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Abstract. We consider the following questions: (i) numbecbéracteristic subgroups of
a finite abelian p-groug,» x Z,» (ii) number of characteristic subgroups of aténi
abelian grouf¥,, x Z,, and (iii) characteristic subgroup lattice &f x Z,, is isomorphic
to subgroup lattice of,, .
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1. Introduction
In 1939, Baer [1] considered the following questidvhen two groups have isomorphic
subgroups lattices?” Since this is a very difficpfoblem. Here authors consider a
related question “When two groups have isomorphattices of characteristic
subgroups?” In general problem considered by BHeor related question consider by
authors seems to very difficult. We will considatyothe particular case of finite Abelian
group of rank two i.eZ,, X Z,,.

A subgroup N of a group G is called a CharacteriStibgroup i (N)=N for all
Automorphism® of G. This term was first used Byobeniusin 1895.

Theorem 1.1. If gcd(|H|, |K|) = 1. H X K is characteristic subgroup of G if and only if
H and K are characteristic subgroup of G.

Proof: Letx € H XK

~ Xis uniquly expreesed as produchcot H andk € K such thate = hk.

Thenf (x) = f(hk) = f(Rf (k) Yf € Aut(G)

It is given that H and K is characterstic subgroofp§, thereforef (h) € H andf (k) €
K.

~ f(x) € HK

Here HK = H X K [ Because HG, K<G andH N K = {e}]

~ H X K is characterstic subgroup of G.

Converse :- Lek(+# e) € H, thenh = he € H X K.
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~ f(h) e Hx K Vf € Aut(G) [Becausél X K is characterstic subgroup of G].
Therefore f(h) is uniquly expressed as productefhents of H and K, thefi(h) =
f(h)e.
If possiblef(h) € K = |f(h)|||K]| Q)
But|h|||H]| and|f (h)| = |h] =|f (R)I||H] 2
From (1) and (2), we have
If(WIUH] K] = |f(R)||1 = f(h) = e =>h = e . This contradiction shows that
f(h) €H.
Hence H is characterstic subgroup of G.
Similarly, K is characterstic subgroup of G.

If we denote NC(G) the number of characterstigsoiyps of the group G, then by
use of theorem 1.1 we have( (Z, X Z,) = [lj=1 NC(Zp,@ X Zp.«;) where

n =p,%1p,%2p;% .. .. p.* . Now our problem is reduced to find number of
characteristic subgroups of a finite abelian okt§p« X Za.

2. Partition
Firstly we partition the set S (non-trivial cyckabgroups of,m X Z,n (1 < m < n))
into (p+1) partitions.

Two cyclic subgroups H and K in S are equivaleehated by ~K, if and only
if HN K contains a subgroup of order p (clearly such sulggis unique and cyclic)

Lemma 2.1. The relation~ between elements of the S is an equivalenceaalat S.
Proof: Reflexive. Since H is a non-trivial cyclic subgroup @f,e: X Z,az, then H
contains a subgroup of order p. Heiite H = H contains a subgroup of order p, then
H~H.
Symmetric. If H~K, thenH n K contains a subgroup of order p, sifite@ K = K N H.
We deduce that n H contains a subgroup of order p and consequéntlil .
Transitive. If H~K andK~L, thenH n K andK n L contains a subgroup of order p. By
using result “every cyclic subgroup of orge¥(a = 1) has unique subgroup of order p”,
hence H and L contains same cyclic subgroup ofropdevhich is contained by K.
ThereforeH N L contains a subgroup of order p and consequéhtl.

Hence relatior is called equivalence relation.

Theorem 2.2. An equivalence relatior on a non-empty set S partitions the set S into
the disjoint union of distinct equivalence class.

Here group Z,m x Z,» has only p+1 cyclic subgroups of order p , usibgve
theorem we can partition set S into p+1 distinatiealence class and these partition are
as follows:

(@) [((0,p™1))] = {H € S|H~{(0,p™ 1))} and denoted by class-0
(b) (™ L ip™ 1)) = {H € SIH~((p™1,ip™ 1))} and denoted by class-i where
1<i<p).

3. Main theorem

Theorem 3.1. Prove that there is exactly one ceniatic subgroup of order p in
groupZ,m x Z,» wherem < ni.e.,((0,p""1)) which belong to class-0.
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Proof: From [2], we know that there are exactly p+1 subgsoof order p in group
Zym X Zyn and they are given below:-

(i) ((0,p™ 1))  from class-0

(ii) ((p™1,ip™ 1)) from class-i wheré <i<p

Firstly, we prove tha(0,p™ 1)) is a characteristic subgroup of grodgm x Z,n.

In groupZ,m x Z,n , order of element (0,1) " and therefore in any automorphism
(0,1) is transferred to element of grafipn x Z,» which has ordep™, they are written
as (j , k) where (k,p)=1.

Let x be any element of subgroyo, p™ 1)), thenx = (0,rp™1).

~f) = f0,rp" ") = rp" 1 f(0,1) = rp" 71 (j, k) = (rjp™ T, rkp™ )

Here m<n, thep™|p™~1

Hencef (x) = (0,7kp™) € ((0,p™ 1))

Therefore, subgrou(0, p™~1)) is a characteristic subgroup of graypn x Z,n.

Secondly, we prove tha(p™1,ip™ 1)) is not a characteristic subgroup of
group Z,m X Zyn for1 < i <p.

In group Z,m x Z,n» , order of element (1,0) i»™ and therefore in any
automorphism (1,0) is transferred to element ofugrB,m X Z,» which has ordep™
which belong to class other than-0. T&ket 0 (modp). Letf; be an Automorphism of
groupZ,m X Z,n such thay;(1,0) = (1,/p"™) and;(0,1) = (0,1)

Then f(kp™ 1, ikp™™1) = kp™~1£;(1,0) + ikp™~1£;(0,1) = kp™ 1 (1,jp"™™) +
tkp™™(0,1) = (kp™ 1, k(i + p™ 1) € (@™ L ip™™ 1) V k % 0(modp)
Hence, subgrouf(p™~*,ip™~1)) is a not characteristic subgroup of gréyp: X Z,n.

Theorem 3.2. Prove that there is no subgroup of order p whiatharacteristic subgroup
of group Z,n X Z,n.

Proof: From [2], we know that there are exactly p+1 sobps of order p in group

Z,n X Zypn and they are given below:-

0 (Op* )
(i) (@™ ip" 1) wherel <i<p.

Firstly, we prove tha¢(0,p™ 1)) is not a characteristic subgroup of grofipn X Zpn.
Let f, be an Automorphism of groufy,» X Z,» such thaf,(1,0) = (0,1) and,(0,1) =
(1,0).
Then

£o(0,kp™1) = kp™1£,(0,1) = kp"~1(1,0) = (kp"~',0) & ((0,p" 1)) Vk =
0(modp).

Secondly, we prove th&fp™1,ip™ 1)) is not a characteristic subgroup of
group Zyn X Zpn for1 <i <p.

Let f; be an Automorphism of groufj» X Z,» such thaf;(1,0) = (p —i,1)
andf;(0,1) = (1,0)

Thenf; (kp™ 1, ikp™ 1) = kp™ 1£;,(1,0) + ikp™ 1£;,(0,1) = kp™ *(p —i,1) +
ikp™~*(1,0) = (kp™ kp"~1) = (0,kp™™ 1) € ((p" 1, ip™™1)) V k % 0(modp)
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Hence there is no subgroup of order p which isattaristic subgroup of groupg,» x

Zyn

Theorem 3.3. [3] Characteristic property is transitive. That i6,N is characteristic
subgroup of K and K is characteristic subgroup pfH@n N is characteristic subgroup of
G.

Theorem 3.4. Number of characteristic subgroup of a grdyp x Z,» aret(p™) and

its characteristic subgroup lattice is isomorpbistibgroup lattice of groug,n.

Proof:

Case 1. When subgroup of group Z,» X Z,» which isisomor phic group Z,a; X Z,a;
wherel<a;<a; <n

If possible there exist a characteristic subgroudréin group Z,» X Z,» which is
isomorphic grou,a X Zya; Wherel < a; < a, <n

By using theorem 3.2, then there exists a chaiatiteisubgroup K of order p from
subgroup H.

Now K is characteristic subgroup of H and H is eletristic subgroup &f,» X Z,n, by
use of theorem 3, we conclude that K is a charatitesubgroup o,» X Z,n. By use
of theorem 3.1, K is not a characteristic subgrotig,» X Z,», which contraction with
fact that there exist a characteristic subgroup réinf group Z,» x Z,» which is
isomorphic grouf e X Z,a; Wherel < a; < a, <n.

Case 2: When subgroup of group Z,» x Z,» which is isomorphic Z,e X Z,« where
O0<a<sn

From [2], there is exactly one subgroup from grdp X Z,» which is isomorphic to
Zpa X Zpa. This subgroup must be characteristic subgroupncelethere exist one
subgroup for each, therefore total number of characteristic subgsoopgroupZ,» x
Z,» are n+l or  7(p™). These subgroups are (p"~,0),(0,p" ") > wherei =
0,1,2,..,n

Its characteristic subgroup lattice is as follows:-

< (0,0) >c< (p™1,0),(0,p™ 1) >c< (p™2,0),(0,p™?) >C....€ <

(1,0),(0,1) >=Zyn X Z,n

Subgroup lattice of group,» is as follows:-

<0>C<p™ I >C<p"t>C..C <1>=Z

Let as define a mappingfrom a set of characteristic subgroup of grdyp X Z,» to set
of subgroups of,» such thatf (< (p™,0),(0,p™"") >) =< p™* >. This mapping
also preserve subset property meang™,0), (0,p™%) >c< (p™7/,0),(0,p™/) >
o f( (p"‘i,O), (O, p”‘i) >) € f(< (p"‘j,O), (O, p"‘j) >)

Hence characteristic subgroup lattice of grdyp X Z,» is isomorphic to subgroup
lattice of groupZ,»

Theorem 3.5. Number of characteristic subgroup of a graiypx Z,, aret(n) and its
characteristic subgroup lattice is isomorphic tbgsoup lattice of groug,,.
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Proof: We know thaiNC(Z,, X Z,,) = LlNC(Zpiai X Zp,ai) where n

=p; 1P P33 . Py, henceVC(Z, x Z,) = [li=1 T(p;*) = t(n).

If LC(G) for characteristic subgroup lattice of tBen LC{¢,, X Z,)) = LC(Zplal X

Zp,e1) X LC(Zp, a2 X Zp,a2) X ... X LC(Zp,er X Zp,er) the direct product of
corresponding subgroup lattices (Suzuki[5]).

From theorem 3.4, we haveC(Zpa« X Z,a) =~ L(Zp,«) where L(Z,.«) denotes
subgroup lattice of group, a;.

Hence LC(Zy, X Zn) ~ L(Zp,a1) X L(Zp,a2) X ... X L(Zp ar) = L(Zy,).

4. Conclusion

In this paper, we have conclude that Number of attaristic subgroup of a group
Z, X Z, aretr(n) and its characteristic subgroup lattice is isomiarpt subgroup lattice
of groupZ,
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