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Abstract. In this paper, we have introduced the new fractional integral transform and
proved some of its basic properties. Then obtained new fractional integral transform of
some elementary functions and conformable derivative. Further, we define new
convolution operation, proved convolution theorem for new fractional integral transform
and commutative semi group property of new convolution operation. At last the new
fractiona integral transform is applied to obtain the solutions of diffusion equation and
heat-transfer problem involving conformable derivative.

Keywords: New fractional integral transforms; conformable derivative; convolution.
AMS Mathematics Subject Classification (2010): 26A33, 42A 38, 34A08

1. Introduction
The concept of integral transforms is originated from the Fourier integral formula. The
importance of integral transforms is that they provide powerful operational method for
solvinginitial and boundary value problems. The operational calculus of integral transform
is used to solve the differential, fractional differential and integral equations arising in
applied mathematics, mathematical physics and Engineering science etc. [2, 3,7, 8, 9, 10,
11]. In recent years, fractional order differential equations have become an important tool
in mathematical modeling [1]. Theidea of fractional isnatural. du/ dx and (0%w)/(9x?)
exist, (81°u)/(dx'>) maybe exists too. Fractional equations can be used to describe
some physical phenomena more accurately than the classical integer order differentia
equation [6]. Fractional differential equations (FDES) provide a powerful instrument for
the description of memory and hereditary properties of different substances. The fractiona
diffusion equations play an important role in dynamical systems of semi-conductor
research, hydrogeology, bioinformatics, finance [5]. Khalil et al. defined conformable
fractional derivativein[4] as given below.

Let f € C™(0,), a € (p—1,p] fordl pe N and [al denote the smallest
integer greater than or equal to a. The conformable fractional derivative of order a
denoted by T,[f(t)] isdefined as,
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s f( lal _1)(t+st( Fa’l —a))_f( fa’l _1)(t)
T.[f(®)] = lim - .

= ¢(lal —a)f( Fa’l )(t) (1)

In the next section we define new fractional integral transform. Also we derive
some of its basic properties, obtain new fractional integral transform of conformable
derivative and some functions. Define convolution operation, proved convol ution theorem
and semigroup property.

2. New fractional integral transform
Definition 2.1. Let Set ‘A’ define as,
A={f € LLRD/I () lpa= [, 1t PF(D)|dt < M;
forsomeM >0, VpeN and a € (p — 1,p]}.
The new fractional integral transform of a function f € A of order a € (0,1] is define
as,

PFOIE) = Fu(s) = 7 e =t 1), @

where P, isnew fractional integral transform operator and s € R.

Theorem 2.1. Let f € A then new fractional integral transfor®, [f (t)](s) = F,(s) is
bounded and continuous for alle R.

Proof: It follows from the definition of new fractional integral transform that we have

(i)

@© ist®

e a

[t 1f()|dt < foolt“'lf(t)ldt <M, for M > 0.
0

IFy(s)] < fo
(i)

. —i(s+h)t% —ist® 1
|Fa(s+h) —F()=1[, (67 « —e a )t f(Ddt|
—iht%

< [7le e — 1t O)ldt < 2 [ [t (8)]dx < M.

—int%
Since limy_,gle” « — 1| - 0 foral ¢t € R, and hence

o i
lim|Fy (s +h) = Fo ()] = lim [* e”a = 1]]e* *f(0)]de — 0.
Thisshowsthat F,(s) isacontinuous.

Theorem 2.2. Let f,g € A, P,[f()](s) = F(5), Py[g(t)](s) = G,(s) and a,b are
any scalar then the following properties can beilgasoved,

(@ Plaf(®) +bg(D(s) = aFy(P) + bGu () 3
) PU@IE) = ZFal) 4)
©  Ples fOIE) = Els - a) ©)
@) P[f(O)cos | (5) =3 [Fu(s — @) + Fuls + )] (6)
(@) PIAOsin=](s) = 5 [Fals — @) = Fa(s + @) (7)
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Theorem 2.3. The new fractional integral transform of conformalflactional derivative
of f € LY(R") of ordera € (0,1] is given by

PulTe(f @))](s) = isFa(s) — f(0), )
where T, (f(t)) € A and Py [f(£)](s) = Fr(s).

Proof: Form the definition, we have

PulTaf (D1(s) = [ & o1/ (p)de

=—fO) +is["e Z‘tat“_lf(t)dt = (is)Fa(s) — f(0).

—at?®

(i) The new fractiona integral transformof e =« for a € R as
—at® oo —(ista)t® a1 (o —(is+a)x 1
Pale @ ](s)=[, e & t¥Hdt=[ e @ dx = —. 9)
(i) The new fractional integral transform of cosh(%) for a e R as
a o ist? a
Palcosh(*)](s) = [ e« t Lcosh(“-)dt
. —(is—a)t% —(is+a)t%
=%f0 (e @ —e « t*ldt
1,00 —(is—a)x —(is+a)x is
= EIO (e a —e a )Hdx= —(is)z—az' (10

Now for f,g € A, wedefinethe qonvolution (f xg) as
(f % @) = [} ea @D (¢ - ya-iyeipi-argc —xyde (1)

= et (f x §) (1), (12)
where

t
(F*§)(O) = fo FG( - x)dx,
for f(x) = ew* xet f(x) and g(t —x) = e%t—x)“(t — )@ 1g(t — x).

LemmaZ2.l Let f,g € A then convolutionf x g) € A.
Proof: Let f,g € A. From (2) and the definition of convolution (f % g) we have

[ e = e
0
o t s a_ray " ~a
=f |t“-1f ew T e (TN (p _ yalya1tl-a £ () g (t — x)dx|dt
0 0
= f le e x* 1 (x) f eat ea 0 (¢ — )@ 1 g(t — x)dt|dx
0 X

=f e x*1f(x) f ea? ) e a9 (y)dy|dx
0 0
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- f XL ()| f Y Lg(y)ldydx < MM, < M,
0 0

where [7 [x*7 1 f(x)|dx < My, [, 1y* 19 (y)ldy < M, for some M, M;, M, > 0.

Theorem 2.4. (Convolution theorem)
Let f,g€ A and P, [f()](s) = F,(s), Prlg®)](s) = G,(s) then new fractional
integral transform of convolutioKif g) is given by

Fal(f % g)(D](s) = Fa(5)Ga(S)-

Proof: Let f,g € A. From the definition of new fractional integral transform and
convolution (f % g) we have,

@ —ist®
Pol(f % 9)(OI(s) = f e a et
x (f e—(" @ O ()L () g (¢~ x)dx)dt
= [T xa ) [0 e w I (£ - 1) 1g (e — x)dedx
= [0 e 20 [0 ew O () g () dydx = Fy(5)G(s).
Lemma2.2. The spacg4, %) is commutative semigroup.
Proof: Let f,gh€A and (f xg) =u and (g xh) =v, we have to show that

operation ' % ' iscommutative and associativein A.
(i) Commutativity

t s a _,ay IS a
(f % 9)(®) = f ¢ G T (et 1ma () (¢t — x)dx
= Jy 7 O T (= )y I (¢~ ) g (0)dy
—w%nw
(i) Associativity
((f % g) % W)(t) = (ux h)(t)

= eat t1- “f AP GoL (t — ) xTu(x)h(t — x)dx

. “- "‘(u*h)(t)=eE e (f < g) < (.
Similarly we have

(f % (g % W) = 5 C7(F D)0
— ez.tat1—a (f * (g\ % fAl)) (t)
= et 14 ((f x ) * R)(0).

Thisimplies ((fxg)xh)(t) =(f % (g % h)().
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3. Applications
In this section, we obtaine the solutions of diffusion equation and heat-transfer problem
involving conformable fractional derivatives.

Problem 3.1. For u € £L1(R*) and t > 0. The solution of the conformable fractional
diffusion equation

Tou(x, t) = AUy, (x, t) (13
o u(x, 0) = f(x) (14)
isgiven by
z oo —a(x-§)>*
u(t) = [ [0 f(©e e dg, (15)

Solution: Let u(x,s) and i(k,t) denote the new fractional integral transform and
Fourier transform of u(x,t) respectively. Taking new fractiona integral transform and
Fourier transform of (13) and using (8), (14), we get

isi(k,s) — F(k) = —Ak*Q
= _ F(k)

Taking inverse new fractional integral transform and using (9),
—AKk2t%

a(k,t) =F(k)e «  for t>0.

Now using inverse Fourier transform we get,
-Ak%t%

u(x, t) = % [2 F(kye @ dk

From the convolution property of Fourier transform, we have

u(x,t) = =7, f(©)g(x — s,

—Ak2t% o —ax?
where g(x) = F 7 l[e” « | = /waew“ for t > 0.
Finally, we see that the specia case involving impulsive initial condition
u(x,0) = §(x) and the property of delta function given by ffooo 6(&)y(&)dé = y(0), the
solution (15) reducesto

a —axz
u(x, t) = /Muaew“, t>0,

-ax=9H? .
where e +2:®  isagood function.

Problem 3.2 The solution of the conformable heat-transfer eipmat

—hM6(x) = pVcpTeB(x), (16)
6(0) =B, for B =0, (17)
where p-density, V-volume, c,-specific heat of material, h-convection heat transfer
coefficient, M-surface area of the body and 6 € £1[0,0),0 < x < o; a € (0,1] isgiven
by,
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G2
0(x) = Be PVer' *, (18)
Proof: Taking the new fractional integral transform of (16) and using (8), (17) we get,

—hMO4(s) = pVcy[isO4(s) — B]

Oq4(s) = %

(ls+chp)
Taking the inverse new fractional integral transform of above equation and using (9) we
get the required solution (18).

4. Conclusion
The new fractiona integral transform is useful to solve the fractional differential equations
involving conformable fractional derivative.
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