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1. Introduction

Finding cycles of arbitrary length in connectedpdisand complete multipartite graphs
has been an interesting type of problem from tbenehtary to the high order research in
the study of graphs. A spanning cycle in a graptaimed as the Hamiltonian Cycle after
the famous Irish Mathematician Sir William Rowannkion. The problem of finding a
Hamiltonian cycle in an arbitrary large graph is-ttnplete. Most famous sufficient
conditions for the existence of a Hamiltonian cyidl@ graph are due to Dirac (1952) and
Ore (1960). Billington brought out an extensivevsyr of cycle decompositions of
complete multipartite graphs [1]. A list of the nlben of Hamiltonian Cycles in various
types of graphs is prepared by Weisstein [7]. Atemesive survey of the Hamiltonian
Problem is due to Gould [2].

Hamiltonian problem is also a distance problem.idk Ibetween distance in
graph and colouring is explored in [4]. Many résubssociated with complete
multipartite graphs are found in [5] and [6]. RabHlrings out surprising connection
between spectral radius and some Hamiltonian ptiegesf graphs [3]. In this paper we
see a necessary and sufficient condition for thistemxxce of Hamiltonian cycle in
complete multipartite graphs.

2. Largest cyclein a complete tripartite graph
The length of the largest cycle in a complete ttif@ of a particular nature is given
below.

Lemma 2.1. If p, g and r are the cardinalities of the partigts of a complete tripartite
graph G= K 4 and if sum of any pair among p, q and r is leas tie third number, then
the length of the largest cycle in G is twice thm=f the those pair.

Proof: Sincep, g andr are the cardinalities of the partite sets, witHogs of generality,

let (p+g)<r. To get the largest cycle we may try to use th&imam number of vertices
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in G. This maximum is reached only when we consttier sets witlp vertices andj
vertices together as a single set and the setrwititices as the second set.

Hence, practically, it works as a bipartite graplthwone set containing+q
vertices and the second set withertices. Sincept+qg)<r, the largest cycle possible is of

size 2(+0q).

3. Existence of Hamiltonian cycle
The following lemma describes the coincidence efltligest cycle as the spanning cycle
(Hamiltonian Cycle).

Lemma 3.1. Let p, g and r be the cardinalities of the padités of a complete tripartite
graph G= K, If p<g<r and if r< (p+q), then G has a Hamiltonian cycle., G has a
cycle of length p+qg+r.

Proof: Let P, Q and R be the partite sets of G with caldias p, g and r, respectively.
Without loss of generality, let us assume that p<q<

It is given that r < (p+q).

Hence, let g=p+a and r=qg+h.e.,

g=p+a&r=p+a+b 1)
As r < (p+q), we have (p+atb) < (p+p+a), using (1).
i.e, b<p.i.e,
p-b>0 2
We can express p as,
p=(p-b)+b ©)
Using (3), g and r can be rewritten as,
q=(p-b)+b+a (4)
and
r=(p-b)+b+a+b (5)

Using the above partitioning of the integers pnd g sets P, Q and R can be partitioned
as follows:

P=P,, 0P, (6)
Where{P(p_b)‘ =p-b and|Pb| =b.

Q=Qpn HQ UQ, ()
where|Q, )| = p~b, [Q,|=b and|Q,| =a.

R=R,,0R,0ROR, (8)

whequ(p_b)| =p-b, ‘Rbl‘ =b, |sz| = band|Ra| -a.

LetV (P, ) ={Uy,Up oo Uiy} ANV (B) ={Uy e Ugppezseeslip) -
LetV(Q ) ={Ve:VareeeVipopy}» V(Qy) ={V(ppysrs Viponysz -V} AN
V(Q,) ={Vpu1sVpizriVyl} -
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LetV(Rpp)) ={W, Wo o Wiy} 2 VIR, ) ={Wp )0 Wipopyaz oWk

V(R,) ={Wp,1, Wy, W} @andV (R, ) ={Wy,y, Wypp,e W, }
The construction of the cycle is as follows:

We construct a simple path witly [P, 0P as the initial vertex. Choose

p-b)
v, UQ,py U Q andw, R, [J Ras the next two vertices of the simple path, in tha

order. Afterw;, we choose, [ P(p_b).

the increasing order of the suffices of the vedié®emB,_,, Q.. andR _,in a

Continuing in this manner, choosing vertices in

cyclic manner, we terminate the simple pattwat, JR _, . The length of the simple
path thus formed is
3(p—-b)-1. 9)

In extending the above path, we now consider tte@eandR, only. We adjoin
the vertexw,_, tov,,, 0Q, 0 Q. Shuttling between the vertices @ andR,, we
terminate the simple path & LR, . Hence, the length of the simple path is thus
extended to an additional length of 2a as,

Q.1 =IR,|= a (10)

At this level, the vertices &, Q,, Rblande2 are not used in the simple path.
As each of these sets has the same cardirmligynd sinceRbl ande2 are subsets of R,
we extend the simple path in the following manner.

Adjoin w, tou ., OB, UP.

Alternating between thievertices each of}, and R, we reach the vertex, IR, . We
adjoinw, tov, ., 1Q, U Q.

Shuttling between thie vertices each 0@, andR, we reach the vertex, LR, .

Hence the simple path is now extended with an d&trgth 4. (11)
As of now, using (9), (10) and (11), the total léngf the simple path is
3(p—-b)-1+2a+4b (12)

Since the path is terminatedvat [J R,, . we can complete the cycle by adjoining

it to the initial vertex of the path U P.

Total length of the cycle thus formed i931)-1 + Za + 4b + 1, using (12).e.,
the cycle is of lengthf3-2a+b.

However,
3p+2a+b=p+p+p+a+a+b, using (1).
i.e,
3p+2a+b=p+(p+a+b)+(p+a)
i.e,

3pt+t2a+tb=p+q+r
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Hence, the cycle thus formed is a Hamiltonian Cycle O

4. Main results

The discussions in the previous sections lead uhdomost important results of this
paper. We can estimate the length of the longededp a complete multipartite graph.
We start with complete tripartite graph and then ev¢end the result to complete
multipartite graphs.

Theorem 4.1. Let G=K,, be a complete tripartite graph such theq. Then the length

+q+r,ifr<sp+
of the largest cycle in G sp arr _I r=p q'
2(p+q)ifr>p+q

Proof: Given that the graph G is complete tripartite. @brely, length of any cycle will
not exceeg+g+r, as this gives the total number of vertices inrtevork.
As p <q <r, let us explore the different possibilities instimequality.

Case 1. p=q-r.
In this case, obviously, the length of the larggsie isp+qg+r.

Case2: p=q«<r.
There can be three different possibilities here., vi

r<(p+a), r=(p+q) and p+g)<r.
Whenr<(p+q), we will get a cycle of lengtp+g+r, using Lemma 3.1. if=(p+q), asp=q,
we will get without much difficulty, a cycle of lgth p+g+r. When ¢ + ) <r, we will
get a cycle of length B¢q), using Lemma 2.1.

Case 3: p<g-r.

Here agy>p, andg=r, g-p andr-pvertices will contribute 2{-p) length of the cycle and
the remaining part will contributgp3o the length of the Hamiltonian cycle. Hence the
total length of the Hamiltonian cycle iscgf)+3p.

i.e, =20-2p+3p
i.e, 9p+2q
i.e, =p+qtr.

Case 4: p<g<r.

Sub Case 1p¢g)<r.

This is dealt with irCase 2.

Sub Case 2p¢q)=r

This is also dealt with i€ase 2.

Sub Case J<(p+q)

This case is dealt with in Lemma 3.1.

Hence the proof. ]

Theorem 4.2. A complete multipartite graph G of at least threetices is Hamiltonian if
and only if the cardinality of no partite set isgar than sum of the cardinalities of all the
other partite sets.

Proof: Suppose that cardinalities one of the partite Eetarger than the sum of the
cardinalities of all the other partite sets. Asréhare only less number of vertices in all
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other partite sets put together, we cannot fornamiHonian cycle by pairing elements of
the this set and that of the other sets.

Conversely, assume that cardinality of no partgeis larger than sum of the
cardinalities of all other sets. We can regrouppéigite sets as three sets and by applying
Theorem 4.1, form a Hamiltonian cycle.

However, an alternate proof is given below.
Let the complete m-partite graph have the m padiées with cardinalities

n <n, <..n., <n..ltisgiventhah <n +.+n_ .

Ny S
Letn,, = p, N, =qandn, =r.
Without loss of generality, let us assume thatg<r .
Asr<p+q,letr +a=p+q.Hence, we have=(p-a) +(.
Let the partite sets with cardinalitipsq andr be P, Q and R respectively.

We now see how a circle of lengthg+r exists among the vertices of the sets P,
Qand R.

Let the vertex sets corresponding to R, P and Qvhev,,...,w,} , {ul,uz,...,up}

and{vl,vz,...,vq} respectively. As =(p—a) +q, we can re-label the vertices of R, P

and Q as follows:
R={Wy, Wy, e Wy s W aigsee oW poasay=ps Wsns-s s W prgeayer

p-a’
P ={u,,u,,..u }and

Up-a:

up—a+l’ i ,U( p-a+a)=p

Q ={V(p-aysar-Vip-ayraps Vosrr+V(p-ayramal
We get the cycle connecting all these verticeseasribed below:

We start a simple path from;tou,_,, alternating the vertices of R and P in the

increasing order of their suffices. From_,, we extend the path twy, From

p-a)+l-*
Wp-a+ WE extend the path tw ,, shuttling among the sets R, P and Q connecting the

vertices of them in the increasing order of thaifises. At this stage, all the vertices of P
are part of the simple path. Hence, from,,we extend the path tq, alternating the

vertices of R and Q in the increasing order ofrtheffices.
Now, we have a simple path of lengtk g +r —1. We now conneat, tow, by

an edge to complete a cycle of lengtk g +r .

It is easy to construct the Hamiltonian cycle usihg vertices of other partite
sets. As each of the other partite sets has ver@ss than that of the set P, as the cycle
reaches a vertex of the set P, it can be exteralgdrtices of other partite sets before it
reaches the set R. Hence, in this way a Hamiltocyafe can be identified in a complete
multipartite graph if the cardinality of no partiet is larger than sum of the cardinalities
of all the other partite sets. O

5. Conclusion

Although there are many results coming up freqyentlgarding the existence of
Hamiltonian cycle in various families of graphspeecise answer is still elusive for
general graphs. This article is an attempt to@epthe existence of Hamiltonian cycle in
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complete multipartite graphs. The results might diained through various other
methods. However, a simple algebraic proof is diesdrhere.
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