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1. Introduction

The concept of fuzzy set was introduced in 196Z&geh [22]. Since then, with a view
to utilize this concept in topology and analysigny authors have extensively developed
by Park [15] which is now known as intuitionistigzzzy metric space wherein notions of
continuoust —norm and continuous— conorm are employed. Fixed point theory is one
of the most fruitful and effective tools in mathdioa which has enormous applications
in several branches of science especially in chhesry, game theory, theory of
differential equation, etc. Intuitionistic fuzzy ine notion is also useful in modeling
some physical problems wherein it is necessarytudysthe relationship between two
probability functions as noticed by Gregori et [dl3]. For instance, it has a concrete
physical visualization in the context of two slikperiment as the foundation of
E —infinity theory of high energy physics whose detate available in EI Naschie in [7,
8, 9]. As noticed by Gregori et al. [13], the topg} induced by intuitionistic fuzzy
metric coincides with the topology induced by fuzmgtric, Saadati et al. [20] reframed
the idea of intuitionistic fuzzy metric spaces gmdposed a new notion under the name
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of modified intuitionistic fuzzy metric spaces bytroducing the of continuous
t —representable.

In this paper, we prove a common fixed poimarem for occasionally weakly
compatible mappings in modified intuitionistic fyzmetric space. Consequenttyur
result improves and sharpens many known commoul fxant theorems available in the
existing literature of metric fixed point theory.

2. Preliminaries
Definition 2.1. A binary operatiorx: [0,1] x [0,1] — [0,1] is a continuous — norm
if = satisfies following conditions:

0] * is commutative and associative

(i) * is continuous;

(i) a*1l=aforalla € [0,1];

(iv) axb <cxdwhenevem < candb <d, anda,b,c,d € [0,1].

Definition 2.2. [9] A binary operatior):[0,1] x [0,1] — [0,1] is a continuoug —norm
if ¢ is satisfying the following conditions

(a) ¢ is commutative and associative;

(b) ¢ is continuous;

(c) ad0=aforallae[0,1];

(d) a0 b <cddwheneveu < candb <d,foralla,b,c,d €[01].

Lemma 2.1. [9] Consider the sdf and operatiox; - defined by:
L' = {(x1,x) ¢ (x1,x3) €[0,1]?and x; + x, < 1},
x1,%2) < (Yuy2) © X1 Sy
And x, = vy, forevery(xs,x,),(y1,y2) € L.
then (L*, <) is a complete lattice.

Definition 2.3. [1] An intuitionistic fuzzy setA., in a universel is an objectA;, =
{((a(w),nqaW))|u € U}, where, for allu € U, {4(u) € [0,1]and n4(u) € [0,1] are
called the membership degree and the non-membedsiige, respectively of in A, ,
and furthermore they satisfg§; (u) +n4 W) < 1.

Definition 2.4. For everyz, = (x,,V,) € L* we define

V(2q) = (Sup(xa)'inf(Ya))-
Sincez , € L* thenx 4+ y 4, < 1sosup(x,) +inf (V) = sup(x, + yo) < 1, that
IS v (z,) € L*. We denote its units by;- = (0,1) and1;- = (1,0).
Classically, a triangular normk= T on ([0,1],<) is define as an increasing,
commutative, associative mappiffig[0,1]?> — [0,1] satisfyingT(1,x) = 1 * x = x, for
all x € [0,1]. A triangular conormS = ¢ is defined as an increasing, commutative,
associative mappings: [0,1]% - [0,1] satisfying S(0,x) =00x =x, for all x€
[0,1]. Using the lattic&L", <;+) these definitions can be straightforwardly extehde

Definition 2.5. [9, 14] A triangular norm £-norm) onL* is a mapping
T : (L*)? - L* satisfying the following conditions
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1) (Vx € L)(T (x,1;+) = x), (boundary condition)
2) (V(xy) € LD (T(x,y) = T(y,x)), (commutativity)
3) (V(x,y,2) € (L)3) (:r (x,T(,2) =T (T (x,9), z)), (associativity),

4) (Vv (,x,y,y) € (LHN(x < x’)and(y <Y =Ty <pT (x',J"))-
(monotonicity).

Definition 2.6. [9, 14] A continuoust-normJ onL* is called continuous
t-representable if and only if there exist a contuste-norm* and a continuous
t-conorm{ on|[0, 1] such thatfor allx = (x1,x,), ¥y = (¥1,¥2) € L,
Txy) = (x1* y1,%2 0 ¥2).

Now define a sequend&* recursively by7! = 7 and

T (x®, .., x(MHD) = (1 (x (D), . x M), x (4D
Forn>2and x® € L*,
We say the continuousrepresentable norm is natural and wifjtevhenever
T.(a,b) =T,(c,d) anda <;» ¢ implies b <;+ d.

Definition 2.7. A negator onL* is any decreasing mappiy : L* — L* satisfying
N(Op) = 1 andN (1) = 0. If M(WV(x)) = x, for allx € L*, then)V is called
an involutive negator. A negator df, 1] is a decreasing mapping: [0,1] — [0, 1]
satisfyingN(0) = 1 andN(1) = 0. Ng denotes the standard negator{@] defined
asNg(x) =1 —x forallx € [0, 1].

Definition 2.8. Let M,N are fuzzy sets fromX? x (0,+w) to [0,1]such that
M(x,y,t) + N(x,y,t) < 1forallx,y € X andt > 0. The3 —tuple (X, My y,T) is
said to be a Modified Intuitionistic fuzzy metripace ifX is an arbitrary (non-empty)
set,T is a continuous —representable norm andf,, y is a mapping¥? x (0, +«) -
L* (an intuitionistic fuzzy set, see Definition 3)tisfying the following conditions for
everyx,y € X andt,s > O:

1) Myn(x,y,t) > Op;

2) My n(x,y,t) =1+ ifand only ifx = y;

)Myn(x,y,t) = Myn,x,t);

4 Myt + s) = T (MM,N(x:Z: t):MM,N(ZIYvS));

S5) My n(x,¥,):(0,00) = L is continuous.
In this caseM,, y is called an intuitionistic fuzzy metric space. eler
Muynx,y,t) = (M(x,y,t),N(x,y,t)).
In the sequelve will call (X, My, T) to be just a Modified Intuitionistic fuzzy metric
space.

Remark 2.1. [18] In a Modified Intuitionistic fuzzy metric space
(X, MM_N,T),M(x, y,.) is non decreasing ani(x,y,.) is non increasing for all
x,y € X. Hence My, y (x, y, t) is non decreasing with respecttttor all x, y € X.

191



Syed Shahnawaz Ali, Jainendra Jain, P.L. Sanodigis&Gailpi Jain

Example2.1. [11] Let (X, d) be a metric space.
DefineT (a,b) = {a,b;, min(a, + by, 1)} foralla = (a;,a;) andb = (b4, b,) € L*
and letM andN be fuzzy sets 0&? x (0, «) defined as follows
ht™ md(x,y)
M@y, 0) = My, 0), NGy, 0) = (htn + md(x,y)’ ht™ + md(x, y))'
for all h,m,n,t € R*. Then (X, My, y,T ) is a modified intuitionistic fuzzy metric
space.

Example2.2.[1] LetX = N.
DefineT (a,b) = {(max (0,a, + by — 1),a, + b, —a,b,}foralla = (a;,a,)
andb = (by,by) € L* and letM andN be fuzzy sets oki? x (0, «) defined as follows
(x y - X) f <
-, ifx<y
y Yy
x —
(% . y) if y<x
for all x,y e X andt > 0. Then(X, My y,T ) is a modified intuitionistic fuzzy metric
space.

MM,N(xlylt) = (M(x,y,t);N(x;y,t)) =

Definition 2.9. [11] Let (X, M), 5,7 ) be a modified intuitionistic fuzzy metric spacelan
{x,,} be a sequendr X.

1. A sequencdx,} is said to be convergent toe X in the modified intuitionistic

M
fuzzy metric spacéX, My, y,7) and denoted by,, —= x if My y(xn, X, t) = 1,
asn — oo for everyt > 0.

2. A sequence€{x,} in a modified intuitionistic fuzzy metric spa((é(,MM,N,T) is
called a Cauchy sequence if for edick € < 1 andt > 0, there existsi, € N such
that My, (X, Vi, t) >+ (Ns(e),€), and for eachn,m >ny; here N; is the
standard negator.

3. A modified intuitionistic fuzzy metric space is daio be complete if and only if
every Cauchy sequence in this space is convergentceforth, we assume that is

a continuoug —norm on the latticel such that for every € L*\ {0,+,1;-}, there
exists A € L*\ {0,+,1;+} such that T* " 1(W (1), , V(1)) = N (w).

Lemma 2.2. [18] Let M, 5 be a modified intuitionistic fuzzy metric. Therr fanyt > 0,
My n(x,y,t) is nondecreasing with respectttm (L, < ;+) for allx, y € X.

Lemma 2.3. [3] Let (X, M), y,7 ) be a modified intuitionistic fuzzy metric spacedan
defineEy s, , : X* > R* U {0} by

Eppepn (6 y) = inf{t >0: My n(x,y,t) > N(D)}
for each € L*\ {0;+,1;:} andx,y € X here V' is an involutive negator. Then we have
(i) Foranyu € L*\ {0;+,1,-}, there existd € L*\ {0;+,1;+} such that
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Ey,MM_N (xlvxn) < EA,MM,N(xlv xz) + E/I,MM,N(vaXB) +- EA,MM_N (xn—lvxn) for any
X1,%X5,%X3, Xp € X.
(ii) The sequencgx, }nen IN X is convergent ta with respect to modified intuitionistic
fuzzy metric My, y if and only if Ej 5, , (xn,x) > 0. Also the sequencéx,} is a
Cauchy sequence with respect to modified intuibaifuzzy metricMy, y if and only if
itis a Cauchy sequence Wi, .-
Proof: For (i), by the continuity ot —norms, for everyt € L*\ {0+, 1;+}, we can find a
A€ L*"\{0;,1;+} such that" (V' (1), N' (1)) =+ N (u). By Definitiono g (iv) we have
Mun (Y Expey v (X1, %2) + Exaey, o (X2, %3) + -+ Exagy, y (Xn-2, Xn—1)
+ E/I,JV[M‘N (xn—lrxn) + n8)
2 T (Mun (%2, Eapey y (X1, %2) + Exaey, y (X2, X3) + - + Ex vy, (Xn-3, Xn—2)

n
+ 7): Mun(2 Y Ea ey y Cn-2,Xn-1) + Ex pryy oy (Xn—1,Xn)

+ %5)) 2p T VA, NA) 2 N ()
for everyd > 0, which implies that
Eppern O Xn) < Expey (X1, %2) + Eaey (X2, X3) + -+ Ej gy, v (Xn-1, %) + 06
Sinced > 0 was arbitrary, we have
Eppenn Ccn Xn) < Exaey v (X1, %2) + Exacy, o (X2, %3) + -+ + Ex gy, o (Xn—1, Xp)-
For (i), we have My y (xXn, x,1) >+ N'(4) & Ej o, (xn,x) <7 for everyn > 0.

Lemma 24. Let (X,Myy,T) be a modified intuitionistic fuzzy metric space.
If My yGn Xn41,t) 21 My (xo,xl,kin) for somek < 1 andneN then{x,} is a
Cauchy sequence.

Proof: For everyd € L\{0;+, 1,-} andx, € X, we have

EA,]\/[M'N (Xn, Xp41,t)

=inf{t > 0: Mynn Xpi1,t) >x N (D)}

inf{t>0: Myy (xo,xl,kin) S5 N (D)}

= inf{k"t: Myn(xo,x1,8) >px N (D}

= k™ inf{t > 0: My n(x9,x1,t) > x N (1)}

= knEA,MM,N(xn' Xn41,t)

From lemma (2.3) for eveny e L*\{0,+, 1,+} there existd € L*\ {0;+,1;:}, such that
EM,MM'N (an xm)

S EA,MM'N (xn' xn+1) + EA,MM’N (xn+1: ‘xTL+2) + et EA,MM'N (xm—l' xm)

IA

S knE).,]V[M'N(xO’ xl) + kn+1 EA,MM’N (x()’ xl) + e + km_lE]/,MM’N (x()’ xl)
m—1

= EA’MM’N(Xo,xl) Z k] — 0.
j=n
Hence sequende,,} is a Cauchy sequence.
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Definition 2.10. Let (X, My, 5,7 ) be a modified intuitionistic fuzzy metric spadd. is
said to be continuous dhx X x ]0, oo if
rlll_r){)lo My Ceny Yo tn) = My (x, 3, 8),
Whenever {(x,, v, tn)} iS a sequence iX X X x ]0, o[ which converges to a point
(x,y,t) € X X X X]0, o[ that is
limy, 00 Moy (o, X, 1) = YIIHEIOMM,N()’W y,t) =1
and lim,,_,, My y(x,y,t,) = My n(x,¥,1).

Lemma 2.5. Let (X, My v, T ) be a modified intuitionistic fuzzy metric spaaed for all
x,y €X, t > 0andif for a numbek € (0,1), My n(x,y, kt) =1+ My y(x,y,t). Then
xX=Yy

Proof: For everyd e L\{0;:,1,-} andx,y € X, we have

EA,]\/[M_N (X, V t)

= i?’lf{t >0: MM,N(x'y' t) >L* N(A)}

inf(t >0 My (x,7,7) >1s VD)
= lnf{ kt : MM'N(x,y, t) >L* N(/’{)}
k inf{t >0: Myn(x,y,t) > x N(A)}

= kEl,MM'N (‘x' y' t )
Thereforek; »r,, , (x,¥,t) = 0. Hencex =y.

IA

Definition 2.11. Let f andg be mappings from a modified intuitionistic fuzzyetric
space(X, My, y, T ) into itself. The mapg andg are said to be weakly commuting if
My n(ASz,SAz ,t) =+ My ny(Az,Sz,t) forallz€ X,t < 0.

Definition 2.12. A pair of self mappinggf, g ) of modified intuitionistic fuzzy metric
space(X, My y, 7" ) is said to be compatible if

T{I_T)Tc}o Mun(fgxn gfxn, £) = 1+
whenever{x,} is a sequence i¥ such thatlim,_. fx, =%1_r)120 = gx, = z for some
z € X.

Definition 2.13. Two self mappingg andg are called non compatible if there exist at
least one sequende,} such thatlim,_,, fx, = lim = gx,, = z for somez € X but

n—-oo

eitherlimy, o My n(fgxn, g9fxn, t) # 1;+ or the limit does not exist for ale X.
Definition 2.14. A pair of self mappinggf, g ) of modified intuitionistic fuzzy metric
space(X, My y, T ) is said to be weakly compatible if they commutecaincidence
point that is iffu = gu for someu € X, thenfgu = gfu.

Definition 2.15. A pair of self mappinggf, g ) of modified intuitionistic fuzzy metric
space(X, My y,T ) is said to be occasionally weakly compatible i thair (f,g)

194



Fixed Point Theorem for Occasionally Weakly ComgatMappings in Modified
Intuitionistic Fuzzy Metric Space

commutes at least one coincidence point that igtleists at least one pointe X, such
that fx = gx and fgx = gfx.

Lemma 2.6.: Let X be a setf andg be occasionally weakly compatible self maps¥on
of a modified intuitionistic fuzzy metric spad&, My, ,7 ). If f andg have unique
point of coincidence that i# = fx = gx for x € X, thenw is the unique common fixed
point of f andg.

3. Themain results

Theorem 3.1. Let (X, M), , 7 ) be a complete modified intuitionistic fuzzy metsigsace
and let4,B,S,T, P andQ be self mappings oX. Let the pairs(P,AB) and (Q,ST) be
occasionally weakly compatible. If there exisE (0, 1) such that

My n(Px, Qy, kt)
My n(ABx, STy, t), My n(Qy, ABx, t), My n(Px, STy, t), My y(ABx, Px, t),

a My n(Px,Qy,t) + b My y(Px,STy,t)
a My n(ABx,Qy,t) + bMy y(ABx,STy,t)’
¢ My n(ABx,Qy,t) +d My y(ABx,STy, t)
> min; c Myn (Qy, STy, t) + d ’ (D)
e My n (ABx,Px,t) + f My n (Qy,STy, t)
e+ f
aMy n(Px,STy,t) + b My y(ABx,Qy, t) + ¢ My y(ABx, STy, t)

a+b+c J
Forallx,ye X allt > 0 anda,b,c,d,e,f =0 witha&b, c&d ande & f cannot

be simultaneouslg, then there exist a unique point € X such thatPw = ABw = w
and a unique point € X such thatQz = STz = z. Moreover w = z, so that there is a
unique common fixed point of, B, S, T, P andQ.
Proof: Let the pair{P, AB) and(Q, ST) be occasionally weakly compatibko there are
points x,y € X such thatPx = ABx and Qy = STy. We claim Px = Qy. If not, by
inequality (1)
My n(Px, Qy, kt)
My n(ABx, STy, t), My n(Qy, ABx, t), My y(Px, STy, t), My y(ABx, Px, t),)
a My n(Px,Qy,t) + b My y(Px,STy,t)
a My n(ABx,Qy,t) + bMy y(ABx,STy,t)’
¢ My n(ABx,Qy, t) +d My y(ABx, STy, t)
>, miny cMyy (Qy, STy, t) + d ' >
e My n (ABx,Px,t) + f My N (Qy, STy, t)
e+ f
aMy y(Px,STy,t) + b My y(ABx,Qy,t) + ¢ My n(ABx, STy, t)
a+b+c

)

)
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My, (Px, Qy, t), My N (Qy, Px, t), My n(Px, Qy, t), My n (Px, Px, t),)

a My n(Px,Qy,t) + b My y(Px,Qy,t)

a My n(Px,Qy, t) + bMy y(Px,Qy,t) '

¢ My n(Px,Qy,t) + d My n(Px,Qy,t)
=g miny c Myn (Qy,Qy,t) + d

e Myn (Px,Px,t) + f Myy (Qy,Qy,t)
e+ f

aMy n(Px,Qy,t) + b My y(Px,Qy,t) + ¢ My n(Px, Qy,t)

)

’

a+b+c
(MM,N (Px,Qy, t), My n(Qy, Px,t), My n(Px, Qy, t), 1L*']
1L* )

=L min { MM,N (le le t) ’ }
1L* )
\ My (Px, Qy, ©) )

=1 Mun(Px, Qy, t)
ThereforePx = Qy that is Px = ABx = Qy = STy. Suppose that there is another point
z such thatPz = ABz then by inequality(1) we havePz = ABz = Qz = STz. So
Px = Pz andw = Px = ABx is the unique point of coincidence BfandAB. By lemma
2.6, w is the only common fixed point oP andAB. Similarly there is a unique point
z € X such that = Qz = STz.
Assume thatv # z. We haveby inequality(1)

My nW,z, kt) = My y(Pw,Qz, kt) =+ min
(MynW,z,t), My n(z,w,t), My y(W, 2, t), My y (W, w, t),)
aMynw,zt) + b Mynw,zt)
aMyyw,z,t) + bMyyw,zt) '’
cMynw,z,t) +d My yw,zt)
>+ min< cMyn (z,z,t)+ d ' >

eMyn W,w,t)+ f Myy (z,21t)
e+ f
aMy nyWw,z,t) + b My yw,z,t) + c My y(Ww,z,t)

)

a+b+c
MM,N(WJ Z, t), MM,N(ZJ w, t),MM’N(W, Z, t), 1L*,

MynWw,z,t),
=L* mlni MM'N(W; z, t) ) ?
1L*,
k MM’N(WI Z! t) )

= Mynw,zt)
Therefore we have = w, by lemmaz2.6, z is a common fixed point of4,B,S, T, P and

Q.
For uniguenesset u be another common fixed point 4fB, S, T, P andQ. Then
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My n(z,u, kt) = My y(Pz,Qu, kt)
(M n(ABz, STu, t), My y(Qu, ABz, t), My n(Pz,STu, t), My y(ABz, Pz, t),
a My n(Pz,Qu,t) + b My y(Pz STu,t)
a My n(ABz,Qu,t) + bMy, y(ABz, STu,t) ’
¢ My n(ABz, Qu,t) + d My y(ABz, STu,t)
2y miny c My (Qu,STu,t) + d ’ >
e My y (ABz,Pz,t) + f My y (Qu,STu,t)
e+ f
aMy n(Pz, STu,t) + b My, y(ABz,Qu,t) + ¢ My y(ABz,STu,t)

)

a+b+c
My n(Zu, ), My Ny, z,t), My n(2,u, t), My (2,2, t),
aMyn(zu,t)+ b Myy(zu,t)
aMyn(zut)+ bMyy(z,u,t)’
cMyn(zu,t)+dMyy(zut)
=1+ miny cMyy (wu,t)+ d ’ ;
eMyn (z,z,t) + f Myy (u,u,t)
e+ f
aMyn(z,u,t) + b Myn(z,u,t) + c My n(z,u,t)

a+b+c
(MM,N (Z' u, t), MM,N(u' Z, t)' MM,N (Z: u, t): 1L*,

)
I Myn(zut), I
=rL* mln{ MM’N(Z,u,t), $

1]

|
Myn(z,u,t)
= Myn(zu,t)
Therefore by lemma.6 we havez = w.

4. Conclusions

In this paper, we prove a common fixed point theorfor occasionally weakly
compatible mappings in modified intuitionistic fyzmetric space. Our result is more
interesting and useful for other researchers.
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