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Abstract. In this paper, we introduce a new variation of edge Roman domination, called 
edge Roman star domination. An edge Roman star domination function of a graph 

),(= EVG  is a function { }0,1,2: →Ef  such that (i) sum of the weight of the edges 

incident on every vertex v  is at least 1, and (ii) every edge e  with 0=)(ef  is 

adjacent to at least one edge e′  with 2=)(ef ′ . The weight of an edge Roman star 

domination function is the value )(=)( efEf
Ee
∑
∈

. The minimum of the values of an edge 

Roman star dominating function f  on a graph G , is called an edge Roman star 

domination number of G  and is denoted by )(GRSγ ′ . Here, we obtained the exact values 

of the edge Roman star domination number of paths, cycles, star graphs, and binary trees . 
Also, some bounds of )(GRSγ ′  is presented for general graphs.  

Keywords: Domination, Roman domination, edge Roman domination, edge Roman star 
domination 

AMS Mathematics Subject Classification (2010): 05C69, 05C78 

1. Introduction  
The mathematical study of domination in graphs began around 1960. In 1962, Oystein 
Ore first defined the domination number of a graph in his book ‘The theory of Graphs’ 
[14]. A decade later, Cockayne and Hedetiemi first used the notation )(Gγ  for the 

domination number of a graph G  [8]. 
 

Definition 1. A set VS ⊆  is said to be a dominating set of G , if every vertex in SV \  

is adjacent to some vertex in S . The minimum cardinality of such a set is called the 
domination number of G  and is denoted by )(Gγ .  
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 The concept of edge domination was introduced by Mitchell and Hedetniemi 
[13]. Domination and its variations have been extensively studied in the literature, see [1, 
6, 11, 12, 17, 21, 22, 25, 26]. 

 
Definition 2. A set F  of edges in a graph G  is an edge dominating set if every edge in 

FE \  is adjacent to at least one edge in F . The minimum number of edges in such a set 
is called the edge domination number of G  and is denoted by )(Gγ ′ . 

One of the most important variants of domination is the Roman domination of 
graphs which has both historical and mathematical implication. In 4  th century A.D., 
Constantine the Great (Emperor of Rome) decreed that any city without a legion stationed 
to secure it must adjacent another city having two stationed legions. Motivated by an article 
‘Defend the Roman Empire’ by Ian Stewart [24], the definition of the Roman dominating 
function was given implicitly by Revelle and Rosing [16]. 

Roman Domination and its variations have been extensively studied in the 
literature, see [2, 5, 7, 9, 23]. 

 
Definition 3. A function { }0,1,2: →Ef  is defined as a Roman dominating function on 

a graph ),(= EVG  if the function f  satisfies the condition that every vertex u  for 

which 0=)(uf  has at least one neighboring vertex v  with 2=)(vf . The weight of a 

Roman dominating function is the value )(=)( vfVf
Vv
∑
∈

. The Roman domination number 

of G  is the minimum weight of a Roman dominating function and is denoted by )(GRγ  .  
The concept of edge Roman dominating function of the graphs was defined in 

[15]. The edge Roman domination function have been widely discussed in the literature, 
please see [5, 7] . 

 
Definition 4. A function { }0,1,2: →Ef  satisfying the condition that every edge e for 

which 0=)(ef  is incident to at least one edge e′  for which 2=)(ef ′  is called an 
edge Roman dominating function of the graph. The edge Roman domination number, 
denoted by )(GRγ ′ , equals the minimum weight of an edge Roman domination function of 
G.  

A signed Roman dominating function is a variation of Roman dominating function 
and was introduced by Abdollahzadeh Ahangar et al [3]. Several authors has been studied 
signed Roman dominating function, see the literature [18, 19, 20]. Again the edge variation 
of signed Roman domination was first studied by Abdollahzadeh Ahangar et al [4]. 

 
Definition 5. A function { }1,1,2: −→Ef  is said to be a signed Roman star edge 

dominating function , if f  satisfies the conditions, )(i  1)(
)(

≥∑
∈

ef
vEe

 for every Vv∈  

and )(ii  for every edge e  with 1=)( −ef  is adjacent to at least one edge e′  with 

2=)(ef ′ . The weight of a signed Roman star edge dominating function f  on G  is 
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)(=)( effw
Ee
∑
∈

. The minimum of weights taken over all the signed Roman star edge 

dominating functions f  on G , is called the signed Roman star edge domination number 

of G , denoted by )(Gsrsγ ′ .  

In this paper, we initiate the study of an edge Roman star domination 
function(ERSDF, for short) which is an extension of an edge Roman domination function. 
Here, we add one extra condition that the sum of the weight of edges at each vertex is at 
least one. 

Therefore, edge Roman star domination (ERSD, for short) is one of the variations 
of the edge Roman domination, which includes a restriction that the sum of the weight of 
the edges incident at each vertex is atleast one. So for a graph G , edge Roman star 
domination function of the graphs G  implies the edge Roman domination function of that 
graphs, but the converse may be true. The edge Roman star domination function is defined 
as follows. 

 
Definition 6. A function { }0,1,2: →Ef  is said to be an edge Roman star domination 

function , if f  satisfies the conditions, )(i  sum of the weight of the edges incident on 

every vertex v  is at least 1, and )(ii  every edge e  with 0=)(ef  is adjacent to at 

least one edge e′  with 2=)(ef ′ . The weight of a ERSDF  f  on G  is 

)(=)( efEf
Ee
∑
∈

. The minimum of weights taken over all the edge Roman star dominating 

functions f  on G , is called the edge Roman star domination number of G , denoted by 

)(GRSγ ′ .  

 
1.1. Preliminary and notation 
Through out the paper, the graph G  is a simple, finite and undirected graph with vertex 

set V  and edge set E . The order V  of G  is denoted by n  and size E  of G  is 

denoted by m . 
A cycle of n  vertices is denoted by nC , while a path of m  edges is denoted by 

mP . A star is a complete bipartite graph of the form nK1, . A vertex of degree one is called 

a pendant vertex and its neighbor is called a support vertex. The edge between a pendant 
vertex and a support vertex is called pendant edge. Let P  be the set of pendant edges. Let 
f  be an edge Roman star dominating function in G . The edge set is partitioned into three 

sets, namely, { }0=)(:=0 efEeE ∈ , { }1=)(:=1 efEeE ∈ ,  

{ }2=)(:=2 efEeE ∈  which determines f  as a ERSDF. 

Let )(2 ivE , )(1 ivE  and )(0 ivE  are the set of edges with weight 2 , 1, 0  

respectively incident on the vertex iv . 

A matching in a graph G  is a subset M  of edges of E  such that no two edges 
in M  are adjacent. A matching M  is maximal if for every MEe \∈ , { }eM ∪  is not 
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a matching. A maximum matching in a graph G  is a maximal matching containing the 
largest number of edges. A matching M  in G  is called a perfect matching if every 
vertex of G  is incident to some edge in M . Every Perfect matching is a maximum 
matching but the converse is not necessarily true. The number of edges of a maximum 
matching in a graph G  is called the matching number of the graph G . 

A binary tree is defined as a tree in which there is exactly one vertex (root) of 
degree two and each of the remaining vertices is of the degree either one or three. If every 
internal vertex has two children, then the tree is called complete binary tree. 

 
2. Important results  
Let f  be a ERSDF  in a graph G . Observe that, every edge in 0E  is dominated by an 

edge in 2E . 

It is easy to verify that ||2|=|)( 21 EEGRS +′γ . Also, 21 EE ∪  is an edge 

dominating set of G . 
 

Lemma 1. Let nK1,  be a star graph. Then nK nRS =)( 1,γ ′ . 

                         
Figure 1: Star graph 

  
Proof: Let nK1,  be a star graph with vertex set { }nvvv ,....,, 10  and 

( ){ }.,1,2,3,....=:,0 nivv i  be the set of pendant edges. If the weight of each edge is 0 , 

then clearly, f  is not a ERSDF . Again, if the weight of each edge is 2 , then sum of 
weight of edges is not minimum. Here, the number of pendant edges is n . Thus, 

nK nRS =)( 1,γ ′ .            

From the above lemma, it is obvious that if f  is a ERSDF , then the weight of 

each pendant edge of a graph G  is always 1. 

Lemma 2. For a path mP , 










−

+




 −
≤

′

evenismm

oddism
m

mm

PmRS

    1,

    2,
2

2
2

4 ,

=)(γ .  

Proof: Let mP  be the path of length m . For 4≤m , the proof is obvious. 

Let TEE ′′ \= , where T ′  is the terminal edges of mP . 
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Figure 2: Paths 

 
Let M  be a matching of the set of edges E ′ . 
If m  is odd, then the assignment of the weight of the edges for the path mP  is as 

follows. 
0=)(ef , Me∈  

      2= , MEe \′∈  
      1= , EEe ′∈ \  
Here, each edge with weight 2  has two neighboring edges with weight 0 . 

Therefore, the number of edges with weight 2  is one less than the number edges with 

weight 0 . The number of edges in matching M  is 




 −
2

2m
. 

Thus, 




 −
2

2
=0

m
E , 




 −
2

2
=2

m
E  and 2=1E . In this case the sum of the 

weight of all edges at each vertex of the path mP  is either 2  or 1. Hence f  is a 

ERSDF. 
Hence, if m  is odd, then  

2
2

2
2.=2.

2

2
0.

2

2
2.=0.2=)( 102 +




 −+




 −+




 −++′ mmm
EEEPmRSγ . 

Now if m  is even, assignment of the edges of the path mP  as follows. 

0=)(ef , Me∈  

      2= , MEe \′∈  
      1= , EEe ′∈ \  

Here, the number of edges in M  is 
2

2−m
. Since the weight of each edge in M  

is 0 , therefore 
2

2
=0

−m
E . Again, the edge with weight 2  is bounded by the two 

edges with weight 0 . Thus, the number of edges with weight 2  is one less than the 

number of edges with weight 0 , therefore 1
2

2
=2 −−m

E . Here, the total number edges 

with weight 1 are three (including the terminal edges). In this case the sum of the weight 
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of all edges at each vertex of the path mP  is either 2  or 1 and hence f  is a ERSDF . 

Thus, 1=3)
2

2
0.(1)

2

2
2(=)( −+−+−−′ m

mm
PmRSγ .    

 
Lemma 3. For a even cycle nC ,  









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



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′
evenisnumbermatching
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22
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=)(γ . 

And for a odd cycle nC , 















′ 3>,
2

2

3=3,

=)( n
n

n

CnRSγ . 

Proof: Let nC  be a cycle of order n . 

     
Figure 3: Cycles 

 The number of edges in the matching M  is 






2

n
, i.e., matching number is 






2

n

. If n  is even, then M  is a perfect matching. If n  is odd, then M  is a maximum 
matching. 

If the cycle is even and matching number is odd, then first assign weight 0  to the 

edges in M . Remaining 1
2

−




n
 number of edges are assigned by 2  and one edge is 

assigned by weight 1. Here, the sum of the weight of all the edges at every vertex is either 
2  or 1 and the edge of weight 0  has a neighboring edge with weight 2 . Hence, f  is 
a ERSDF. 

Thus, 1
2

2=11
2

2|=|||2=)( 12 −




+




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



+′ nn
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If the cycle is even and matching number is even, then assign a weight 0  to the 

edges in M . Remaining 






22

1 n
 number of edges are assigned by 2  whereas other 








22

1 n
 edges are assigned by 1. Here, the sum of the weight of all the edges at every 



Edge Roman Star Domination Number on Graphs 

149 
 

vertex is either 2  or 1 and the edge of weight 0  has a neighboring edge with weigh 2. 
Hence, f  is a ERSDF . 

Thus, 










+












+′
22

3
=

22

1

22

1
2|=|||2=)( 12

nnn
EECnRSγ  

If the cycle is odd and 3=n , then it is obvious, 3=)( nRS Cγ ′ . 

If the cycle is odd and 3>n , then assign the edges as follows 
0=)(ef , Me∈  

      2= , edge joining two edges in M  
      1= , otherwise. 

Since the matching number is 






2

n
, therefore, 






2
|=| 0

n
E . Since the edge with 

weight 2  is a link edge of the two edges with weight 0 , then 1
2

|=| 2 −




n
E . Thus, 

2=11=1
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=1])
22

(=|)||(|||=|| 201 ++



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
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


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nEEEE  

Hence, 




+






 −




+′
2

2=21
2

2|=|||2=)( 12

nn
EECnRSγ .       

Lemma 4. Let T  be a complete binary tree, then p
pm

TRS +




 −′
3

2=)(γ .                                                   

Proof: Let T  be a complete binary tree and P  be a set of p  number of pendant edges. 

Let M  be a matching of the induced subgraph PT \ . 

                               
Figure 4: Tree 

 
Assignment of the edges as follows, 

2=)(ef , Me∈  

      1= , Pe∈  

      0= , otherwise. 
It is already proved that if the weight of each pendant edge is 1, then f  is 

ERSDF. The number of edges in the matching M  of the set PE \  is 




 −
3

pm
. 

Assigning weight 2  to the edges in M  and weight 0  to the other remaining edges, it 
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observed that the sum of the weight of adjacent edges at each vertex is either one or two 
and each edge with weight 0  has at least one neighboring edge with 2  which ensure that 
f  is ERSDF. 

Thus, p
pm

EETRS +




 −+′
3

2|=|||2=)( 12γ .        

3. Some bounds 
In this section, we establish the boundary value of )(GRSγ ′  of the general graphs G . 

Lemma 5. For the graph G  with n  vertices and m  edges, mG
n

RS ≤′≤ )(
2

γ . 

Proof: Let G  be a graph of n  vertices and m  edges. let f  is a ERSDF , then 

1)(
)(

≥∑
∈

ef
ivEe

 for every Vvi ∈ , .......,1,2,3,....= ni  

Therefore, nef
n

i

ivEe

n

i
=1)(

1=
)(

1= ∑∑∑ ≥
∈

.                                    (1)  

For every vertex iv , )(=)(0)()(2
)(

012 efvEvEvE
ivEe

iii ∑
∈

++  

Thus, )(=))()((2
)(

1=121=
efvEvE

ivEe

n

iii

n

i ∑∑∑
∈

+  

)(=)()(2
)(

1=11=21=
efvEvE

ivEe

n

ii

n

ii

n

i ∑∑∑∑
∈

+  

)(=)(...)()())(....)()(2(
)(

1=1211122212 efvEvEvEvEvEvE
ivEe

n

inn ∑∑
∈

+++++++  

Since every edge is incident with exactly two vertices, each edge gets counted 
twice, once at each end. 

Therefore, ( ) )(=22
)(

1=12 efEE
ivEe

n

i ∑∑
∈

+  

)(
2

1
=2

)(
1=12 efEE

ivEe

n

i ∑∑
∈

+  

2
)(

2

1
=)(

)(
1=

n
efG

ivEe

n

iRS ≥′ ∑∑
∈

γ , using (1) . 

Hence, 
2

)(
n

GRS ≥′γ . 

Now if the assignment of each edge is 1, then one can easily obtain the maximum 
value of )(GRSγ ′ . 

Hence, mGRS ≤′ )(γ  

Combine the two results 
2

)(
n

GRS ≥′γ  and mGRS ≤′ )(γ , we have mG
n

RS ≤′≤ )(
2

γ . 
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Equality )(
2

G
n

RSγ ′≤  holds for nC  where n  is even. 

The equality mGRS ≤′ )(γ  holds for the path mP  where 5≤m . The upper 

bounds also hold for the graph nK1,  and for the graph 3K .        
 
Lemma 6. For the graph G , )()(0 GG RSR γγ ′≤′≤ . 

Proof: The proof is obvious.       
 

Lemma 7. For any graph G , )(2)()( GGG RS γγγ ′≤′≤′ . 

Proof : Let f  be a )(GRSγ ′  be a function. Then, 21 EE ∪  is an edge dominating set of 

G . )(=2=)( 2121 GEEEEG RSγγ ′+≤+′ . 

Again, ( ) )()(=2=2=)(2 112121 GEGEEEEEG RSRS γγγ ′≥+′+++′ . 

Hence, )(2)()( GGG RS γγγ ′≤′≤′ . 

 
Lemma 8. For any graph G , )()( GG RSsrs γγ ′≤′ . 

Proof : For any graph G , let f ′  be a signed edge roman star domination function. Then, 

by definition of SERSD, 1122=)( −−+′ EEEGsrsγ . 

Now to modify f ′  to f  so that it’s becoming an edge Roman domination 

function, the edges with weight 1−  are changed to the weight 0 . After modification of 

f ′  to f , the set of edges in 1−E  becomes the set of edges in 0E . 

Thus we have, )(=22=)( 12112 GEEEEEG RSsrs γγ ′+≤−+′ − , equality holds for 2K  

  
4. Conclusion 
In this paper, we introduce a new variation of edge Roman domination called edge Roman 
star domination.In this paper, we have found the exact value of edge roman star domination 
number of star graphs, paths, cycles, complete binary trees and Petersen graphs. Also, 
bounds of signed Roman star edge domination number are presented for general graphs in 
terms of the number of vertices and edges. Further study can be done to investigate 
ERSDN  of the wheel, Bipartite, Petersen graphs and other graphs not studied here. 
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