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Abstract. In this paper, we introduce a new variation ofee@pman domination, called
edge Roman star domination. An edge Roman star raimin function of a graph
G=(V,E) isafunctionf:E - {0,1,3 such that (i) sum of the weight of the edges
incident on every vertew is at leastl, and (ii) every edgee with f(e)=0 is

adjacent to at least one edge with f(€)=2. The weight of an edge Roman star

domination function is the valud (E) = Zf (€) . The minimum of the values of an edge
eJE

Roman star dominating functiof on a graphG, is called an edge Roman star
domination number ofG and is denoted by, (G) . Here, we obtained the exact values

of the edge Roman star domination number of patltdes, star graphs, and binary trees .
Also, some bounds 0f/(G) is presented for general graphs.
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1. Introduction

The mathematical study of domination in graphs beyaund196Q In 1962 Oystein
Ore first defined the domination number of a grapthis book ‘The theory of Graphs’
[14]. A decade later, Cockayne and Hedetiemi firsed the notationy(G) for the

domination number of a grap® [8].

Definition 1. Aset SOV issaid to be a dominating set of G, if every vertexin V\'S
is adjacent to some vertex in ' S. The minimum cardinality of such a set is called the
domination number of G and isdenoted by y(G).
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The concept of edge domination was introduced litchdll and Hedetniemi
[13]. Domination and its variations have been esitarly studied in the literature, see [1,
6, 11, 12, 17, 21, 22, 25, 26].

Definition 2. Aset F of edgesinagraph G isan edge dominating set if every edgein
E\F isadjacent to atleast oneedgein F . The minimum number of edgesin such a set
is called the edge domination number of G and isdenoted by )'(G).

One of the most important variants of dominatiorthis Roman domination of
graphs which has both historical and mathematicglication. In 4 th century A.D.,
Constantine the Great (Emperor of Rome) decreddathacity without a legion stationed
to secure it must adjacent another city havingdtationed legions. Motivated by an article
‘Defend the Roman Empire’ by lan Stewart [24], t&dinition of the Roman dominating
function was given implicitly by Revelle and Rosifig].

Roman Domination and its variations have been sitely studied in the
literature, see [2, 5, 7, 9, 23].

Definition 3. Afunction f:E - {0,1,2 is defined as a Roman dominating function on

a graph G=(V,E) if the function f satisfies the condition that every vertex u for

which f(u) =0 hasat least one neighboring vertex v with f(v) = 2. Theweight of a

Roman dominating functionisthevalue f (V) = Zf (V) . The Roman domination number
viv

of G isthe minimumweight of a Roman dominating function and isdenoted by y(G) .

The concept of edge Roman dominating function ef draphs was defined in
[15]. The edge Roman domination function have beelely discussed in the literature,
please see [5, 7].

Definition 4. A function f:E - {0,1,2 satisfying the condition that every edge e for

which f(€) =0 isincident to at least one edge € for which f(€)=2 is called an
edge Roman dominating function of the graph. The edge Roman domination number,
denoted by (G), equals the minimum weight of an edge Roman domination function of

G.

A signed Roman dominating function is a variatibRoman dominating function
and was introduced by Abdollahzadeh Ahangar e3]aHeveral authors has been studied
sighed Roman dominating function, see the liteefli8, 19, 20]. Again the edge variation
of sighed Roman domination was first studied by dllzdhzadeh Ahangar et al [4].

Definition 5. A function f:E - {—1,1,2 is said to be a signed Roman star edge

dominating function , if f satisfies the conditions, (i) Z f(e)=1 for every VLIV
eJE(V)

and (ii) for every edge e with f(€)=-1 is adjacent to at least one edge € with
f(€)=2. The weight of a signed Roman star edge dominating function f on G is
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w(f)= Zf (e). The minimum of weights taken over all the signed Roman star edge
dlE

dominating functions f on G, iscalled the signed Roman star edge domination number
of G, denoted by ),.(G).

In this paper, we initiate the study of an edge Rwomstar domination
function(ERSDF, for short) which is an extensioranfedge Roman domination function.
Here, we add one extra condition that the sum efatbight of edges at each vertex is at
least one.

Therefore, edge Roman star domination (ERSD, fortsis one of the variations
of the edge Roman domination, which includes aicdisin that the sum of the weight of

the edges incident at each vertex is atleast oodfoSa graphG, edge Roman star

domination function of the graph® implies the edge Roman domination function of that
graphs, but the converse may be true. The edge Retaadomination function is defined
as follows.

Definition 6. A function f:E - {0,1,2 is said to be an edge Roman star domination
function , if f satisfies the conditions, (i) sum of the weight of the edges incident on
every vertex v is at least 1, and (ii) every edge e with f(e) =0 is adjacent to at
least one edge € with f(€)=2. The weight of a ERSDF f on G is

f(E)= Zf (€) . The minimum of weights taken over all the edge Roman star dominating
eE

functions f on G, is called the edge Roman star domination number of G, denoted by

Ves(G).

1.1. Preliminary and notation
Through out the paper, the grafh is a simple, finite and undirected graph with eert

setV and edge seE. The order|V| of G is denoted byn and size|E| of G is

denoted bym.
A cycle of n vertices is denoted b, while a path ofm edges is denoted by

P,. A star is a complete bipartite graph of the foky, . A vertex of degree one is called

a pendant vertex and its neighbor is called a stiygotex. The edge between a pendant
vertex and a support vertex is called pendant ddgjeP be the set of pendant edges. Let
f be an edge Roman star dominating functiofin The edge set is partitioned into three

sets, namely,E, ={e0E: f(e) =0}, E ={edE: f(e) =1},
E,={e0E: f(e) =2} which determinesf as aEERSDF.

Let E,(v), E(v;) and E,(v,) are the set of edges with weight, 1, O
respectively incident on the vertex.

A matching in a graptG is a subsetM of edges ofE such that no two edges
in M are adjacent. A matchinyy! is maximal if for everye(JE\M , M D{e} is not
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a matching. A maximum matching in a grafh is a maximal matching containing the
largest number of edges. A matchihd in G is called a perfect matching if every

vertex of G is incident to some edge iM . Every Perfect matching is a maximum
matching but the converse is not necessarily fflhe. number of edges of a maximum

matching in a grapis is called the matching number of the gra@h

A binary tree is defined as a tree in which ther@xactly one vertex (root) of
degree two and each of the remaining vertices ihetlegree either one or three. If every
internal vertex has two children, then the treegifed complete binary tree.

2. Important results
Let f beaERSDF inagraphG. Observe that, every edge g, is dominated by an

edgeinE,.
It is easy to verify thaty,s(G) =|E, |+2|E,|. Also, E UE, is an edge
dominating set ofG.

Lemmal Let K, beastar graph. Then ypo(K;,)=n.

[{1.5
Figure 1. Star graph

Proof: Let K,  be a star graph with vertex se{vo,vl,....,vn} and
{(Vo,vi):i = 1,2,3,...,n.} be the set of pendant edges. If the weight of eaige isO,
then clearly, f is not a ERSDF . Again, if the weight of each edge &, then sum of
weight of edges is not minimum. Here, the numberpefdant edges i . Thus,
Ves(Kin) = 1.

From the above lemma, it is obvious thatfif is a ERSDF, then the weight of
each pendant edge of a grafh is always1.

m, m<4
m-2 .
Lemma2. For apath P, Vis(P,) = 2{ J+2, misodd
m-1, miseven

Proof: Let P, be the path of lengtim. For m< 4, the proof is obvious.
Let E'=E\T', whereT' is the terminal edges o, .
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Figure 2: Paths

Let M be a matching of the set of edgEs.
If m is odd, then the assignment of the weight of thges for the pathP, is as
follows.
f(e)=0, eUM
=2, eDE'\M
=1, eJE\FE
Here, each edge with weigi? has two neighboring edges with weig@t.
Therefore, the number of edges with weightis one less than the number edges with

weight 0. The number of edges in matchilng is [mz_ 21.

Thus, |EO| = [mT_z—l , |E2| = {mT_zJ and |E1| = 2. In this case the sum of the
weight of all edges at each vertex of the p&gh is either2 or 1. Hence f is a

ERSDF.
Hence, if m is odd, then

_ . |m-2 m-2 _ .| m-2
/o) =280 [E]=2| "2 0| T E 222 T2 |2

Now if m is even, assignment of the edges of the fathas follows.
f(e)=0, edM

=2, eJE'\M

=1, eJE\FE

2
. Since the weight of each edge

m
Here, the number of edges M is

m-2
is 0, therefore|E0| :T' Again, the edge with weigh is bounded by the two
edges with weightO. Thus, the number of edges with weightis one less than the
m-2
number of edges with weigHd, therefore| E2| = > —1. Here, the total number edges

with weight 1 are three (including the terminal edges). In taise the sum of the weight
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of all edges at each vertex of the pd®) is either 2 or 1 and hencef isa ERSDF.

Thus, Y (P.) = 2(m7'2 —1)+o.(mz'2

)+3=m-1.

Lemma 3. For aevencycle C,,

ZEJ -1, matching number isodd
Ves(Cy) = 3{

5 n J matching number iseven

2
3, n=3
And for a odd cycleC,, Vgs(C,) = Z[EJ n>3

Proof: Let C, be a cycle of orden.

Figure3: Cycles

The number of edges in the matchiiy is {EJ i.e., matching number %EJ

. If n is even, thenM is a perfect matching. Ih is odd, thenM is a maximum
matching.

If the cycle is even and matching number is odehtfirst assign weighf) to the
edges inM . Remaining{gJ—l number of edges are assigned BDyand one edge is

assigned by weight. Here, the sum of the weight of all the edgessatyevertex is either
2 or 1 and the edge of weigH) has a neighboring edge with weight Hence, f is
aERSDF.

Thus, Y (C,) = 21E, |+]E, |=2Q2J—1j+1= ZEJ—l

If the cycle is even and matching number is evieen tassign a weigh® to the

edges inM . Remaining%{gJ number of edges are assigned Bywhereas other

%{EJ edges are assigned Ky Here, the sum of the weight of all the edgesvatye
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vertex is either2 or 1 and the edge of weigHd) has a neighboring edge with weigh 2.
Hence, f isa ERSDF.

1| n lin|_3|n

Thus, C)=2|E|+|E =2 =|=||[+Z|=|==| =
us, Vrs(C,) = 2|E, [+ E | [Z[ZD Z{ZJ Z[ZJ
If the cycle is odd and= 3, then it is obvious,y;s(C,) = 3.

If the cycle is odd andh > 3, then assign the edges as follows
f(e)=0, eUM

= 2, edge joining two edges iM

=1, otherwise.

Since the matching number {SEJ therefore,| E, |= [gJ Since the edge with

weight 2 is a link edge of the two edges with weidht then | E, |= {EJ—L Thus,

IE[SIE|~(E, | +]E, ) = ”*EJ%J‘”’ :B]—EJH:H: )

Hence, V4 (C,) = 2| E, | +|E, |= 2@% —1} +2= ZEJ

Lemmad4. Let T beacompletebinary tree, then yeg(T) = z[m; p}, p.

Proof: Let T be a complete binary tree ari®l be a set ofp number of pendant edges.
Let M be a matching of the induced subgraph P.

s
0/ N\, O/ N\
A
. . TN
/11/1 l/
.

Figure4: Tree

Assignment of the edges as follows,
f(e)=2, eUM
=1, eP
=0, otherwise.
It is already proved that if the weight of each gemt edge isl, then f is

ERSDF. The number of edges in the matchifg of the setE\P is [%—l

Assigning weight2 to the edges irM and weightO to the other remaining edges, it
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observed that the sum of the weight of adjacenegdg each vertex is either one or two

and each edge with weigfl has at least one neighboring edge wthwhich ensure that
f isERSDF.

Thus, s (T) = 2| E, |+|El|=2[m; p]+ p.

3. Some bounds
In this section, we establish the boundary valug/ef(G) of the general graph& .

n
Lemma5. For thegraph G with n verticesand m edges, ESVRS(G)sm.

Proof: Let G be a graph ofn vertices andm edges. letf is a ERSDF, then

Z f(e)=1 foreveryv, OV, i=1,2,3,......... n.
d]E(vi)
Therefore, »" z(: )f @z 1=n. (1)
eE Vi

For every vertexv,, 2E,(v)|+|E,(v)|+QE(v) = D f(e)

e]E(vi)
Thus, 3" (E,(v)|[+[EvP =2, > f(®
e]E(vi)
2 B+ EM=YL Y f(e)
eDE(vi)
2(E,(0)|+Ex ()| +... [ E () HEM|HEM) +. +EMW) =21, X fE©

eIE(Y)

Since every edge is incident with exactly two s, each edge gets counted
twice, once at each end.

Therefore, 2(2E,| +|E,|) = PIRDIRIC)
e]E(vi)
TR NPIC

Ve (G) = %ZL DIRICE g using (1).
e]E(vi)

Hence, Vs (G) 2 g

Now if the assignment of each edgelisthen one can easily obtain the maximum
value of Jr(G) .

Hence, yrs(G) <m

Combine the two resulty/xs(G) 22 and Jrs(G)<m, we haveg < Ves(G)<m.
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n
Equality > < Vrs(G) holds for C. where n is even.

The equality yrs(G) <m holds for the pathP, where m<5. The upper
bounds also hold for the grapK, , and for the graphK,.

Lemma6. For thegraph G, 0< y4(G) < Vs (G) .
Proof: The proof is obvious.

Lemma7. For any graph G, J/(G) < yxs(G) £2)/(G) .
Proof : Let f be a)ys(G) be a function. ThenE O E, is an edge dominating set of

G. Y(G) :|E1|+|E2| S|E1|+2|E2| = Ves(G).
Again, 2)/(G) = 2(E|+|E,|)=|E|+ 4E] +[E| = /ie(G) *|E] 2 /is(G) .
Hence, }/'(G) < Vs (G) £ 2)/(G) .

Lemma8. For any graph G, y..(G) < yxs(G).
Proof : For any graphG, let f' be a signed edge roman star domination functibanT
by definition of SERSD, ). (G) = 3E2| +|E1| —|E_l| :

Now to modify f' to f so that it's becoming an edge Roman domination

function, the edges with weightl are changed to the weigt. After modification of
f' to f,the setof edges ifE_, becomes the set of edgesHy .

Thus we have ), (G) = 2|E2| +|E1| —|E_l| < 2E, +E, = yxs(G), equality holds forK,

4. Conclusion

In this paper, we introduce a new variation of eBgenan domination called edge Roman
star domination.In this paper, we have found tteetxalue of edge roman star domination
number of star graphs, paths, cycles, completenpittaes and Petersen graphs. Also,
bounds of signed Roman star edge domination nuaregsresented for general graphs in
terms of the number of vertices and edges. Fuhsty can be done to investigate

ERSDN of the wheel, Bipartite, Petersen graphs and ateghs not studied here.
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