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Abstract. In this short article, it is established for thibetiequation: (i) No solutions exist
when p = 2. (ii) Exactly two solutions exist whep= 3. In both solutiong is prime.
(i) Exactly two solutions exist for each and gwgrime p > 3 in which q is
composite. Some numerical solutions are also é@rkib
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1. Introduction

The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hassatytions, or how many solutions.
In most cases, we are reduced to study individgalatons, rather than classes of
equations.

The literature contains a very large nuntfeairticles on non-linear such individual
equations involving primes and powers of all kindsnong them are for example [2, 3,
4,5,7,9]. The title equation stems fropf + ¢ = Z

Whereas in most articles, the valuesy are investigated for the solutions of the
equation, in this paper these values aredfipositive integers. In the equation
p’+qg° =7 we consider all primep>2 andq> 1. We are interested in particular:
how many solutions exist for a given prime or psmg and also when isq prime or
composite.

2. The main result
In this section, we determine all the solutionsdach and every primep > 2 with the
respective valueg. This is done in Theorem 2.1.

Theorem 2.1.Suppose thap> 2 is prime andq > 1. Then the equation
p+g’=7 1)

has:

(@) No solutions wherp = 2.

(b) Exactly two solutions whep = 3 with q prime.

(c) Foreach and every primp > 3, exactly two solutions in whicly is
composite.

Proof: (a) Suppose that =2 in (1). We have
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2=7-o"=(@z-0)(z+0)
implying the two possibilities, namely—q=1, z+q=8, andz-q=2,z+q=4. If
z—-g=1 thenz =q+1, and hencez+q = QJ+1= 8 is impossible. If
z—q=2 thenz=q+ 2, thusz+q=29+2 =4 yieldsq=1. This is in contradiction
that q> 1. Therefore, equation (1) has no solutiohemp = 2.
Part(a) is complete.

(b) Suppose thatp=3 in (1). Then
F=7-0 = ¢-a+a).
The two possible cases are:
z-q=1, z+q=27, and z—-q=3, z+Qq=09.

If z—g=1 thenz=q+ 1, and hencea+q=2q+ 1 =27 which yieldsq=13 prime,
and z=14. If z—g=3 thenz=q+3, andz+g=29+3=9. Thus,
g=3=p and z=6.

As asserted, whep = 3, equation (1) has exactly two solutionsvimch g is
prime.

This completes paib).

() Suppose thatp>3 in (1). Then
pP=Z-q = -9z +0).
Two possibilities exist, namely:
z-q=1, z+q=p° and z-q=p, z+q=p-

If z—q=1 thenz=q+ 1, and thereforg+q= 29+ 1= p°>. Thus,

pPP-1_(p-D) . p’+1_(p+D) .
— - . +p+1), zZ = = . -p+1). 2

q > > (P +p+1) > > @ -p+1). (2
For every prime p> 3 in (2), the valuey is composite. The first solution of equation
(1) has been determined in the form of an identthd for every p > 3.

If z—gq=p and z+q= p% theng+qg) —@Z-q) and ¢—q) + (z+q) vyield

respectively 8 = p°—p and 2 = p’+p, or
p(p-1) p(p+1)
= — % Z = ——=,
q 5 > 3

For every primep > 3 in (3), the valueq is composite. The second solution of
equation (1) has been established in the foremafientity valid for everyp > 3.

This concludes the proof of pdr) and of Theorem 2.1. o

For the first four consecutive primgs> 3, the two types of solutions described in
(2) and (3) are now demonstrated in the respetitiogables.

p | 9= -1)/2 z=q+1= @+ 1)/2
5 62 63

7 171 172

11 665 66€

13 109¢ 109¢
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p q=p(p-1)/2 z=qg+p=p(p+1)/2
5 10 15
7 21 28
11 55 66
13 78 91

Final remark. In Theorem 2.1., it has been shown ti@t+ ¢? = Z has two solutions
for each and every primp > 3. Thus, the equation has infinitely many soluio
Other interesting equations may also stem fthe equatiorp* + g’ = Z.
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