,,0) = J7(x,0).

Y<XeXy XXX
Similarly J*(x,q) = 3" (y,q) = J(x,q) = J(y,q).
Now if y< xx,, then (xy,q) < ((x¢)%,,q).
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Hence J7(y.q) = SUPA (X,,0) < sup A°(X,,0) = J7(xy,q).
YSX% XYSXgXy
Similarly J*(xy,q) =J"(y,q) . Hence J(xy,q) = J(Y,Q).
Let B beanyi-v Q-fuzzy leftideal of S suchthat B O A.
Thenforadl allS and q0Q, B (a,q)= A (a,q) and B'(a,q) = A"(a,q) . Now

J7(a,0) = supA(a,,0) < supB (a,,0q) < supB (aa,,q)<B (aq).

asaa, asaa, asaa,
Similarly, B*(a,q)=J*(a,q) foral adS and q0Q = J O B.
Hence, <Z>L =J.

Theorem 3.11. Let A be ani-v Q-fuzzy set, Then (K}sz,
where J=[J",J*] suchthat
J (x,q)= SUPA(Xl q) and J*(x,q)= supA (x,q) foral xOS.

Proof: The proof is similar to the proof of Theorem 3.10.

Theorem 3.12. Let A beani-v Q-fuzzy set. An interval-valued Q-fuzzy subset J isan
i-v Q-fuzzy left (right) ideal of Sgenerated by A ifand onlyif J° and J* areQ-fuzzy
left (right) idealsof S generatedby A~ and A" respectively.

Proof: Suppose J isani- v Q-fuzzy left ideal of S generated by A.

Thenby Theorem 3.8, J* and J~ are Q-fuzzy left idealsof S.

Since AODJ, wehave A" 0J and A" 0J". If B is a Q-fuzzy left ided of S
containing A, then define B:SxQ — D[0,1] by E(x, q)=[B7(x,9),B (x,q)],
where B™(x,q) =B(x,q) fordl xS and B*(x,q)=1foral xS and qOQ.
Since B™ and B* arleuzzerftldeaIsof S, by Theorem 3.8, B isani -v Q-fuzzy
left ideal of S. Clearly AOB s0 JOB=J OB =B=J" is Q-fuzzy left ideal
of S generated by A . Similarly we can show that J* is Q-fuzzy left ideal of S
generated by A'.

Conversely, assumethat J and J* arleuzzerftideaIsongenerated by A~ and
A" respectively. Then by Theorem 3.8, J isani -v Q-fuzzy left idealsof S containing
A.If B isani -v Q-fuzzy left ideal of S containing A,then A OB and A" OB*
Since B and B* are Q-fuzzy leftidealsof S,wehave J" O B™ and J* O B*.
Hence J 0 B.Thus J isani-v Q-fuzzy leftideal of S generated by A.

Theorem 3.13. Let A beani-v Q-fuzzy set, then ((Z}L)Rz (Z\)z ((Z}R)L.
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Proof: By Theorem 3.11, ((Z}L)R isani-v Q-fuzzy right ideal of S.

Clearly, <<Z>L>R=[<<A'>L>R,<<A+>L>R]-Forall X, ydS, qQ
(A Dr(xy,0) = sup (A) (a,0) = sup supA(z,q) and

Xysaydy Xysad, <47,
(AR, 0) = sup (A7) (¥1,0) = sup sup A" (W,,q)
Y<V1Yo YSY1Yo YISWMW,

ObViOUgy, <<A_>|_>R(Xy1 q) 2 <<A_>L>R(y1q)

Similarly we have ((A"), ) (XY, q) = (A" (Y, ).
It follows that,

(A Dr(,8) = [(AD (3, 8), (AT (0, O]
2 [(CADDr(Y, D) AT DR (Y, DT = (A (Y, Q)
Hence ((A™),) isani-v Q-fuzzy leftideal of S.
So ((A7) ) isani-v Q-fuzzy ideal of S.
Since AO(A), O{(A), ), wehave ((A) )z OA
Suppose B isany i-v Q-fuzzy ideal of S such that BOA.
Since (A), isthesmallesti-v Q-fuzzy left ideal of S containing A,
wehave BO(A), . Also BO(A) )r,
since ((Z}L)R isthe smallest i-v Q-fuzzy left ideal of S containing <Z}L.
This show that ((K}QR isasmallest i-v Q-fuzzy left ideal of S containing A.
Therefore ((K}JR: (A).
Similarly we can prove that ((Z}R)L=<K>.
Hence ((A))e=(A)= ((A)e).

Definition 3.14. Let A beani-v Q-fuzzy set. Then the smallest i-v Q-fuzzy interior ideal
of S containing A is called an i-v Q-fuzzy interior ideal of S generated by A,
denoted by (A), .

Theorem 3.15. Let A beani-v Q-fuzzy set, then (K)l = J,where

J =[J37,J3"] suchthatJ™(x,q)= sup A (x,,0Q)

XS ¥ XoXg
X, %o, %30S

J'(x,q)= sup A'(x,,q) fordl xOS, qOQ.

XS X Xo Xg
X1 %0, XIS
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Proof: Foral allS and qOQ, we have
J (a,9)= sup A (x,,0)= A (a,q) because a<lal.

s X XoXg

Similarly J*(a,q) = A" (a,q).

Therefore J(a,0) = [J7(a,q), 3" (a,q)] 2[A (a,q), A"(a,q)] = A(a,q).
Let x,y[dS,and qQ suchthat (x,q) <(y,q) .

If (y,0) < (XX,%;5,0) then (X,q) < (%X,%;,0).

Hence J7(y,q) = sup A (X,0)< sup A (X,0)= J7(x,0).

YSX X X3 XS Xy X5 Xg

Similarly J*(y,q) < J"(x,q).

Hence J(x,0) = [37(x,q), 3" (x,q)] 2[I"(y,0), 3" (y.q)] = I(y.0).
Alsofordl x,y,zOS and qUQ,

it (y,0) < (aa,a,,q) then (xyz,9) <((xa)a,(2,2),4).

Hence J7(y,q) = sup A"(a,)< sup A'(b,,0)=J"(xyz0).

y<ayayag xyz<bibsby
Similarly J*(y,q) = J*(xyz,q).

Thus J(y, @)= [3"(y,q), 3" (y, @) <[I"(xyz,0), 3" (xyz,q)] = I(xyz,0).
Thisshowsthat J isani-v Q-fuzzy interiorideal of S suchthat B 0 A.
Thenforadl allS and qOQ,

J(a,q)= sup A'(a,,0)< sup B (a,,q)

asaa,ag asaa,ag

< sup B (a3,3;,9) < B (a,0).

asaa,ay
Similarly J*(a,q) < B*(a,q).

Hence J(a,q) < B(a,q).

Thisshowsthat J isthe smallesti-v Q-fuzzy interior ideal of S containing A,
that is (A),=J..

Theorem 3.16. Let A beani-v Q-fuzzy set. An interval-valued Q-fuzzy subset J isan
i-v Q-fuzzy interior ideal of S generatedby A iff J° and J* arefuzzyinterior ideals

of S generatedby A" and A" respectively.
Proof: The proof is similar to the proof of Theorem 3.12.

Definition 3.17. An i-v Q-fuzzy sub semi-group A of S iscalled ani-v Q-fuzzy
submonoid of Sif A(1,q) = A(x,q) foral xUS and q0Q.

Theorem 3.18. Let A be ani-v Q-fuzzy submonoid of S then (Z}B = J where
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J7(x,q) = sup min{A"(x,q), A (x;,q)} and

XSX %%

J'(x,q) = sup min{A"(x,q), A" (X,q)} foral xOS and qUQ.

XSXqXpXg
Proof: Foral xS and qOQ

J7(x,0) = sup min{ A (x,q), A (%,0)}

XX XoXg
2minfA (1), A (xq)} = A(x0)
because x<1.1x and A(L,q) = A(x,q) foral xOS.
Similarly, wehave J*(x,q) = A"(x,q) .
Therefore J(X,q) = A(X,q) ardso J O A.
Let x,yOS suchthat x<vy.
If y<xxX then x< xXx,X,. Hence

J7(y,a) = sup min{ A" (x,,0), A (%, 0)}

YSXXoXg

< sup min{ A (a,0), A (a;, )} = I (x,0).

x<ayaya
Similarly, we have J*(x,q)= J"(y,q).
Thus J(X,q) = J(Y,q).
Alsoforadl x,y,zOS.
If (x,0) < (%%X%,q) ad (z,0)<(z22,09),
then (xyz,q) < ((x%,%;)¥(22,2).0).-
Hence
J7(xyz,q) = sup min{A (a,q), A (a;q)}

XYZ<31333
>  sup mn{A(x,9),A (z,09)}.

XYzSX (XX3Y22,) 23
XEXXoXg 252752

We canwrite A™(x,q) = min{ A" (x), A" (x,,0)},

A (z,9)2min{ A (z,0), A (z,9)} -
It follows that

J(yzq 2 sup  min{min{A (x,0q), A" (x,q)}, mn{A (z,0), A (z,a)}}

XYz (X0X3Y2125) 23
XSXXoX3 25222,

=min{ sup min{A"(x), A" (%)}, sup min{A"(z,q), A (z,9)}}

XX XoXg 722,24

=min{J"(x,q9),J (z,0)}.
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Similarly we have J*(xyz,q) = min{J*(x,q),J"(z,q)}.
Therefore B
JOyz,q) =[I"(xyz,0),3" (xyz,0)]
2[min{J7(x,q),d7(z,q)},min{J"(x,0),J"(z,0)}]

= Min'{J(x,q), J(zq)}

andso, J(xyz,q) = Min{J(x,q),J(zq)} .

Takingy = 1, we have J(xz,q) = Min'{J(x,q),J(z q)}.
Thisshowsthat J isani-v Q-fuzzy bi-idea of S.

Let B beani-v Q-fuzzy bi-ideal of S suchthat B O A.

Thenfor dl allS, we have
J(a,q)= sup min{ A"(a,,0), A (a;,0)}

asaayag
< sup min{B (a,q), B (a,,0)} < sup B™(a,3,a,,9)< B (a,q).
asaayag asaayag
Similarly, wehave J*(a,q) < B*(a,q).Thus J O B.
Hence J isasmallesti-v Q-fuzzy bi-ideal of S containing A.
Thatis (A)g = J

Theorem 3.19. Let A beani-v Q-fuzzy submonoid of S. Then an i-v Q-fuzzy subset J
isani-v Q-fuzzy bi-ideal of S generatedby A ifandonlyif J° and J* are Q-fuzzy
bi-idealsof S generatedby A~ and A" respectively.

Proof: The proof is similar to the proof of Theorem 3.18.

Theorem 3.20. Let S beregular ordered semi-group and A be an i-v Q-fuzzy set, then
(Ag = J where
J7(xa) = sup min {A"(x,0),A (X,0)} and

XS X3 XXz

J'(x,q) = sup min {A"(x,q), A (x,q)} foral xOS, qOUQ.

XS ¥ XoXg
Proof: From the proof of Theorem 3.18, it enough to provethat J 0 A.
Foral xS and qOQ, we have
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J7(x,q) = sup min{A"(x,q), A"(x;, )}

XS X XoXg

> supmin{ A" (x,q), A" (x, )}

XsXax

=A(x0)

Similarly, wehave J*(x,q) = A"(x,q).
Therefore, J(X,q) = A(X,q) andso J OA.

Remark 3.21. Theorem 3.19 isalso truefor an i-v Q-fuzzy subset A ofa regular ordered
semi-group S.

4. Conclusion
Interval-valued Q-fuzzy ideals generated by an interval-valued Q-fuzzy subset on ordered
semi-groups has been studied and some characterization are establisted.
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