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1. Introduction

Classical measure theory [3] is studied baseddulitive property. But, in many real
time applications like fuzzy logic [2], artificiaintelligence, decision making, data
mining and re-identification problem etc. requile non-additive measure. In this
situation, fuzzy measure was introduced by Sudéhavhich is a non additive measure.
Fuzzy measure was discussed by several authprG, [4, 8, 9,10,12] in different
manner.

The fuzziness in the concept of fuzzy measure diited by Sugeno is
abandoning the additive property. However no memstip was assigned for the
measure as in the fuzzy set [5, 9,11]. Fuzzy measlefined in [1], was studied with
the membership value.

In this paper, we generalize the definition ofZyaneasure which is defined in
[1] with underlying continuity conditions and wevgisome examples.

2. Fuzzy relation and fuzzy measure
Itis clear that ifR:A - B is arelation thenR is asubsetof A xB where A

and B are any two sets. Henre can befuzzified likefuzzification of sets.

Definition 2.1. (Fuzzy redation)
If A and B are any two setghen a relationR: A — B is said to be a fuzzy relation
if

() DR) = A, where DR) is the domain ofR and

(i) there exists a membership functigg; : R - [0,1]
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Example 2.2. Let A={1 2,3}, B={b,c} and the relaton R be given by
R={(L a), (2,a),(2,b),(3,c)}

The membership functiony : R [0,1] is defined as

Hel(La)] =uel(2,a)] =1, pg[(2,b)] = 03, ugl(3,c)] =0.7

Then R is a fuzzy relation .

Remarks 2.3.
1. For our conveniencel/g [(X,Y)] is simply denotes byis (X, Y) .
2. If (x,y) OR, we write itasR(x)=y.
3. By Uy (X y) =a,we mean that a is the membership value in [ Ooflthe
case R(x)=y.That is y(R(x)=y) =a is simply represented by

U (X Y) =a.

Definition 2.4. (Fuzzy measure) Let X be a non empty sef be a non empty class
of subsets of X and ( XQ) be a measurable space. A fuzzy relationt Q — [0, oo ]

is said to be a fuzzy measure, if the followingditions are satisfied

M) #n(p0)=1
(i) ForanytwosetsAandBi2, AOB and Aisanonempty setimplies

supx < supy and ,um[A, (supx D < ym(B, (supyD,
m(A)=x m(B)=y m(A)=x m(B)=y
(iii) For a sequence of non empty s{aén} 0Q, AOAOA0A,C....
and JA,0Q =

n=1

”En(SUpX ) = supy and lim ,um(Aj, (supx D = U, f_OJAq, supy
m(A,)=x m[ @1% S m(A,)=x

(iv) For a sequence of non empty s{a&n} Q.

Iim[supx} = supy and lim ,um(A“ [supx D = U, ﬁAﬂ supy
n n=1

n\m(a)=x o m(A)=x
m N A=y m N A=Y
n=1 n=1

First we discuss some examples [4] in which ftlzay relation m is a fuzzy measure.
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In the following examplesP (X ) denotes the power set of a non empty set X.

Example25. Let x ={1,23,..n} , nis afinite value, andQ = P(X).
Let the fuzzy relationm: Q - [0, ] be defined as

m(S)=x iff x<|S| that is m(S)={x/x0 [0]s]]}

and the membership functiony ,, : m - [0,1] be defined as

U (S, x) :é, x<|S|, for Azg and ,(90)=1

In particular case , whenn =8,={12,3}, and
Q=P(X)={S, S, S, S,.S;. S. S;. Sy where

S,=¢, S, ={1}! S, {2}! S, ={3}! Ss ={ 1’2}’
s,={13},s,={23},5,=X
Then the values of m and its corresponding berehip values for each setGh are
M(S) =0 pn(S;,0)=1
m(S,) = m(S;) =m(S,) = { x / x0[ 0]}
(S50 %) =t (S5, X) = 1, (S x) = x if x<1

m(S;) =m(Se) =m(S;)={ x / x1[0,2]}

X .
U (So X) =, (S X) =4, (S5, X) = > if x< 2

m(S,) ={ x / x1[0,3]}, ,um(SB,X)=§ if x<3

The conditions in the definition can be verifibelow

m(§) =0 Hn(S1,0) =1
hence condition (i) is true

S,0S; = supx=1 supy =2 andhence SUpPX< supy
m(s,)=x m(S, )=y mS)=x mM$)=y

also ,um(Sz, (supr =1= ,um[ S, supyj
m(S,)=x m(S)=y

S,0S¢ = supx=1, supy =2, andhence Supx < supy
m($;) =x m(S)=y mS)=x mS)=y

also ,um[Sz, (sup XD =1= ,um( S, Sup yj
m(S,)=x m(S)=y

S,0S; = sup Xx=1, sup y =3, andhence Sup X < sup y
m(S)=x m(Sy)=y MS)=x  mSg=y

23



P.S.Sivakumar and R.Kavitha

also,um[Sz, (sup XD =1= ,um( Sg, sup yj
m(S,)=x m(S)=y

In general, it can be verified that

for i=3, j=57 and fori=4j=6,7
S;0S;, = supx=1l, supy =2, and henc8UpX < supy
m(§)=x m(S;)=y mS§)=x  m§)=y

also,um(si, (supr =1= ,um[ S, supy]
m(S )=x m(S;)=y
For i=3,4

S; 0Sg = supx =1, supy =3,  andhencsUpX < SUpy
m(§)=x m(Ss)=y m(§)=x m(S)=y

Also ,um(sl, (supr =1= ,um( S, supyJ
m(§) =x m(S)=y
For i=5,6,7

S| 0Sg = supx=2, supy =3, and hencesup X < supy
m(§)=x m(S)=y ms)=x  ms)=y

Also ,um[Si, (sup XD =1= ,um( S, sup yJ
m(§)=x m(S)=y

Hence condition (ii) is true.

Now, consider the sequence of non empty setgh that

ALOA, OA, OA, OAg...and| ] A =S, 0Q, where
n=1

A,=S, A,=S, A =S, n=345,...

When we considerSup X forn=1,2,3,4,5,...
m(A,)=x

we get the sequencg, 2, 3, 3, 3, 3,..... and

Iim[sup x}z sup y = 3
) i)

When we consider y m(An, (Sup XB , forn=1, 2,3,4,5,.,.
m(/-\q):x
we get the sequencel, 1,11 1], ...... and

24



Fuzzy Measure: A Fuzzy Set Theoretic Approach

limu | A, |sup X |[[=4,, GAn, supy | =1
n m(A,)=x n=1 ™
U A Fy
n=1
Now, consider another the sequence of non esgisy such that
AOA, OA,0A, OA;.... and UA_ =S, 0Q, where
n=1
A1=%, A, 288, nN=2345....
When we considerSUp X  forn= 1, 2, 3,4,5,...
M(A ) )=x

we get the sequence2, 3, 3, 3, 3..... and Iim[sup XJ = sup y
T m(A,) =x

m(/-\q):x
we get the sequencel111], ...... and

When we consider (/ m[An, (sup XD , forn=1, 2,3,4,5,.,.

Iim,um[An,[sup XD:ﬂm fjAn, supy | =1
n m(A,)=X n=1 [w ]
m U A =y

n=1

Similarly for all other possible cases, tioadition (iii) can be verified .
Now , consider the sequence of non empty setgh that

A, DA, 0A OA, O Ay O....and (| A, =S,0 Q, where

n=1

A,=S, A,=S., A =S, N=345...

When we consider SUX for n = 1,2, 3,4, ....,
m(A,)=x

We get the sequenc8, 2,1,1,11..... and lim ( supx j = supy =1
n m(A,)=x 3
m[nrllﬁh]:y

When we consider ,um(An, (Supx D , for n=1,23,4,....,
m(/—\,l):x
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we get the sequencel, 1,111, ..... and

limum(&.(SUDXJJ=ﬂm NA, supy |=1
n n=1

m( ):X 00
& N A FYy
n=1
Now, consider the sequence of non empty seth thiat

A, OA,0A; OA, OAg Doand() A, =S,00 , where

n=1
A1= SG, An =S4, n=2,345....
When we consider SUpx | for n =1, 2, 3, 4, ...... , we get the sequence
m(%)zx
2,1,111,..... and
Iim[supx] = supy =1
no{ m(a,)=x [oo J
m N A, [y
n=1
When we consider ,um[Aﬂ [supx D , forn =1,2,3, 4, ... we get the sequence
m(/—\q):x

111171 ..... and

Iimﬂm[&,[SUDXJ}ﬂm NA,, supy |[=1
n n=1 ©

m(A,)=x
& m N A ey
n=1

Similarly, for all other possible caseseg tlondition (iv) can be verified.

Thus all the conditions which have been statiedthe definition 2.4 are verified for
the given fuzzy function mand its memberdhipction £, and hence the given m
is a fuzzy measure.

Hence for any finite value of n, the m isuaZdy measure.
Example26. Let X ={a,b ,c},and

Q=P(X)={S, S,, S, S, S. Se, S, S, |
whereS, =¢,S, ={a}, s, ={b}, s, ={c}, s, ={a.,b},
s,={a,c}s,={bc},5,=X

Let the fuzzy relationm: Q - [0, ] be defined as
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m(S):{x/Osxs[§J+02} , and m(¢)=0

and the membership functiony,,, : m - [0,1] be defined as

2

S

X it o0sx < Il

5 3

3

(|S|J2+02—x

? . 2 S 2

5] e e
02 3 3

for S#¢ and Hn(9,0) =1

Un(S,X) =

Then the values of m and its corresponding bezship values for each set@h are
m('S,)=0, fn(S,,0)=1

m(S,)=m(S;)=m(S,)={ x/0<x < 031

X

oLl if 0<x<011
/'Im(SZ’X)zl'Im(SS’X)zl'Im(S4’X)= i

031X 4 0112 x<031
0.2

m(Ss) =m(Se) =m(S,)={ x / 0< x < 064}

X if 0sx<044
Ui (S 6:X)= [ (S 6 X) = (S 7.0 =1 g
' if 044< x<064
0.2
x if 0<sx<1
m(Sg)={ x /0= x<12} | L (S x)=] 12-x

if 1<sx<12

Conditions (i) - (iv) are satisfied for the fyzlation m and its membership function
M., Hence the fuzzy relation m is a fuzzy measure.

Example2.7. Letx = and
p X {al,az,as},

Q=P(X)={S,S,, S5S. S Se: S7» S, }, where
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S=¢, Szz{al}' 83:{32}’ 84:{3-3}’ 85:{ a,; ’az}'

Se ={a1 ' a3}187 ={a2 ’ a3}1 Ss =X
Let the fuzzy relationm: Q - [0, ] be defined as

1if x,0S
m(S):{Oif XZDSII | 0S,0Q and X, is a fixed pointin X
and the membership functiony,,, : m - [0,1] be defined as
H(S5X)=1- 1 v for SZ¢@ and . (90)=1

[9+x

As a particular case, we takex , =a .

Then the values of m and its corresponding beehip values for each set@h are
m(Sl): 0, m(SZ):]" m(SS):O’ m(S4):Ol

m(Ss)=1 m(S;)=1, m(S;)=0, m(Sg)=1

tum(sl ,0):1, /“Im(S 2’1) = 05’ ,um(SS '0)=0 ! Ium(S4 ’O): O’
Un(Ss.1)= 067, u,(S.0) =067, u,(S,.0)=05 u,(S,.0)=075

Conditions (i) - (iv) in the definition are sdiesd for the fuzzy relation m and its
membership function .

In general, for anyx , in X, the conditions are satisfied. Hence the fuzzy
relation m is a fuzzy measure.

Example 28. Let X ={1,2,3,..n}, and Q=P(X). Let the fuzzy relation
m:Q - [0, ] be defined as M(S)=maxS, for SZ¢ and m(¢)=0
and the membership functiony,,, : m - [0,1] be defined as

4 (Sx) =12 for Az and u (9,0) =1
X
In particular case , whenn =g, ={12,3}, and
Q=P(X)={S, S, S, S, S, sG,s S, ),
where S,=¢, S, ={1}, S, ={2}. 5, ={3} s, ={12},
s,={13}s,={23},s5,=X
Then the values of m and its corresponding bezship values for each setéh are
m(s,;)=0, M(S,;)=L m(S;)=2, m(S,)=3, m(S;)=2, m(S;)=3,
m(S,)=3, m(S,)=3
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Hn(S1,0)=1, £4,(S,1) =0, 14,(S;,2) =05,

(S 4,3) =07, 14,(S5,2) =05

H (Se3) = 07, 14,(S;3) =07, 4,(S,,3) = 07

Conditions (i) - (iv) in the definition are sdiesd for the fuzzy relation m and its

membership functionu,,,.

In general, for any value finite of n, the condisoare satisfied. Hence the
fuzzy relation mis a fuzzy measure.

Remark: In the first two examples, measure takes valuma fan interval and the next
two examples measure is a non negative finite maaiber. In general, fuzzy measure
need not be an interval.

Secondly, we discuss some examples [4] whicmatra fuzzy measure.

Example 2.9. Let X, ={1,2,3,....}, X =X, xX, ={(x, y)/ x,yO0X, } and,
Q = P(X).
Let the fuzzy relationm: Q - [0, ] be defined as

m(S)=|Proj S| ,for Szgand OSOP(X)

where Proj S ={x /(x, y)OS} and m(p)=0
and the membership functiony,,: m - [0,1] be defined as

M (S %) =1- 1+1x2 , for SZz¢ and u (90)=1

Then m satisfies the conditions (i), (ii) anid (but it does not satisfy the condition
(iv).
For if we take S, ={1}x{n,n+1,n+2..} , then

S O0S,0S,0S,0...andm(S,) =1 forany n

Therefore I'E“{f(g%):(x =1 but ﬂSn:(” and supy =0
n n=1 ®
Ns, =y
n=1
Thus Iign(supx # Supy . Hence the fuzzy relation m is not a fuzzy

m(Sn)zx o0
m N Sn =y
n=1

measure.

Example 2.10. Let x :ia as}' and

10 89,

Q = P(X) :{811821 S3l S41 851 S6’ S7; Sg }, where
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Si=¢ S, :{al}’ S; :{8.2}, S, :{as }’ S; :{ a,,a, }’ Se :{al , as}’
S, :{az , as}' Sg =X

Let the fuzzy relationm: Q - [0, ] be defined as

S 1if % 08,
=N A 0s,0Q and X, isafixed point in
0if x,0S, , i o | ixed pointin X
and the membership functiory,,, : m - [0,1] be defined as
Hn(SX) = 1 5 os,0Q
1+ (x-Is))

As a particular case, we tak , = a

Then the values of m and its corresponding beehip values for each set@h are
m(S,)= 0, m(S,)=1, m(S;)=0, m(S4)=O' m(S;)=1 m(S;)=1
m(S,)=0, m(Sg)=1

,Um(S_ ’O) =1 :um(SZ’l) :l :um(SS 'O) :0'51

U (S,.,0) =05 1, (S, 1) =1, 1,(Se. 1) =1, 14, (S, ,0) = 02,

U (SgD) =05

This is not a fuzzy measure. For if
S, 0SS, = m(S;)=m(S,)=0 but x,(S;)=05> u. . (S,)=02.

3. Conclusion

In this paper, we have attempted to give the defmiof fuzzy measure, using the
fuzzy set approach and we cited some exampiegshich m is fuzzy measure and
some examples in which m is not a fuzzy measiéredetailed investigation on the
structure of fuzzy measures and fuzzy integrals lbarthen made using the present
definition.
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