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Abstract. A Barbell graph B(p, n) is the graph obtained bwyreecting n-copies of a
complete graph Kby a bridge. A central graph of Barbell graph @Bn)) is the graph
obtained by subdividing each edge of B(p, n) eyaothce and joining all the non
adjacent vertices of B(p, n). In this paper, ttaysvto construct root mean square, square
sum, square difference, cordial, total cordial ledges of central graph of Barbell graphs
are reported.
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1. Introduction

The graphs considered here are finite, undirectetl smple. The concept of graph
labeling was introduced by Rosa in 1967. Let G EY,be a (p, q) graph. The mean
labeling was introduced by Somasundram and Po2fajfoot square mean labeling was
introduced by Sandhya, Somasundram and Anusa inTf8 square sum and square
difference labelings were introduced by Ajitha, Amugam and Germina [4]. They
proved that K(p < 5) have square-sum and square difference labelifigs concept of
cordial, and total cordial labelings was introduddSundaram and Somasundaram [5].
The existence of cordial labeling of trees, heltriangular snakes, cycles total graph of
P, and some of their related graph likg P R, P, x P, C, O P, etc., have been studied
in the literature. In this paper we prove that ¢ixéstence of root square mean, square
sum, square difference, cordial and total cordabelings of Central graph of Barbell
graph C(B(p, n)) for all p 3 and n=2.

Definition 1.1. Let G be a (p,q) graph. A graph G admits root megumre labeling if
there exist a injective mapping from the verticésGoto set {0,1,2,3,...,2p} such that
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):\/[f(u>]2+[ f(V]2
2

, then the

when each edge uv is assigned the Iabél(uv

resulting edge labels are distinct numbers.

Definition 1.2. Let G be a (p, q) graph. A one-one map f : V{&)0, ..., p—1} is said to
be a square sum labeling if the induced mapy) = (f(u)¥+ (f(v))%is injective. It is said
to be a square difference labeling if the inducegh f(uv) = (f(u)¥ - (f(v))? is injective.
Definition 1.3. A mapping f : V(G) - {0, 1} is called binary vertex labeling of G and
f(v) is called the label of the vertex v of G undler

The induced edge labeling f E(G) - {0, 1} is given by f (e = uv) = [f(u) — f(V)].
Definition 1.4. A binary vertex labeling of a graph G is calledoadial labeling if [0) —
vi(1)|< 1 and |€0) — g(1)|< 1, where

vi(0) = number of vertices of G having label O unider

vi(1) = number of vertices of G having label 1 unider

&(0) = number of edges of G having label 0 under f

e(1) = number of edges of G having label 1 under f
A graph G is called cordial if it admits cordiabkling.

Definition 1.5. A total-cordial labeling of a graph G with vertest4/ and edge set E as
an cordial labeling if |(¢0) + e(0)) — (w(1) + g(1))|=< 1.

Definition 1.6. The central graph of G, denoted by C(G) is obtaimgdubdividing each
edge of G exactly once and joining all the non-eelja vertices of G. Consider the

Barbell graph B(p,n) formed by n-copies of the ctete graphK  with verticesy, ,
1<i<np named in counter clockwise direction. By the wigfin of C(B(p,n)), each
edge of B(p,n) is subdivided by the vertexnp +1< j < p°+(p+1).

Structural propertiesof C(B(p,n))
Throughout this paper we denote the Barbell grapB(@,n). The number of vertices in

24+ p)+
the central graph of B(p,n), C(B(p,n))—%pzip)n and the number of edges in

C(B(p,n)) is(3p® - 2p+1). Clearly, exactly 2p vertices is of degf@g—1) and the
rest of the vertices are of degree 2.

2. Main results

Theorem 2.1. The central graph of Barbell graph C(B(p,n)) i©osatrmean square graph
for all p>3 and n = 2.

Proof: Let G = C(B(p, n))

The vertex set of G is W& [J C,

n(p’+P)+n

Define f: W(G)—{0, 1, 2, ..., } as follows

f(vi) =i-1, 1<i<np.
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f(c) = j-1, np+1<j < p+(p+1)

Thus the labels of the vertices are given below:
f(vi)={0,1,2,3,4, .., ((hpa)}
f(Cy) = {np,(np+1), ..., (B+(p+1)r-1}

Define the induced function on edges as f *<BN such that

f*(vicj)=\/f(vi) ;f(ci)

Df*(vicj)z\/(i—l)zz(l'—l)z

To prove f is injective we have to prove
f'(vic) # f " (ViraGer), When i |

i2+j2

Now f*(Vi+1Ci+1) = 5

12+ (i —=1)2 242 X
Since\/(I ) 2(J ) ;t\/l ZJ ,when i# j, we have f(vig) # f "(Vis1Gs1)
Therefore, all edge labels are distinct.

Hence C(B(p, n)) admits root mean square labeling.

Example 1.1. Root mean square labeling of C(B(3, 2)) and C(R},are given in the
following figure 1.

Figurel: The root mean square labeling of C(B(3, 2)), C(R|}
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Theorem 2.2. The central graph of Barbell graph C(B(p, n)) sqgaare sum graph for all
pz3andn=2.
Proof: Let G = C(B(p, n))The vertex set of G is W& L] C;

n(p*+P)+n
2

Define f: W(G)—{0, 1, 2, ..., } as follows

f(v)=i-1, 1<i<np.
f(c;) = j-1, np+1<j < p+(p+1)
Thus the labels of the vertices are given below:
f(vi)={0,1,2,3,4, .., ((hp)}
f(C;) = {np,(np+1), ..., (Br(p+1))y-1}
Define the induced function on edges as f *<BN such that
f*(vic;) =(v;)* +(c))*
Of'(vie) =(@i-1)" +(-1)°
To prove f is injective we have to prove
f (vig) Z f (VieaGra), When i |
Now " (Vi1Gea) = i + ]
Since (F1Y + (j-1)° # i* + j, when i# j, we have f(vic) # f " (Vir1Gir1)
Therefore, all edge labels are distinct. Hence @,(B)) admits square sum labeling.

xample 1.2. Square sum labeling of C(B(3, 2)) and C(B(4, 2¥ given in the following
figure 2.

Figure 2: The square-sum labeling of C(B(3, 2)), C(B(4, 2))
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Theorem 2.3. The central graph of Barbell graph C(B(p, n)) sqaare difference graph
forallp=3and n=2.

Proof: Let G = C(B(p, n))The vertex set of G is W& L1 C, .

n(p*+P)+n

Define f: W(G)—{0, 1, 2, ..., } as follows

f(v;) =i-1, 1<i<np.
f(c;) = j-1, np+1<j < p+(p+1)
Thus the vertex labeled sets are given below:
f(vi)={0,1,2,3,4, .., ((hp)}
f(C;) = {np,(np+1), ..., (Br(p+1))y-1}
Define the induced function on edges as f *<BN such that
f'(vic;) =f(v;)* -f(c;)*
Of'(vie)=(@-1) -(-1)°
To prove f is injective we have to prove (g # f "(Vii1Cy+1), When i# j.
Since (F1Y’ - (-1)° # i* - %, when i# j, we have f(vi¢) # f " (Vi+1Ci+1)
Therefore, all edge labels are distinct.
Hence C(B(p, n)) admits square difference labeling.

Example 1.3. Square difference labeling of C(B(3, 2) and C(B2§) are shown in
following figure 3.

Figure 3: The square difference labeling of C(B(3, 2)), GKBY))
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Theorem 2.4. The central graph of Barbell graph C(B(p, n)) isoadial graph for all
3 and n=2.

Proof: Let G = C(B(p, n)).

The vertex set of G is W& LI C;.

Define f: W(G)—{0, 1} as follows

¢ (v)- 0, fori =1(mod 2)
'/ |1, fori = 0(mod 2), ki < np

f(c)= {O, forj=1(mod 2) }
"L forj=0(mod2)np+ K j< p?+ o+ 1
Define the induced function on edges as f *2BN such that
t'(ve) =[f(v) - ()
The vertexc, has been abstracted fromy,,. As a result the two edge;,C;V,,; has

j Ui+l
arrived.
Wheni =1(mod 2),j = 1(mod 2

t(vey) =|f () - f(c))
=0

Wheni =1(mod 2),j = 0(mod 2
t'(ve) =|fv)-f(c) =1
Wheni =0(mod 2),j = 1(mod 2
£ (ue) = fv) - f(e)| =1
Wheni =0(mod 2),j = 0(mod 2
f'(ve;) =|f(w) - f(c)| =0
Thus in each cases we have

[vi(0) - vi(1)|= 1 and |€0) - &(0)|< 1.
Hence C(B(p, n)) is cordial.

Example 1.4. Cordial labeling of C(B(3, 2)) and C(B(4, 2)) aigan in following figure
4.




New Results on Labelings of Central Graph of BaBeaph

Figure 4: The cordial labeling of C(B(3, 2)), C(B(4, 2))

Theorem 2.5. The central graph of Barbell graph C(B(p, n)) i®tl cordial graph for
all p=3and n=2.
Proof: Let G = C(B(p, n)).
The vertex set of G is W& LI C, .
Define f : W(G)—{0, 1} as follows
0, fori =1(mod 2
f(v)= : ( ) :
1,fori =0(mod 2),ki<np

fc) 0, forj=1(mod 2)

c)=

"L forj=0(mod2)pp+ K j< p’+ p+ 1

Define the induced function on edges as f * : E N such that

£ (vc) =| W)~ f(c).
The vertexc; has been abstracted fromy,,. As a result the two edg&;,C;V,,; has

arrived.
Wheni =1(mod 2),j = 1(mod 2
£ (wey) =|f () - f(c))

=0
Wheni =1(mod 2),j = 0(mod 2
t'(ve) =[f(v) - f(c)

=1
Wheni =0(mod 2),j = 1(mod 2
t'(ve) =[f(v) - ()

=1
Wheni =0(mod 2),j = 0(mod 2
t'(vey) =[f(w) - f(c)| =0.
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Thus in each cases we have(iy+ e(0)) — (4(1) + 8(1))|< 1.

Hence C(B(p, n)) is total cordial.

Example 1.5 Total cordial labeling of C(B(3, 2)) and C(B(4,) Zare given in the
following figure 5.

Figure5: The total cordial labeling of C(B(3, 2)) and C(B®)

3. Conclusion

In this paper, we have examined the existence af meean square, square sum, square
difference, cordial, total cordial labelings fomtel graph of barbell graph for albB
and n=2. Further investigation can be done to olitee above labeling for some class of
graphs.
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