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1. Introduction
Throughout this work, by a graph we mean finiteyrexcted, undirected & simple
graphG= (V (G), E (G))of order|V (G)and sizdE (G) |.

Definition 1.1. A graph labelingis anassignmet of integers to the vertices or edges or
both subject to certain condition(s). If the domafrthe mapping ishe set of vertices
(edges) then the labeling is calledeatex labelingan edgdabeling).

A latest survey on various graph labeling problears be found in Gallian [1].

Definition 1.2. Let<A , «+ > be any Abelian group. A gragb—= (V (G), E (G))is said to
be A-cordial labeling if there is a mappirigV (G) —A which satisfies the following two
conditions when the edge-uvis labeled a$ (u) » f (v)

(i) Ve (@)= V; (b)) <1, if for all &, be A

(ii) | & (a)-€; (b)] <1;if for all @, be A

where,V; (@)=the number of vertices with labet
V; (b)=the number of vertices with labél

& (2)=the number of edges with labal

& (b)=the number of edges with labbl

We note that iR=< Z ,+ k>, that is additive group of modulothen the labeling is
known ask-cordiallabeling.
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Here, we considefA=< Z, .+ 4>, that is additive group of modulbthen the labeling

is known agt-cordiallabeling.
The concept oA-cordial labeling was introduced by Hovey Edproved the
following results.
« All the connected graphs aBecordial.

« Allthe trees ar@-cordial.
« Allthe trees ard-cordial.
« Cycles arek-cordial for all oddk.
Kanani and Rathod [4] proved the following results.
e All the WheelsW, are4-cordial.
« All the fansf, are4-cordial.
» All the friendship graphB, are4-cordial.
e All the HelmsH, are4-cordial.
Rathod and Kanani [5] proved the following results.
e The middle grapM(P,) of pathP, is 4-cordial.
e The total grapf(P,) of pathP, is 4-cordial.
» The splitting grapl®’(P,) of path is4-cordial.
« The square graph?, of path is4-cordial.
e The triangular snakgs, is 4-cordial.
Rathod and Kanani [6]derived the followidecordial graphs.
* The splitting grapls'(K, ) of starK, ,is 4-cordial.
» The triangular book grap, is 4-cordial.
« The one point uniofy" of n copies of a fafy is 4-cordial.
Rathod and Kanani [7] proved the following results.
e The graptZ-P, is 4-cordial for alln.
» The braid graptB(n) is 4-cordial for alln.
» The triangular laddefL, is 4-cordial for alln.
e The irregular quadrilateral snakg(s,) is 4-cordial for alln.

2. Some useful definitions of standard graphs
1. TheMiddle Graph M (G)of G is the graph whose vertex seVi¢G) U E(G)and

in which two vertices are adjacent if and onlyither they are adjacent edges of
G or one is a vertex @b and the other is an edge incident with it.

2. TheSplitting GraphS’ (G) of graph G is obtained by adding to each vevtax
new vertexy’ such that’ is adjacent to every vertex which is adjacent oG
in other wordsN (v) = N (V).

3. TheDouble Wheel Graph DWof sizen can be composed 8, + K; it consists
of two cycles of size where vertices of two cycles are all connected ¢entral
vertex.

4. TheFlower Graph Fl, is the graph obtained from a hetty by joining each
pendant vertex to the apex of the helm.
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For any undefined term in graph theory we rely u@oassandYellen [3].

3. Main results

Theorem 2.1. The Middle GraptM(C,) of cycleC, is 4-cordial.

Proof: LetG = M (G, be the middle graph of cycl&, andv,,vz,...,\ be the vertices of
Cn Let V'3,v'5,...,v, be the vertices added corresponding to the edges....e
respectively to obtaiM(C,). Here,IV (G)| = 2nandE (G)! = 3n.

To define4-cordial labeling: V (G) — Z, we consider the following cases.

Case1: n=0 (mod8).

In this case label the verticesvs,..., by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,8/” the verticeg',,V',,...,Vy, by
1,0,3,2;1,0,3,2;...,1,0,3,Quccessively.

Case 2: n=1 (mod8).

In this case label the verticesvs,...,\ by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,&l the verticeg',,V',,...,V 2 by
1,0,3,2;1,0,3,2;...,1,0,8uccessively and the verticgs.,,v',, by 1,2

Case 3: n=2 (mod8).

In this case label the verticesvs,..., .1 successively by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2r@ the vertex, by 2.

Label the vertices’';,v',,...,v,, by 1,0,3,2;1,0,3,2;...,1,0,3,2,1dliccessively.

Case 4. n=3 (mod8).

In this case label the verticesvs,...,\ by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2,3,lLdbel the vertices’,V'2,...,Vh1
successively h,0,3,2;1,0,3,2;...,1,0,3,2,1dhd the vertex', by 0.

Case 5. n=4 (mod8).

In this case label the verticegv,, ..., \.» successively by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2 80t the vertices, 1,v, by 3,0.

Label the vertices';,v',,...,V,» successively b$,0,3,2;1,0,3,2;...,1,0,3,2,1zhd the
verticesv'.,V'h by 2,2

Case 6: n=5 (mod8).

In this case label the verticesv.,...,\, successively by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2,3,112 J0abel the vertices’,,V'5,...,Vh1
successively h,0,3,2;1,0,3,2;...,1,0,3,2,1,0,3Rd the vertex’, by 0.

Case 7. n=6 (mod8).

In this case label the verticesvs,...,\.» successively by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2,3,1a10 the vertices, 1,v, by 3,1

Label the vertices';,v',,...,Vi» Successively by,0,3,2;1,0,3,2;...,1,0,3,2,1,0,3%8d the
verticesv'.,V'h by 0,2

Case 8 n=7 (mod8).

In this case label the verticesvs,...,\.1 successively by
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3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2,3,11238nd the vertex, by 1.
Label the vertices’;,v',,...,Vy.3 successively by,0,3,2;1,0,3,2;...,1,0,3,2,1,0 ,338d
the vertices/',.5,V'h.,V'n by 2,0,3

Table 1 show that above defined labeling pattetisfegs the vertex conditions and edge
conditions ford-cordial labeling. Hence, the Middle Gralwh(C,) of cycleC, is 4-
cordial.

Letn=8a+ b, a,b € N U {0}.

b Vertex conditions Edge conditions
0,4 vi(0)=v(1)=w(2) =v () e0=a()=a(2)=a(3)

1] v(O+1=w1)=vv@)+1=u@) e@+1l=ae@)=a@)=a(3)
2,6 i@ =v (1) =% (2 =w(3) e@+1l=e)=a@@+1=6a(3)

3] vi(@=v@D)=w@)+1=v3)+1le(0)+1=g(1)+1=6(2=a@3)+1
Vi) =v()=v(2)+1=v3)+1l e(@O)+1=e(1)=6()=8a(3
7] v(@+1=v(1)=v@+1=vu@)ea@=a@)+1=a()+1=a(3)+1

Tablel:

ol

[llustration 2.2. The Middle grapiM (Cs) and its4-cordial labeling is shown iRigure
1

Figurel: 4-cordial labeling of middle graph M£Cof cycle Ggraph.

Theorem 2.3. The splitting grap!s’(C,) of cycleC, is 4-cordial.

Proof: Let G= S’ (C,) be the splitting graph of cycl&, andv,,v,,...,v be the vertices of
C,. LetG be the graph obtained by adding to each verexew vertex’ such that’ is
adjacent to every vertex that is adjacent to G. Here,lV (G)| = 2nandlE (G)| = 3n.

To define4-cordial labeling: V (G) — Z, we consider the following cases.

Case1: n=0 (mod8).

In this case label the verticesvs,...,\ by
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3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,&r& the verticeg'1,v',,...,v;, by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,681cessively.

Case 2: n=1 (mod8).

In this case label the verticegv,,...,\.; successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,8r& the vertex, by 2. Label the vertices
V',V'2, ... Vo SUCCESSIVely bg,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3)8d the vertices
Vih,Viabyl,3

Case 3. n=2 (mod8).

In this case label the verticesvs,...,\.» successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,&y#d the vertices, 1, v, by0,2

Label the vertices';,v',,...,Vy.3 successively bg,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0
and the verticeg',,, V'n.1, Vinby 1,2,3.

Case4: n=3 (mod8).

In this case label the verticesv.,...,\ successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3,Lgbel the vertices'1,V'5,...,Vi2
successively 18,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2r&l the verticeg',.;, V', by
0,1

Case5: n=4 (mod8).

In this case label the verticesvs,...,\.1 successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3dndA the vertex, by 3.

Label the vertices’;,v',,...,Vy.4 SUccessively bg,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2
and the vertice®',.3,V'h2,V'n.1,V'h by 0,1,0,2

Case 6: n=5 (mod8).

In this case label the verticegv,, ..., 1 successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3,1ah0 the vertex, by 2 Label the vertices
V',Vs,..., Vi Successively bg,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3dnd the
verticesVv',.1,V', by 3,0.

Case 7: n=6 (mod8).

In this case label the verticegv,,...,\.; successively by

3,1,2,0,1,3,0,2; 3,1,2,0,1,3,0,2;...,1,3,0,2,3,112abd the vertex, by 2.

Label the vertices';,V',,...,Vh.2 successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3,1ah0 the verticeg', V', by 0,3

Case 8. n=7 (mod8).

In this case label the verticegv,,...,\.; successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3,1,230phd the vertex, by 2.

Label the vertices';,V',,...,V\h.3 successively by
3,1,2,0,1,3,0,2;3,1,2,0,1,3,0,2;...,1,3,0,2,3,1ah0 the verticeg',,V'n.1,V'n by 0,1,3

Table 2 show that above defined labeling pattetisfegs the vertex conditions and edge
conditions ford-cordial labeling. Hence, the Splitting Graph(G,) of cycleC, is 4-
cordial.
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Letn=8a+ b, a,be N U {0}.

b Vertex conditions Edge conditions
04 v(O@=w1)=%(2)=w%(3) e0=a()=a()=a(3)

1 MO+1=vD)=w@+1=u%(@3) g0)=ae@)=ea@+1=e&(3)

2 vi(0)=v (1) =% (2)=v%(3) e@)=e@)+tl=a() =a@)+1

3 MO =vi(D)+1=w () +1=v () +1 e0+1=e)=a@+1=8a(3)
S M(0)+1=w (1) +1=v (2) =% (3) g(0) =a()=a(@+1=&a(3)

6 MO+1=w(1)=w%(2)=w@)+1 g0)=e()+1=6(Q=6@)+1
7 MO)+1=vw(1)=w%(+1=v(3) g0)+l=a()+1=6(@)=a(3)+1

Table2:

[llustration 2.4. The Splitting grapl®’ (Gs) and its4-cordial labeling is shown in Figure
2.

Figure2: 4-cordial labeling of splitting graph S'gCof cycle Ggraph.

Theorem 2.5. The double wheel graghW, is 4-cordial.

Proof: Let G= DW, be the double wheel graph. heiv,, ...,y be then vertices of first
wheel and/'1,v',,...,V\, be the vertices of other wheel. hebe the apex vertex, which is
common for both the wheels. Helé,(G)| = 2n+1 andlE (G)! = 4n.

To defined-cordial labeling: V (G) — Z, we consider the following cases.

Label the apex vertexby 0.

Case 1: n=0 (mod8).

In this case label the verticegv,,...,\, by

1,3,2,0, 3,1,2,0;1,3,2,0,3,1,2,0;...,3,1,3r@ the verticeg',v',...,v, by
1,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1,8cessively.
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Case 2: n=1 (mod8)

In this case label the verticegv,, ..., successively by

1,3,2,0, 3,1,2,0;1,3,2,0,3,1,2,0;...,3,1,2,Q.abel the verticeg ;,v',,...,V},.3 successively
by1,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,&Ad the vertices' . V'n.1,V'n by 2,2,3

Case 3: n=2 (mod8).

In this case label the verticegv,, ..., \i,.s successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,..88d the vertice%,.4 ,Vo.3 ,\Vn-2 ,Vn-1 ,Vh DY 2,2,1,2,0
Label the vertices’;,v',,...,V,, successively b$,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1
,0,2,1,3.

Case 4. n=3 (mod8).

In this case label the verticegv,,...,\.; successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,04n8 the vertex, by 3 Label the vertices
V',Vs,..., Vi Successively iy 3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1,0,2nH the vertices
V'n,V'n by 2,0

Case 5. n=4 (mod8).

In this case label the verticegv,, ..., successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,322\@ the vertices',,V'5,...,V,
successively by,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1,0,2,1,3,0,2.

Case 6: n=5 (mod8).

In this case label the verticegv,, ..., successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,3R [Oabel the vertices’,,V'5,...,Vr3
successively 1y,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1,0,2 48l the verticeg'n, V'h1
NVnby2,21

Case 7: n=6 (mod8).

In this case label the verticegv,, ..., \.» successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,3a0 the verticeg, ,,v, by 1,2

Label the vertices';,V',,...,Vh.2 successively by
1,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1,0,2,1,3dhd the vertices . ,,v', by 2,3

Case 8. n=7 (mod8).

In this case label the verticegv,, ..., .3 successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,30 the vertice, >, V1 .Vh by 2,1,3
Label the vertices'1,v',,...,V, 2 successively by
1,3,0,2,3,1,0,2;1,3,0,2,3,1,0,2;...,3,1,0,2,1,3,0a2@ the verticew',.;,v', by 0,1

Table 3 show that above defined labeling pattetisfies the vertex conditions and edge
conditions ford-cordial labeling. Hence, the Double wheel Gran, is 4-cordial.
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Letn=8a+ b, a,bc N U {0}.

b Vertex conditions Edge conditions
04 [vi(0)=w(1)+1=v(2)+1=v(3)+1 e0=a1)=a(2)=a(3)
15 MO +1=v(1)=v%(2)=u%(3) e@=a@)=a@=ad)
26 v(0)+1=vi(1)+1=wv(2) =w (3)+1 e0=a1)=a(2)=a(3)
37 M0O)=v(1)=w(2)+1=v(3) e0=a)=a(@)=a(3)

Table3:

Illustration 2.6. The double wheel grafgbWs and its4-cordial labeling is shown in
Figure 3.

Figure3: 4-cordial labeling of double wheel graph QW

Theorem 2.7. The flower grapliL, is 4-cordial.

Proof: Let G= FL, be the Flower graph obtained from the hélm Letv be the apex
vertex andvy,Va,...,\, be then vertices of cycle and',,v',,...,v,, be the pendant vertices.
The flower graph is obtained from heldy by joining each pendant vertex to the apex
vertex of helm. Hergy (G)| = 2n+1 andlE (G)!| = 4n.

To defined-cordial labeling: V (G) — Z, we consider the following cases.

Label the apex vertexby 0.

Case 1. n=0 (mod8).

In this case label the verticegv,,...,\; by

1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;...,3,1,2r@ the verticeg';,v'»,...,V;, by
1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,8&cessively.

Case 2: n=1 (mod8).

In this case label the verticegv,, ...\, successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;...,3,1,2,0,4bel the verticeg';,V',,...,Vy.1 Successively
by1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,a18 the vertex’,, by 3.
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Case 3: n=2 (mod8).

In this case label the verticegv,, ..., \.» successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,ar@ the vertices,; v, by 3,1

Label the vertices’;,v',,...,Vy.» successively by
1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,a/1% the verticeg',,; ,v'h by 2,0.

Case 4: n=3 (mod8).

In this case label the verticegv,, ..., successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,Bdhel the vertices’,,V'5,...,Vh1
successively 1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,2,3 4@ the vertex’, by 2.
Case 5. n=4 (mod8).

In this case label the verticegv,,...,\.; successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1ed the vertex, by 2. Label the vertices
V',V,,..., V) successively by,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,2,3,1,0,3,2.
Case 6: n=5 (mod8).

In this case label the verticegv,,...,\, successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,3R [Oabel the vertices’,,V'5,...,V},
successively 1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,2,3,1,0,3,2,1

Case 7: n=6 (mod8).

In this case label the verticesv.,...,\, successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,3%70,

Label the vertices’1,v',,...,V\.» successively by
1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,3,2,1,0e18 the vertices', 1,v', by 2,0.
Case 8. n=7 (mod8).

In this case label the verticegv,, ..., 3 successively by
1,3,2,0,3,1,2,0;1,3,2,0,3,1,2,0;,...,3,1,2,0,1,340 the verticeg, ., , Vi1 .Vh by 2,1,3
Label the vertices’1,v',,...,V\.; successively by
1,0,3,2,1,0,2,3;1,0,3,2,1,0,2,3;...,1,0,3,2,1,0,203hd the vertex’,, by 2.

Table4 show that above defined labeling pattern satisfiessertex conditions and edge
conditions ford-cordial labeling. Hence, the Flower Grapl, is 4-cordial.

Letn=8a+ b, a,be N U {0}.

b Vertex condition Edge conditior
026v(0)=v(D)+1=w(@2)+1=vi()+1l] &) =a(l)=a(2)=a(3)
15 MO =v(1)=w%(2)+1=w(3) a(@=eM)=a(@)=a@d

4 vi(0)+1=vi(1)+1=w(2) =% (3)+1 e(@=e@)=a@)=a(3
3,7 MO)=w(1)=w(2)=wv(3+1 e@@=a@)=a@=ea(@)
Table4:

[llustration 2.8. The Flower graplrLs and its4-cordial labeling is shown iRigure 4.
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Figure4: 4-cordial labeling of flower graph kL

3. Concluding remarks
To investigate similar results for other graph fis@siand for othek-cordial labeling is an
open area of research.

8.

9.
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