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Abstract. In this paper, we have introduced the new fractional integral transform and 
proved some of its basic properties. Then obtained new fractional integral transform of 
some elementary functions and conformable derivative. Further, we define new 
convolution operation, proved convolution theorem for new fractional integral transform 
and commutative semi group property of new convolution operation. At last the new 
fractional integral transform is applied to obtain the solutions of diffusion equation and 
heat-transfer problem involving conformable derivative. 
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1. Introduction 
The concept of integral transforms is originated from the Fourier integral formula. The 
importance of integral transforms is that they provide powerful operational method for 
solving initial and boundary value problems. The operational calculus of integral transform 
is used to solve the differential, fractional differential and integral equations arising in 
applied mathematics, mathematical physics and Engineering science etc. [2, 3, 7, 8, 9, 10, 
11]. In recent years, fractional order differential equations have become an important tool 
in mathematical modeling [1]. The idea of fractional is natural. ∂�/ ∂� and (∂��)/(∂��) 
exist, (∂�.
�)/(∂��.
) maybe exists too. Fractional equations can be used to describe 
some physical phenomena more accurately than the classical integer order differential 
equation [6]. Fractional differential equations (FDEs) provide a powerful instrument for 
the description of memory and hereditary properties of different substances. The fractional 
diffusion equations play an important role in dynamical systems of semi-conductor 
research, hydrogeology, bioinformatics, finance [5]. Khalil et al. defined conformable 
fractional derivative in [4] as given below.  

 Let � ∈ 
�(0, ∞), � ∈ (� − 1, �] for all � ∈ ℕ and ⎾�⏋ denote the smallest 
integer greater than or equal to � . The conformable fractional derivative of order � 
denoted by ��[�(�)] is defined as,  
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 ��[�(�)] = lim"→$
%(⎾&⏋'()()*")(⎾&⏋'&))+%(⎾&⏋'()())

" . 
 
                   = �(⎾�⏋+�)�(⎾�⏋)(�)                                    (1) 

 
In the next section we define new fractional integral transform. Also we derive 

some of its basic properties, obtain new fractional integral transform of conformable 
derivative and some functions. Define convolution operation, proved convolution theorem 
and semigroup property. 

 
2. New fractional integral transform 
Definition 2.1. Let Set ‘A’ define as, 

 - = {� ∈ ℒ0(ℝ*)/∥ �(�) ∥0,�= 3  
4

$ |��+0�(�)|6� ≤ 8;  
             �:; <:=> 8 > 0, ∀ � ∈ ℕ  AB6 � ∈ (� − 1, �]}. 

 The new fractional integral transform of a function � ∈ - of order � ∈ (0,1] is define 
as,  

 D�[�(�)](<) = E�(<) = 3  
4

$ >'FGH&
& ��+��(�)6�,                       (2) 

where D� is new fractional integral transform operator and < ∈ ℝ.  
 

Theorem 2.1. Let � ∈ - then new fractional integral transform D�[�(�)](<) = E�(<) is 
bounded and continuous for all < ∈ ℝ.  
Proof: It follows from the definition of new fractional integral transform that we have 
(i)  

|E�(<)| ≤ I  
4

$
J>'FGH&

& J |��+��(�)|6� ≤ I  
4

$
|��+��(�)|6� < 8, �:;  8 > 0. 

(ii)  

 |E�(< + ℎ) − E�(<)| = | 3  
4

$ (>'F(GNO)H&
& − >'FGH&

& )��+��(�)6�| 
 ≤ 3  

4
$ |>'FOH&

& − 1||��+��(�)|6� ≤ 2 3  
4

$ |��+��(�)|6� < 8. 
 Since limQ→$|>'FOH&

& − 1| → 0 for all � ∈ ℝ*, and hence  

 limQ→$|E�(< + ℎ) − E�(<)| = limQ→$ 3  
4

$ |>'FOH&
& − 1||��+��(�)|6� → 0. 

 This shows that E�(<) is a continuous.  
 

Theorem 2.2. Let �, R ∈ - , D�[�(�)](<) = E�(<), D�[R(�)](<) = S�(<)  and A, T  are 
any scalar then the following properties can be easily proved,  

 (A)        D[A�(�) + TR(�)](<) = AE�(�) + TS�(<)                   (3) 

 (T)        D[�(A�)](<) = �
U& E�( V

U&)                                    (4) 

 (W)        D[>FXH&
& �(�)](<) = E�(< − A)                                (5) 

 (6)       D Y�(�)W:< UZ&
� [ (<) = �

� [E�(< − A) + E�(< + A)]            (6) 

 (>)        D[�(�)<\B UZ&
� ](<) = �

�] [E�(< − A) − E�(< + A)].            (7) 
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Theorem 2.3. The new fractional integral transform of conformable fractional derivative 
of � ∈ ℒ�(ℝ*) of order � ∈ (0,1] is given by  

 D�[��(�(�))](<) = \<E�(<) − �(0),                                 (8) 
where ��(�(�)) ∈ - and D�[�(�)](<) = E�(<).  
 
Proof: Form the definition, we have  

 D�[���(�)](<) = 3  
4

$ >'FGH&
& ��+���+��^(�)6� 

 = −�(0) + \< 3  
4

$ >'FGH&
& ��+��(�)6� = (\<)E�(<) − �(0). 

 (i) The new fractional integral transform of >'XH&
&  for A ∈ ℝ as  

 D�[>'XH&
& ](<) = 3  

4
$ >'(FGNX)H&

& ��+�6� = 3  
4

$ >'(FGNX)_
& 6� = �

]V*U.       (9) 

 

 (ii) The new fractional integral transform of W:<ℎ(U)&
� ) for A ∈ ℝ as  

 D�[W:<ℎ(U)&
� )](<) = 3  

4
$ >'FGH&

& ��+�W:<ℎ(U)&
� )6� 

 = �
� 3  

4
$ (>'(FG'X)H&

& − >'(FGNX)H&
& )��+�6� 

 = �
� 3  

4
$ (>'(FG'X)_

& − >'(FGNX)_
& )6� = ]V

(]V)`+U`.                         (10) 

 
Now for �, R ∈ -, we define the convolution (� ⨳ R) as  

     (� ⨳ R)(�) = 3  
)

$ >'FG
& (Z&+)&)>'FG

& ()+Z)&(� − �)�+���+���+��(�)R(� − �)6�      (11) 

       = >FG
&)&��+�(�b ∗ Rd)(�),                                               (12) 

where  

       (�b ∗ Rd)(�) = I  
)

$
�b(�)Rd(� − �)6�, 

 for �b(�) = >'FG
& Z&��+��(�) and Rd(� − �) = >'FG

& ()+Z)&(� − �)�+�R(� − �). 
 

Lemma 2.1. Let �, R ∈ - then convolution (� ⨳ R) ∈ -.  
Proof: Let �, R ∈ -. From (2) and the definition of convolution (� ⨳ R) we have  

I  
4

$
|��+�(� ⨳ R)(�)|6� 

                   = I  
4

$
|��+� I  

)

$
>'FG

& (Z&+)&)>'FG
& ()+Z)&(� − �)�+���+���+��(�)R(� − �)6�|6� 

                    = I  
4

$
|>'FG

& Z&��+��(�) I  
4

Z
>FG

&)&>'FG
& ()+Z)&(� − �)�+�R(� − �)6�|6� 

                    = I  
4

$
|>'FG

& Z&��+��(�) I  
4

$
>FG

&(e*Z)&>'FG
& (e)&f�+�R(f)6f|6� 
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                     = I  
4

$
|��+��(�)| I  

4

$
|f�+�R(f)|6f6� ≤ 8�8� < 8, 

 
 where 3  

4
$ |��+��(�)|6� ≤ 8�, 3  

4
$ |f�+�R(f)|6f ≤ 8� for some 8, 8�, 8� > 0.  

 
Theorem 2.4. (Convolution theorem) 
Let �, R ∈ -  and D�[�(�)](<) = E�(<) , D�[R(�)](<) = S�(<)  then new fractional 
integral transform of convolution (�R) is given by 
  

 D�[(� ⨳ R)(�)](<) = E�(<)S�(<). 
 

Proof: Let �, R ∈ - . From the definition of new fractional integral transform and 
convolution (� ⨳ R) we have,  

D�[(� ⨳ R)(�)](<) = I  
4

$
>'FGH&

& ��+� 

        × (3  
)

$ >'FG
& (Z&+)&)>'FG

& ()+Z)&(� − �)�+���+���+��(�)R(� − �)6�)6� 

       = 3  
4

$ >'FG_&
& ��+��(�) 3  

4
Z >'FG

& ()+Z)&(� − �)�+�R(� − �)6�6� 

       = 3  
4

$ >'FG_&
& ��+��(�) 3  

4
$ >'FG

& (e)&(f)�+�R(f)6f6� = E�(<)S�(<). 
 

Lemma 2.2. The space (-, ⨳) is commutative semigroup.  
Proof: Let �, R, ℎ ∈ -  and (� ⨳ R) = �  and (R ⨳ ℎ) = h , we have to show that 
operation ′ ⨳ ′ is commutative and associative in -. 
(i)  Commutativity 

(� ⨳ R)(�) = I  
)

$
>'FG

& (Z&+)&)>'FG
& ()+Z)&(� − �)�+���+���+��(�)R(� − �)6� 

    = 3  
)

$ >'FG
& (e&+)&)>'FG

& ()+e)&(� − f)�+�f�+���+��(� − f)R(f)6f 
    = (R ⨳ �)(�). 
 

 (ii) Associativity 
     ((� ⨳ R) ⨳ ℎ)(�) = (� ⨳ ℎ)(�) 

            = >FG
&)&��+� 3  

)
$ >'FG

& Z&>'FG
& ()+Z)&(� − �)�+���+��(�)ℎ(� − �)6� 

            = >FG
&)&��+�(�d ∗ ℎj)(�) = >FG

&)&��+�((�b ∗ Rd) ∗ ℎj)(�). 
Similarly we have  

(� ⨳ (R ⨳ ℎ))(�) = >FG
&)&��+�(�b ∗ hd)(�) 

                                                = >FG
&)&��+� k�b ∗ lRd ∗ ℎjmn (�) 

                                               = > FG
&)&��+�((�b ∗ Rd) ∗ ℎj)(�). 

 
 This implies         ((� ⨳ R) ⨳ ℎ)(�) = (� ⨳ (R ⨳ ℎ))(�). 
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3. Applications 
In this section, we obtaine the solutions of diffusion equation and heat-transfer problem 
involving conformable fractional derivatives. 

 
Problem 3.1. For � ∈ ℒ�(ℝ*) and � > 0. The solution of the conformable fractional 
diffusion equation  

 ���(�, �) = o�ZZ(�, �)                                             (13) 
 �(�, 0) = �(�)                                                     (14) 

 is given by  

 �(�, �) = p �
qrs)& 3  

4
+4 �(t)>'&(_'u)`

vwH& 6t.                             (15) 

Solution: Let �(�, <)  and �d(x, �)  denote the new fractional integral transform and 
Fourier transform of �(�, �) respectively. Taking new fractional integral transform and 
Fourier transform of (13) and using (8), (14), we get  
 
 \<�d(x, <) − E(x) = −ox��d 

 �y(x, <) = z({)
]V*s{`. 

  
Taking inverse new fractional integral transform and using (9),  

 �d(x, �) = E(x)>'w|`H&
&      �:;   � > 0. 

 
Now using inverse Fourier transform we get,  

 �(�, �) = �
√�r 3  

4
+4 E(x)>'w|`H&

& 6x 

 
From the convolution property of Fourier transform, we have  

 �(�, �) = �
√�r 3  

4
+4 �(t)R(� − t)6t, 

 where R(�) = ℱ+�[>'w|`H&
& ] = p �

�s)& >'&_`
vwH&  for � > 0. 

Finally, we see that the special case involving impulsive initial condition 
�(�, 0) = �(�) and the property of delta function given by 3  

4
+4 �(t)f(t)6t = f(0), the 

solution (15) reduces to  

 �(�, �) = p �
qrs)& >'&_`

vwH& ,        � > 0,                                    

 where >'&(_'u)`
vwH&  is a good function.            

 
Problem 3.2 The solution of the conformable heat-transfer equation  

 
 −ℎ8�(�) = ��W0���(�) ,                                        (16) 
           �(0) = �,                                  �:; � ≥ 0,                      (17) 

where �-density, � -volume, W0 -specific heat of material, ℎ -convection heat transfer 
coefficient, 8-surface area of the body and � ∈ ℒ�[0, ∞),0 < � < ∞; � ∈ (0,1] is given 
by,  
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             �(�) = �>( 'O�
����)H&

& .                                          (18) 
Proof: Taking the new fractional integral transform of (16) and using (8), (17) we get,  

  
−ℎ8Θ�(<) = ��W0[\<Θ�(<) − �] 

 

                 Θ�(<) = �
(]V* O�

����) 

Taking the inverse new fractional integral transform of above equation and using (9) we 
get the required solution (18).             

 
4. Conclusion 
The new fractional integral transform is useful to solve the fractional differential equations 
involving conformable fractional derivative. 
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