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1. Introduction
The main goal of the transform method is to tramefa given problem into one that is
easier to solve. Knowledge of the properties aredaighe classical integral transforms
such as Laplace transforms, are just as importadayt as they have been for the last
century or so.

The Fourier and Laplace transforms are by far tbetmprominent in application.
Many other Transforms have been developed, but gt limited applicability. This
work also contains some discussion of the otheghatl transforms that have been used
recently successfully in the solution of certairubgary value problems and in other
applications.

The Laplace-type integral transform calldd - transform was introduced by
Yurekli and Brown in [1], where thé, - transform is defined as

L{f(t);s = Tt expEst?) f (t)dt. (1.1)

Although the L2 - transform is not nearly as watife in applications as are the
Fourier and Laplace transform, there are some arkapplication where it can be a
useful tool. In particular, it is useful in the calation of certain integrals, and in solving
some special systems of singular integral equstion

If we make a change of variable on the right-haitk of the above integral
(1.1), we get,
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L{f(t):s = %Te‘tsz f (WD)t (1.2)

We have the following relationship between the kapl - transform and thé., -
transform

L{F@:9 =5 L{F(R)s. (1.3)

In this paper, we study two new complex inverdmmmulae for L2- transform.

We state the inversion formulas for the above foaad transform and develop
some of the more important techniques associatdditsidefinition as an integral. We do
not attempt to present the basic theorems in timeist general forms. Proofs of the
lemmas are provided, when feasible.

For further information, readers are advised ferr the references [7,8,9].

2. Inversion formula for L, -transform

Lemma 2.1.Let L,{f(X),s} = F(S) then under certain conditions mentioned in [2]
one has théollowing

- 277 i
LR === [ m{[Fl_ o7 e at.
0
Proof: For the detailed proof, see [2],[3].

Example 2.1. The following relations hold true.

L AT

1'L21{4—83, )§ =X.

2- L;l{ﬁ e, x} “lew
2s X

14_;1{\/’7 x}=—]%T |m{(\/’7] v”}e‘xztdt, (2.1)
0 s.te?

Proof:
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= |m{(£’§] }=£t2. (2.2)
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Setting the relation (2.2) in (2.1) we get
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The above integral on the right-hand side may \muated by changing the

. . . u
variable of the integration frorh to uwhere,t = —

X
AN X T e
Li,eh = zﬁ{“ edu = 2\/_|'( é Zf 2J7)
= > ﬁ % =X
2- L?{ﬁe‘zas;x}:—gT Im (ﬁe‘z“J edt (2.3)
28 Ty 2s o ie?
(ﬁ e'zasj - \/]_T e—ZaﬁeLg =ﬁe—i2a\fr
28 feg zﬁe% 2|\/f
_2|\/\/__ (cosQa\/_)—lsm(Za\/_))
= Im{(ﬁe'zasj }:ﬁcos(bﬁ )
2s 2 2+t

Setting the above relation in (2.3), we get

2s
the integral on the right-hand side may be evamh;echanging the variable of the
integration fromt to uwhere,«'t =u

—1\/7_T—Zas —xu xlx\/_ X
LZ{Ee } \/_J‘ cosQau)du—ﬁ = —e :

In order to calculate the above integral, we usbnitze rule to obtain

L—l{'\/l_T —2as : X} - le_? )

L‘l{\/l_T 622 x }———I VT cospadt) e,

2s X
3. The Post-Widder inversion formula for L, -transform
Lemma 3.1.Let L{f(t);s} =F(s)and F(\/g) =(G(s), then one has the following

£(t) =|:Iim ﬂ(ﬂj G‘")(Eﬂ 3.1)
n-o nl (t U],
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Proof: We have the following result of Post —Widder.

If the integral j exp(st)f ¢ )dt = F (s) converges foRes> ) then,
0
0 =tim,_ D (Yrape
nt ot t
Provided that the limit exists. By using the redaship (1.3) and setting (\/g) =G(9),

We get finally, f(t)= l:lim Lll)n(?jm G(”)(Eﬂ :

n-o nl t

For the detailed proof, see [3,4].

2 2 —a’t? —bh%2
- s*+b e’ —e
Example 3.1. Show that : L' In1/ . tl= . .
s +a t

Solution:
F(s)=In %
— G(s)=F(\/s)=In zizz:%[In(s+b2)—ln(s+a2)],
g (D 11
G (s) > (n 1)!{(34_}32)n (s+b2)“} (3.2)

Setting the relation (3.2) in (3.1) we get

f(t) =|lim Ll)n(ﬂjm w(n_l)l 1 _ 1 ,
n.o nl t 2 (?'sz)n (?'sz)n

F(t) = {_Tl("”l @+ %)-" - lim L+ %)ﬂ

. (t) |- e—bzt + e—azt _ e—azt2 _ e—bztz
t , t? '
tot

tot?

2

Lemma 3.1. (Generalized product Theorem, Efros’s Taorem ).
Let L{f(t); § =H $ and assumin@®(s),q(s) be analytic and such that,

L{@A7,t);S} = (s)T€79 then one has:
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LA | (D) @r.t)dr ;s} = F(a(s) P(s) -

Proof: Application of L, - transform followed by changing the order of inegn will
do the job. For detailed proof, see[5].

4. Solving systems of singular integral equationsith trigonometric kernels using
the L,-transform

f(x) = 9.(x) +/‘1+f k, (1) f,(t) dt

+o00

f(0 = 0, (0 + 4, [ Ky (xt) f,(t) dt

0

Note: Let L{T(X:¢ =F( 3. L{T0 9 =F(3 . L{g( % ¢ =G(3,
L,{9,(x);st =G,(s) and assumin®, (s),q,(s),P,(s),q,(S) are analytic and such
that, L{ K,(xt) ;s} = ®,(5) xe™ %@ | L{K,(x1t) ;s} = ®,(s) xe %,

using thel, -transform of the above systems of integral éqnat(4.1), leads to the
following relations,

{Fl(s) =G,(8) + AP (s) [F,(q(S))
F,(S) = G,(8) + A, @ (5) [F(a ()

In case of trigonometric kernel, for examplg(X,t) =k, (x,t) =sinxt we have

g@mum§=xiié§ = cm9=£§
4 4s

S3

(4.1

4.2)

_1
, M$—28

F,(8) = Gy(8) + A®(s) [F, ()
2s (4.3)
F,(S) = G, () + ,0(9) EFl(i)

Now, in relation (4.3) we replace by 2i we obtain
<

=

1

E(—

1(2S

1 1 1

F, (=) = G,(—=) + A,®(—

2(25) 2(25) 2 (25

Combination of (4.3) and (4.4) and then calcufetiof F,(s), F,(S) leads to the
following

o 1
)= Gl(g) + /llcb(g) [F,(s)

. (4.4)
) [Fi(s)
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1
G, (5) + A, P(9G, (?S)
1-A A, O(s)P(—
1A, () (25)
1
G,(s) + 1, P(s) Gl(?s)
1= A4, @(s) q’(?s)
Taking the inverseL, -transform of relations (4.5) and (4.6) we obténally
f, (%), f,(%).
Example 4.1.Let us solve the following systems of singular gnté equations.
e o
f0) == +)|1j sinxt f,(t) dt
0
1 T
f,(X) =;+)|2j sinxt f,(t) dt
0
Solution: In the above example, we cannot use the Laplaosfsrm, but thd, -
transform is suitable
e” V7T e
X) = = G(X)=—=e
900 =— (9 =24
1 Jr
X)=— = G,(X)=——.
9.(x) < 2(%) o
We use relations (4.5) and (4.6) to obtain:
U gou y V7 N
2s 4s° 2 1 )
_ 2s’ _ \/I_T g \/I—T
F.(s) = = +Ah—— |, 4.7)
NI 2-mAA, | s 2s
1_A1A2F 1
4 =3
(25)
oat
NIRRT
2s 4s°® 2 1 ) 7 a
Fo(9) = 2 =M1, 3T € 4.8)
oo 2-1mAA,|s 4 s
1_A1/12F 1
S 3
4(—
(25)
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Taking the inverseL,-transform of relations (4.7) and (4.8), we get

+00 -2as
g=-2 | Im[ Jn {e A, J’—TD et
g s ie?

! 2-mmAA,| s 2¢°

( NV {e‘zas ‘) \/nD N g2alte? ‘) NV
1 2 - T 1 2

S 2s 2-mTAA i s
s-fte? 21 Ve Z(ﬁezJ

/n { i gri2adt _/‘ﬁ} L{T'(coseax/_)—lsm(Za\/_)) Ag}

T2-mah| v
Joroo e nm _ Jm | -cospait)
Im . +A—— =5
TAA,| s 28 |) 5 2-mA, Jt
Vg —cosQa\/f) &
L0 = _I 2= ml)l{ N }e d
2 * cos(awt ) ot
| ; dt.

fi(x) =

S Jn(2-mah,) g
But the integral on the right-hand side may beaigld by changing the variable of the
integration asyt =u

a
X

T e
2(2-mA4,) x

4 +o00 o
f = A 'du =
(%) J_n(z—muz)l cos(au Je ™ du

By following the same procedure, we may calculéjéx) as follows,

_a
S

~te?

fz(x):—g [ Im Jr |1 ‘/_ A, e dt
e, 2-1TAA, s 4 ° ¢ -
sﬁx/feIE
N g+\/7r/1 es W 1 +\/7r/1 e Yre?
2-mAA,|s 4 7 C2-7AA Z4 T )
1712 ) o 1712 \/fez [\/fezJ
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Vo | -i m e |_ Jm {—i \/I_T/]( a ..aﬂ
4

= —_— COS— +ISIn
t 2-mAA, [t 4t

JooT

_ n
4 T 2-7mAA, T
sote?

Jr {1f }‘thdt

A, sin—

1 Jm
N

2+oo
f,(x)=—-—
2 (%) n{ 2-1TAA,

sin—

Jtooat Vt
- 2 Tl \/_ a —xzt —
fz(x)_\/z_r(z—ml/l )j (\/_ ) sm\/fJ dt =

2 R V't 1 o a g
= — e dt+ A, — | — sin—e *'dt |,
| e ] pongeenal

the integralj %e’xztdt may be evaluated by changing the variable ofritegration
0

s/t = U,
.[ ie_xztdt:ﬁ,
| & x

but , for the integralj Tlsin%e"XZ‘dt we change the variable of the integration as

=u, then we obtain

Jt
2w dmw o ev
fz(X)_\/l_T(Z—IT/]/]) . +4, J; sin (au) du
2 1% v
f,(X) = (2 ¥ ) ) 2(2_7”/] ) sin(@au) —du
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4.1. Matrix form of the solution to the systems of sigular integral equations
(The general case)

()= gl(X)+/‘1T ky(xt) f(t) dt

f,(x) =9,(X) +/]2+j:o ky(x,t) f4(t) dt
0 (4.9)

+00

f1a(0) = s+ A [ KX £, (1) t

0

(020,004, | k(xD) O o

Note: Let L{f(%:9=F$ ... LIM(N¢=F(3 L{o(®¢=G(3,
L{9,(%; 3¢ =G(3 and assumin®,(s),q,(s),....P,(s),q,(s) be analytic and
such that, L{K,(xt);s}=®,(s)xe 4@ L{K (xt);s} = ® (s)xe @
and using the above theorem, then takipgtransform of the above systems of integral
equations (4.9), leads to the following relasion
Fi(s) = G(s) + 4P, (s) [F,(a,(9))

F,(8) = G,(s) + 4,P,(5) [F5(0,(9))

: : : (4.10)
Fiei(S) = G,a(8) + AP, () [F, (0,4(S))
Fn(s) = Gn(s) + Ancbn(s) |jzl(Qn(S))
In the case of trigonometric kernel, for example,
k (x,t) =--- =k, (X,t) =sinxt we have
L{sin(xt); § = x£3 es = P()= ﬁ: 9=t
4s 4s 2s
Fi(S) = Gy() + AD(S) [F, (=)
2s
F,(9) = Gy(8) + 4,0 (9) (Fy(oo)
2s
(4.11)

F,1(8) =G, 4(5) + A, ,®(s) (F, (i)

F.(9) =G, (9) + 4,0() EFI(%)
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. . 1 .
Now, in relation (4.11) we replace by > to obtain
<

=

1
F(—
14

1, 1 1
F, (2_3) =G, (2—5) + )'zq)(z—s) [F5(s)

1 1
) = G1(2—5) + /hq’(z—s) [F,(s)

(4.12)

1 g (L 1
Fn—l(z) - Gn—l(zs) + /]n—lcb(zs) |:Fn(s)

16 Ly ok
Fn(z) = Gn(ZS) + ﬂnq’(zs) [F,(s)

Combination of (4.11) and (4.12) and calculatiorFo(s),---, F,,(S) leads to the

following matrix equatiolAX =b, where matrix A and b andX are as following
with detA# Q.

1 0 — AN D) ~+ 0.0 0
2s
0 1 0 ... 0 O 0
0 0 1 ... 0 O 0
A=
0 0 0 1 0 _/ln_z/in_lq)(s)q)(i)
2s
A AP 0 0 ot °
2s
0 -AADI ) 0 00 '
— 1 T
Gi(8)+ AP(9)G,(5)
F(s) ] 1
e G,(8) + A,P(8) Gy ()
X=| b=
Fa(S) :
n G _(8)+ A _D(s)G.(—
LF.(9) PO
G, (S) + A, ®D(s) Gl(i)
| 2s
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6. Conclusion

In this article, the author derived simple inversformula for the above- mentioned>- L
transform. We give also an application for the #otu of the systems of non -
homogeneous singular integral equations. They cdeclby remarking that many
identities involving various integral transformsnclae obtained and some other type of
singular integral equations with other type of lkadsnBessel’'s -kernels) can be solved by
applying the results considered here.
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