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Abstract: This paper investigates the role of reliability graeter of the imperfect
production system with random machine breakdown stodhastic repair time. Here |
assume that shifting time of the production systeam ‘in-control state’ to ‘out-control
state’ and the time of machine breakdown are bextdam. Moreover, the machine repair
time is stochastic and independent of the machieaksdown rate. To make the research
a more realistic one, a relation between religbitiarameter and machine breakdown
parameter has been established so, that smallee wdlreliability parameter indicates
long run of production process, lesser imperfeahg and negligible number of machine
breakdown. Finally, the model is formulated as afiprmaximization problem by
considering the reliability parameter and productigp time as a decision variables. A
numerical example is presented to illustrate thgaich of profit with different variables
in the model. Also, sensitivity analyses are coteldido show how the model reacts to
changes in parameters.

Keywords: Imperfect production, machine breakdown, stodbastpair time, reliability
of the production system.
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1. Introduction

The classical EMQ model implicitly assumes thatrtiechineries related to production is
in perfect condition and all items produced ar@@&ffect quality. Though the production
machines have become very sophisticated in thestriduenvironment, they are not free
from deterioration. However, in real manufacturiegvironments, due to process
deterioration or other uncontrollable factors, bgttoduction of items of imperfect
qguality and machine breakdown are inevitable. Thd4QEmodel is one of the most
widely used inventory control models when itemsiarBouse produced instead of being
purchased from outside suppliers. Research hasdasgad out to analyse the impact of
the random interferences on the EMQ since early049B the model of [10], demand
arrives according to a Poisson process, and priotiuotitput is also a Poisson process
while the facility is producing. The machine’s ogiéng time is exponentially distributed
and its repair time is distributed arbitrarily. Buation operates under an (s, S) policy.
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The authors in[7], analyzed a production-inventanodel using queuing theory
techniques. An unreliable M/G/1 queuing system wassidered, and a maintenance
process was also introduced in addition to theifaiprocess of the production facilities.
For this case, the Laplace transform of the slagacity was derived. In [4], Groenevelt
et al. proposed two production control policieatlress the EMQ model with machine
failures and they focused on the effects of machimeakdowns and corrective
maintenance on the economic lot sizing decisiorge first policy considers that the
production of an interrupted lot will not be resumafter a breakdown (i.e., the no
resumption or NR policy), while the second assuthasthe production of an interrupted
lot resumed immediately after production is resdaxed if the current on-hand inventory
is below a certain threshold level (i.e., the albestime or AR policy). In the article[8],it
was follows that a broad class of production-ingentsystems in which a number of
producing machines are susceptible to failure falhg which they must be repaired to
make them operative again. The machines’ produatamalso be stopped deliberately
due to stocking capacity limitations or any othelevant considerations. In[4], authors
has derived some structural properties of the figatiot sizing model with exponential
failure. However, they do not give a procedure étednine the optimal lot size. In [6],
Chung derived the bounds for the optimal lot size lae obtained some results with these
bounds. Kuhn [5] addresses the dynamic lot sizimglehwith the assumption that the
equipment is subject to stochastic breakdowns amdidered two different situations.
Firstly, after a machine breakdown the setup llotost and new setup cost is incurred.
Secondly, the cost of resuming the production riter & failure might be substantially
lower than the production setup cost. In [11], #swassumed that the number of failures
in a production run is Poisson distributed while tlepair times are random and can
assume any general distribution. Upon failure, thachine will receive immediate
service, and the demand will be met from inventoin. the article [20], presented a
model of single-machine scheduling problem. Thehimeis failure-prone and subject to
random breakdowns. The processing time is a detetiai sequence that is randomly
compressible, which may be from the introductiomefv technology or addition of new
equipment. In [21,22 ,23], studied the optimal meitbn run time in an EMQ model
with imperfect rework and Poisson machine breakdownder the abort/resume (A/R)
control policy. In their proposed system, a randdefective rate is assumed and all
defective items are reworked at the end of regotaduction, and there exists a certain
percentage of rework failures. The system is stltfecandom breakdowns and the A/R
inventory control policy is adopted when breakdowosur. Mathematical modeling was
used, and theorems related to conditional convexity bounds of optimal production
run times were proposed and proved in their stddsecursive searching algorithm was
developed to locate the optimal run time that minés the expected production
“inventory costs. Some other models concerned witlentory control and machine
failure have also been investigated, cf. [1,2,12,837]. Further effect of stochastic
machine breakdown was investigated in [3,13,14]aiAgdifferent type of inventory
model with different type of demand is studied9riB,19].

In this paper, we assume that shiftimgetiof the production system from ‘in-
control state’ to ‘out-control state’ and the timemachine breakdown are both random.
The machine repair time is stochastic and indeparafethe machine break-down rate. A
relation between reliability parameter and machimeakdown parameter has been
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established so that smaller value of reliabilitygmaeter indicates long run of production
process, lesser imperfect items and negligible rurabmachine breakdown. Finally, the
model is formulated as a profit maximization problédy considering the reliability
parameter and production up time as a decisioavizs.

2. Assumptions and notations
The following assumptions and notations are adofatethis model.

2.1. Assumptions

® The production rate is constant and determin

(i) From the beginning of the production processntachinery system s int
'in-control’ state and goes to 'out of control stavhen life time of the system
is T =t, whereT follows a probability densityfunction

f(t)=0e®,6>0,0<t <o and produces imperfect quality items .

(i) Full inspection of the production process is coasidnly the B(o< g <1)
times of total imperfect quality items are sal@ &bw price rate(reduction sale).
and (1-p) times of imperfect quality items are rejected wih certain
environmental consciousness cost.

(iv) A (constant) be the demand rate of perfect qualigmé throughout the
production cycle.

(v) In big-bazaar market or occasional market , with propeedisement about tf

product , the demand is exponentially increase$ v price rate.So, we
Smax "

consider the demand rateJ=g +dJ, e ™M is for acceptable imperfect
quality items. where), andd, both are positive constant.

(vi) Immediately after the end of production upedjmeduction sale of accepta
imperfect items are consider.

(vii) Shortages are not allowed but duegreater machine maintenance time t
production down time of perfect item,lost sale witlcur.

(viii) In case of machine breakdown ,repair time is sttihaand independent
machine break down.

(ix)  For development of the reliability of the prodion system along with produt
we consider production cost related to reliabilitparameter as

C ,
c,(t,0)=c, +6?_d +vp.Where ¢, and c;, are the material cost and
p

development cost per item per unit time an@> 0) is constant.
(x) The time horizon is infinit
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2.2. Notations
p The production rate is constant and determin
A Demand rate of perfect quality itel
J Demand rate of acceptable imperfect quality ite
7 Reliability parameter
Inventory of the perfect quality items at time

l4 Inventory of the imperfect quality items at time

Q Total Inventory in the production cycl

t, Time of production stog

t, Time when machine breakdown occi

t, Time of perfect quality items are exhau

ty Time of imperfect quality items are exhau

K Setup cost per cycle of production syste

c, Holding cost per item per unit tim

Cp Production cost per unit item per unit as a funmctiof reliability
parameter.

Caq Disposal cost per unit item/time

s Price rate operfect quality item

S Price rate(reduced) of acceptable imperfect quaétys.
E(Q) Expected inventory holding in the production cyc
E(HC) Expected inventory holding cos
E(P) Expected production quantity in the production e
E(PC) Expected production cos
E(T) Expected duration of the production cyc
E(CLS) Expected lost sale cos
E(DC) Expected disposal co:
E(TC) Expected total cot
E(SR) Expected sales revenu
EP(t,,0) Expected profit per unit time

3. Mathematical formulation of proposed inventory modd and discussion

Considering an imperfect production process in Wwhidas two states 'in-control-state’
and ' out-of-control-state’.The production procesddfted to 'out-of-control’ state from

'in -control’ state and as a result production wiperfect items aries. Due to long run
production process with machine, the system goé&suteof-control’ state and consider it
is as failure , as a result produces more impeiteicts than the 'in-control’ state.

Let & be the reliability parameter(design variable) loé tmachinery system and it is
defined as:
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_ Number of failure

Total number of working hour
6=0.02, means ,the system goes to 'out of-control' state time for a 50 hours
working period of production run.Basically indicate the hazard rate of the production
system , which is combination of random failure avehr-out failure from 'in-control’
state to 'out-of-control’ state.The failure of mawry systems are either due to random
failure or wear-out failure, so, reliability of theystem can be expressed as
R(t) = R (t)R,(t), where R (t) and R,(t) are the reliability due to random failure

,independent of time and reliability due to weat-o8ince the hazard rate due to random
failure is independent of time,so, reliability dfet system due to random failure with

constant hazard rate B (t) =e™®. Again by appropriate maintenance policies we can

reduce the failure due to wear-out. As a result study must be concentrate on the
failure due to random chance.And therefore cormedjmg reliability function of the

machinery system is defined at time 't B§t) = €* ,where 8 >0, t> |
dF(t)
dt

, that is @ is failure per unit time. For example

R() = 1-F () = 1-j;f € it .So, f(t) = = 6® 9> Oandt > (

Here f (t) and F(t) are the density and distribution function of tHe time ( i.e, stay in
the 'in-control’ state )of the production proce$be production process is more reliable
if @ is small and due to that the production process/ stay long period in the 'in-
control’ state. As, a result lesser quantity of érfpct items is produced, which implies
6 is the product reliability of the production presdt means less imperfect items more
reliability of the product. But during long run mhaction process, the percentage of
imperfect items increases, in the same time préastugirocess shifted to 'out-of-control’
state and causes machinery system of the prodymtbmess is breakdown.

Since the production of imperfect items dmdakdown of the machinery system
related to the reliable parame®r |, so, the prdibabf the imperfect quality of items of

total production follow the probability density foion f(t)=6e®. If p be the
production rate ,then the expected rate of imperfeaduct at time t isp(1-e®) and

consequently the rate of perfect quality item pg®. In the same time machine
breakdown of machinery production system follow th@bability density function
@) =ae™ ,a=(1-c)d or (1+c)d, (0<c<1). Whena =(1-c)d, the mean time
of machine breakdown is greater than the mean dfmeachinery system shifting from
'in-control’ state to 'out-of-control’ state i.ergbably the machine breakdown occur in
the ’out-of-control'state.Andr = (1+ c)@, indicate the mean time of machine breakdown
is lesser than the mean time of machinery systeftinghfrom 'in-control’ state to 'out-
of-control’ state i.e. probably the machine is ldeawn in the 'in-control'state. Smaller
value of ¢ indicates long run of production process in thecontrol’ state, lesser
imperfect items and negligible number of machireakdown. The perfect and imperfect
guality items are separates by a inspection seclibis section select the acceptable
quality of imperfect itemsg times of the total imperfect quality items whiale suitable
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for sale at a low price rate( i.e the reductiorepahd(1- £3) times of imperfect quality
items are rejected (scrapped) with environmentascimusness with a certain cost.
For the production cyclel, ,(t) and I, (t) denotes the inventory level at time t of perfect

guality items and imperfect quality items respedtiv The inventory levels of perfect
quality items increases at a rgpe”® — A and inventory levels of imperfect quality items

increase at a rat@(l-e®) up to timet =t,, wheret, is the production up time. The

demand of perfect quality items are meet with a vatthroughout the production cycle.
Immediately after the production run, the accegtajlantity of imperfect items are sale

at rate 5=, +3, Vi) ypy o time t=t,, when the imperfect items are
exhaust. The behavior of such a unified systenejsated in Figure 1.
T Inventory

—&t Y
pe St — A
Perfect quality L

product .
—
T e
pl—e™) _
—k
m w”
Imperfect quality
product
Time
0 t L= t,

Figure 1: Inventory level of the production system with resipto time.

4. Theinventory leve are governed by the following differential equations
4.1. Perfect quality inventory
The governing differential equation of the perfgaality iitem is

diy(t) _fpe® -4 ; Ostst
dt -2 Lt <tst,
with 1,(0)=0and | ,(t,)=0 .

@)

4.2. Imperfect quality inventory
The governing differential equation of the impetfguality item is

dis© {/o’p(l—e‘f") ; Ostsy 2
dt -0 ; sty

with1,(0)=0 andl,(t;) =0.

where S, (0<f<1)is the portion of imperfect items ,which are proed during the
production run.

From (1) and (2), it follows
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g(l—e“")—/]t . 0stst,
1, (t) = )
g(l—e‘g‘l)—/lt Lt <tst,

&(e“e’wet—l) ; 0<t<t
1 (0) = (4)
ﬁp(e*"wetl “1)-5(-t) ;hstst,

from the boundary conditiort,, = %(1— e™)and t;=t +Z—§(e‘9tl +6t,-1)

For feasibilityt, >t, andt, >t, impliesp(l—e ®)> @, and %B(e"gtl +6,-1)>0.
Inventory for the perfect quality items is
Itl[p(l ) - Mot +j P (1 e ™y M dt
I L TRy X5
206 A6 e 216°
Inventory for the imperfect quality items is

- [P s -1 + J; TP+, -1) - -k

Bp , Bp*,, Bp, B’P* > _BP ﬁp Bp, B’ o

( 325) ( )1 ( )1 ( 625)

/>’2|02 oy S°p° —zetl

o ¢ Tt (©)
Hence the total inventory is

Q=Q,+Q, :cl+c2t1+c3ti+cp‘9‘l+c;§“”l+cg‘2“l(7)

S S O JVL S PO
wherec, = EA 5 e 1+55).6 (1+5)
1- 1
o= PR DAL cs—p(1+'8p)c6—252(— /’)

4.3.Case 1. Machine breakdown occur and stochastic machine maintenance time
exceed production down time
For greater value of reliability parameter , thechiaery system of production process

breakdown and suppose it is occur at the time pomt, and follow the probability

density functionf (t,) = a'e_mp ,a>0,andt, >0.
Then , the Expected inventory holding is
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tot +ctlice P+ Mohce o<t
_jatet, tedp tee cd e ce pt, <ty

—26t

(8)
cHot+cdi+cg Mcie l+ce

t -6t -6t -26t
E(Q) :I()l((:l+cztp +cf2+ce PHcge PHce P)f(ty)dt,

+ j:(q tehreglreg Mrcge g (L), 9)

which gives

_ C, , 2c;  Cca Csa Co 25, -ay G | Xy -at
E =Cc+=+—=+ + + -Ste 1-(Z2+2)e 1
Q=q a a* 6O+a (6?+a')2 20+a  a ' (a az)

(10)

X c,d  Ga )e (e+ayy , Cs te ~a+o)y | 2c,0 e—(29+a)tl

a+8 (B+a) a+t9 a+26
Hence expected inventory holding cost is

2% c,a Csa Co /G 25 -ay

E(HC) = Ch[cl+ a2 9+a+(9+a)2+26+a (a+ 2)e

_2c t1 cay ( Ca )e—(9+a)r1 . G tle—(a+9)t1 + 2cH e—(29+a)tl] (11)

0/+9 @+a)? a+6 a+26

Expected production in production run is

4y —at o —at —a
E(P) = [ }(pty)ae " dt, +L1(pt1)ae pdtp=§(l—e ) (12)

Expected production cost is
E(PC)=c, > (1-e ™) = ¢, +—L +vp) > (1-e™) 31
a pé a

4.4, Machine maintenancetimeisstochastic

When the machine breakdown occur with in the prtdocrun time,the corrective
maintenance of the machine is required and let maamaintenance time is stochastic
which is uniformly distributed if0, ) with density function

1
— ; 0<stsu
gty = u
0 ; elsawhere
Therefore Expected duration of the production cisle

E(T) = j:tzae""p dt, +[ “tae P dt, + j;ljt “(t-t,)g)ae P dt dt,
1 2

= E(t,)+ I:J:(t ~t,)g(t)ae " dt dt, (14)

Heret, represent the end of the production cycle and&rd in the above expression

represent the extra time for machine maintenanceesX, .
_[up Oy “p Myge Pt =P (G
Et,)=| —(@-e P)ae Pdt, +| —(1-e t)ae Pdt, =——(1-¢€
L) =[5 ) o], 3607 S TEvL )
Again expected extra time for machine repair is
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E(ET) =j‘1j°: (t-t,)g(t)ae P dt dtp

———[(Aub - p) (1-e ml) +_2A4 8+a (1 (25’*0)11) 2pa (Aub - p) (1-e —(6+a)11 )l

2,uA 26?2 6+a
Above two relation together gives,
1 —a 2 20’ -(0+a
E(T) =—— 556 - p)P(1-e ™)+ (2pm6-27) (1)
2uA°6 f+a
’ (15)
+ pa (1 e—(29+a)11 )l
20+a
Expected lost sale cost for perfect quality item is
S -a 2 ~(6+a
E(CLS) = =P [(Auf - p)°(L-€ ) + (2pu0 - 22 Ty1-e @)
2UAE 0+a
(16)
p’a -@ova,
+—— (ke )]
20+a
Expected disposal amount of imperfect product éngtoduction process is
1-e™) (1-e%
E(DIS) = (1- Hp[E ) - ¢ y @)
a a+6
Expected disposal cost for environmental pointietwis
1-e -ay 1- (9+a)tl
E(DC) = ¢y (1- [ - ¢ Y (18)

a+é
Expected total costE(TC) = Setup cost(including inspectioas(k)+ Expected
Production cogE(PC))+ Expected inventory holding ¢agtc))+ Expe lost sale
COSH(E(CLS)) + Expected disposal cos{DC))

- Sy P _ame) _(a-e ) L2, ca
E(TC)=K+(c, + 9+|/p) (1-e "1)+cy, A-B)pl p e ]+Ch[C1+ a2 9+a
- LA (c2 2c3) —at, 2c3t m1+( _cq )-(9+a)11+ c5t G 2cf
(@+a)? 20+a a+€ (6+a)? a+d a+26
~(26+ 2p°a o+
e N4 (b pHL-e ™) +2puAf- p 2P0y g-e )

2UAG

2

pa _ —(2€+z7/)t1
—@
Yora e ) (19)

4.5. Salesrevenue
We considers  be the price rate of acceptable ireperduality items, ands, be the

selling price of perfect item, then sales revemuiné complete cycle is

7
If the machine breakdown occurs &tt,, then expected sales revenue from the

-~ -
= sp[J.;l/l at +J.;2A dt] +5 J.:Bcfdt = %(1 - e_al) + sﬁpw (20)
1
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complete production cycle is

-t
E(SR) = (J:l%(l— e ")+ gﬁp%ﬁp_”me’mp dt, +(j:% (1-e™)

€™ +o,-1), -a, ps, (a+o), 1-e™) (@1-e“ )

+ —)ae Pdt,=——[1-e + -
§Bp— =) o=l J+s A — o
Expected profit per unit tinieP(t, )]=  (Expected sales reeenExpected total cost)

Expected production cycle
PSp

emi) (1-e

(€+at1
1-g @04 (- )'I_k G P
[ e 1+sBpl -1 +(Cm+p9+l/@a

EP(t,,0) =
(1 ) +9

(1-€ ™) +cy (1- B)pl

(O+a
(1-e™) (1-¢" )tl)]+ch[cl+ L2, Ca @
a a+6 a’? O+a (6+a)?

+i - (& +%)e_m1 _ﬁtle aty +( 9 _ Ca )e—(9+a)tl + Cs tle_(a+€)tl
20+a a a? a a+06 (9_,_0,) —a+¢9

20 _-(26+a)y -aty -(6+a)y
+—2—e + Au6-p(l-e 1) +(2 9— 1l-e
Y ] 2/,1/182[( 18- P X ) +(2ppA 0 )( )
2
I (1-e @y

20+a > /]262[(/1#6’ p(1- e‘“l)+(2py/16?— )(1 @y

2
pTa -(20+a)y
—(1-e 21
20+a ( 2 !
M must be greater thay, otherwise lost sale does not occur, which gives

At, < p(1-€ %) <GAu (22)

5. Solution
Our objective function (expected profit per uniné) EP(t,,6) is a function of two

variablet, and 8, when the design parameter of reliabil@tyis consider as variable. So,
our objective is to find the optimal value gf and & for which the objective function
EP(t,,6) is maximum. So that the necessary condition fgeailve function to be

2
maximised ISW 0 andw =0 and the sufficient conditlon—a EPt(tl,H) 0
! 1
0°EP(t,,6) 0%EP(t,,6) 0°EP(t,,0) ,0°EP(t,,6)

and

<0 and -
06° ot? 062 ( 01,08

along with the condition (22) . Now due to highlgntinearity of EP(t;,&), the first and
second derivatives of this with respecttfcand 8 are very much complicated. Hence it
is difficult to determine closed form solution @f and ¢ for which the objective
EP(t,,0) is optimum by analytical method. Using MATHEMATICAve see that,
Expected profit per unit time is concave fpe 0 and 8 > 0.

)*>0 for t,>0 and >0
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6. Numerical examples

Case-l: (a=(1-¢)d,0<c<1]).

The parametric values in the model are as k=1086800,1 = 600,56 = 6005, = 1G,=
400, Srex= 350snn= 2005 = 25(= 0.754= 20, = 25 = = @P= 50,
v=0.01,c=0.25. We analyses the effect of expected profityrét time on optimum
production runtime of the production process angptimum reliability parametes

Figure 2. Expected Profit per unit time is concave withpest to both the variable
and @

Table 1: Expected optimum profit per unit time, optimum guetion time and Optimum
value of §.

Optimum Productio]  Optimum Reliabilit Optimum Expecte
run time(, ) Parameterg” ) Profit
.2624: 0.36811. 242311.0(

00000k

PES-T- N

woosn |-

Expactad Brofit per unittime =

0000 |

Y o4 [ XY 1o

Raliability parameter —

Figure 3: Expected Profit per unit time is decreases wisipeet to increase of reliability
parameter
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Table 2: Expected profit per unit time and Production tifmechanges of reliability
parameter.

Reliability Paramete | 0.3 0.35 0.36811 | 0.37 0.4
Production time 4.66876 | 5.1058¢ 5.2624: 5.2785! | 5.52572
Expected Prof 240599.0 | 242176.0( | 242311.0(| 242310.0' | 241855.0(

Table 3: Expected production cost per item per unit tintecftanges of reliability
parameter.

Reliability Paramete 0.2 0.35 0.36811 | 0.37 0.4

Expected production cc 42096.. | 40899.( | 40335.3 | 40272." | 39189."

Case-2: (a=(1+c)d, 0<c<l),

For the same parametric values in the model ale=46000,p=80040 = 6009 = 600,
&= 10,5, = 400s,,, = 350s,,= 20( = 25@-= 0.75¢= X, = &j= 10,
C,=10,c, =50y= 0.01¢=0.25 . We analyses the effect of expectefitgrer unit

time on optimum production runtime of the productiprocess and on optimum
reliability parameter.

220400

Figure 4: Expected Profit per unit time is concave with extgo both the variablg
and g
Table 4: Expected optimum profit per unit time, optimum guoction time and optimum
value of @

Optimum Productig  Optimum Reliabilit Optimum Expecte:
run time ¢, ) Parameterd” ) Profit
3.0145! 0.11294! 220462.0(
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oo |
130000 |

10000 [

oo [

Expectad Profit per unit ime —

—son [ Reliability Parameter —

Figure 5. Expected Profit per unit time is decreases veé#pect to increase of
reliability parameter

Table 5: Expected profit per unit time and Production tifoe changes of reliability
parameter.

Reliability Paramete | 0.08 0.09 0.11294% | 0.1F 0.2
Production time 2.83391 | 2.88981 | 3.0145! 3.2187. | 3.52053
Expected Prof 220293. | 220380.C | 220462.C | 220236.1 | 219096.C

Table 6: Expected production cost per item per unit time dbanges of reliability
parameter.

Reliability Paramete 0.08 0.09 0.11294t | 0.1 0.2

Expected production cc 37077.¢ 36896.7 | 36440.8 | 35604.! | 32969.9

7. Conclusion

In this study, an imperfect production system wigmdom machine breakdown and
stochastic repair time are considered. Shiftingetiofi the production system from 'in-
control state' to 'out-control state' and the tofienachine breakdown are both random.
Machine repair time is stochastic and independénh® machine break-down rate. A
relation between reliability parameter and machimeakdown parameter has been
established and see that smaller value of reltgbgarameter indicates long run of
production process, lesser imperfect items andgibt number of machine breakdown.
Finally, the model is formulated as a profit maxation problem and the obtained
results can help production planners determineajigtmal production run time and

optimal value of the reliability parameter. An irgsting area for future study would be
the effect of variable production rates on this elod
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