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Abstract. The total graph )(GT  of a graph ),(= EVG  is that graph whose vertex set is 

EV ∪ , and two vertices are adjacent if and only if they are adjacent or incident in G . For 
a fan graph nF1, , the graph mn FF 1,1, .  is obtained by identifying a vertex corresponding to 

1K  of nF1,  to one vertex corresponding to 1K  of mF1, . In this note, we investigate the 

Wiener index of the total graphs of mn FF 1,1, . , nmK , , nF1, , nF2,  and nCK W2 . 
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1. Introduction 
A fan graph nmF ,  is defined as the graph join nm PK + , where mK  is the empty graph on 

m  nodes and nP  is the path graph on n  vertices. The case 1=m  corresponds to the 

usual fan graphs, while 2=m  corresponds to the double fan graph. A bipartite graph is a 
graph whose vertices can be divided into two disjoint sets U  and V  such that every edge 
connects a vertex in U  to one in V , i.e., U  and V  are each independent sets. A 
complete bipartite graph nmK ,  is a special kind of bipartite graph where every vertex of 

the first vertex set is adjacent to every vertex of the second vertex set, where m  and n  
are number of vertices in the first and second vertex set respectively. Let G  and H  be 
two graphs. The cartesian product or product HGW  of G  and H  is a graph whose 
vertex set is the Cartesian product )()( HVGV ×  and any two vertices ),( uu ′  and 

),( vv ′  are adjacent in HGW  if and only if either   

    • vu =  and u′  is adjacent with v′  in H , or  
    • vu ′′ =  and u  is adjacent with v  in G .  
 For a graph ),(= EVG  if u , )(GVv ∈ , then the distance ),( vud  between 

u  and v  is defined as the length of a shortest u - v  path in G . The Wiener index of G  
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is defined as  

 ).,(=)(
},{

vudGW
Vvu

∑
⊂

 

 It is the oldest topological index and its mathematical properties and chemical 
applications have been extensively studied. The Wiener index was introduced by the 
chemist Harold Wiener in 1947 for explaining the correlation between the boiling points of 
paraffins and the structure of their molecules. It is a graph invariant much studied in both 
mathematical and chemical literature (see [12-14,17,21]). The concept of graph operator 
has found various applications in chemical research (see [8-11,16,18,19,22]). 

The total graph )(GT  of a graph ),(= EVG  is that graph whose vertex set is 

EV ∪ , and two vertices are adjacent if and only if they are adjacent or incident in G . It is 
introduced by Behzad & Chartrand [5]. Several properties of total graphs are investigated 
in the literature (see [1-4,6,7,15,20]). The total graph )(= GTH  of G  is shown in 
Figure 1. 

 
Figure 1: A graph G  and its total graph )(= GTH  

  We define a new graph operator mn FF 1,1, .  defined as follows: For a fan graph 

nF1, , the graph mn FF 1,1, .  is obtained by identifying a vertex corresponding to 1K  of nF1,  

to one vertex corresponding to 1K  of mF1, . The graphs 1,4F , 1,5F  and 1,51,4.FF  are 

shown in Figure 2. 
 

2. Wiener index of total graph of fan graphs 
Theorem 2.1. The Wiener index of the graph nFG 1,= ,  

 1.=)( 2 +− nnGW  
Proof: We know that 

 ).,(=)(
)1,(,

1, vudFW
nFVvu

n ∑
∈

 

,Therefore  

 1].2...3)(2)[(1).1(.1= ++−+−+−+ nnnn  

 1.= 2 +− nn  
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Figure 2: The graphs 1,4F , 1,5F , 1,51,4.FF  

Theorem 2.2. The Wiener index of graph )(= 1,nFTG ,  

 19.2010=)( 2 +− nnGW  
Proof: We know that  

 ),(=))((
))1,((,

1, vudFTW
nFTVvu

n ∑
∈

 

 ),(),(),(=
)1,(,

)1,(

)1,()1,(,

fedeudvud
nFEfe

nFEe
nFVunFVvu

∑∑∑
∈

∈
∈∈

++  

 ).,(),()(=
)1,(,

)1,(

)1,(
1, fedeudFW

nFEfe

nFEe
nFVu

n ∑∑
∈

∈
∈

++  

 
Here,  

 rem2.1)(usingTheo1=)( 2
1, +− nnFW n  

  

 675=),( 2

)1,(

)1,(

+−∑
∈

∈

nneud

nFEe
nFVu

 

 
and  

 12.124=),( 2

)1,(,

+−∑
∈

nnfed
nFEfe

 

Thus,  
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 12)12(46)7(51)(=))(( 222
1, +−++−++− nnnnnnFTW n  

 19.2010= 2 +− nn  
Hence,  

 19.2010=))(( 2
1, +− nnFTW n  

Theorem 2.3. The Wiener index of graph nFG 2,= ,  

 3.=)( 2 +nGW  
Proof: We know that  

 ),(=)(
)2,(,

2, vudFW
nFVvu

n ∑
∈

 

 1].22.....3)(2)[(21).1(.1.1= +++−+−++−++ nnnnn  

 3.= 2 +n  
Hence,  

 3.=)( 2
2, +nFW n  

 
Theorem 2.4. The Wiener index of graph )(= 2,nFTG ,  

 .
2

423733
=)(

2 +− nn
GW  

Proof: We know that  

 ),(=)((
))2,((,

2, vudFTW
nFTVvu

n ∑
∈

 

 ),(),(),(=
)2,(,

)2,(

)2,()2,(,

fedeudvud
nFEfe

nFEe
nFVunFVvu

∑∑∑
∈

∈
∈∈

++  

 ).,(),()(=
)2,(,

)2,(

)2,(
2, fedeudFW

nFEfe

nFEe
nFVu

n ∑∑
∈

∈
∈

++  

Here,  

 rem2.3)(usingTheo3=)( 2
2, +nFW n  

  

 47=),( 2

)2,(

)2,(

+−∑
∈

∈

nneud

nFEe
nFVu

 

and  

 .
2

283517
=),(

2

)2,(,

+−
∑

∈

nn
fed

nFEfe

 

Thus,  

 
2

283517
4)(73)(=))((

2
22

2,

+−++−++ nn
nnnFTW n  
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 .
2

423733
=

2 +− nn
 

Hence,  

 .
2

4213733
=)((

2

2,

+− nn
FTW n  

  
Theorem 2.5. The Wiener index of graph nm FFG 1,1, .= ,  

 2.)()(=)( 2 ++−+ nmnmGW  
Proof: We know that  

 ),(=).(
)1,.1,(,

1,1, vudFFW
nFmFVvu

nm ∑
∈

 

1).1(.21].2...3)(2)[(1).1(.1.1= −++++−+−+−++ nmnmmmnm  

 1].2.....3)(2)[( ++−+−+ nn  

2.)()(= 2 ++−+ nmnm  
Hence,  

 2.)()(=).( 2
1,1, ++−+ nmnmFFW nm  

 
Theorem 2.6. The Wiener index of graph ).(= 1,1, nm FFTG ,  

 41.)28()10(=)( 2 ++−+ nmnmGW  
Proof: We know that  

 ),(=)).((
))1,.1,((,

1,1, vudFFTW
nFmFTVvu

nm ∑
∈

 

 

),(),(),(=
)1,.1,(,

)1,.1,(

)1,.1,()1,.1,(,

fedeudvud
nFmFEfe

nFmFEe
nFmFVunFmFVvu

∑∑∑
∈

∈
∈∈

++  

 ).,(),().(=
)1,.1,(,

)1,.1,(

)1,.1,(
1,1, fedeudFFW

nFmFEfe

nFmFEe
nFmFVu

nm ∑∑
∈

∈
∈

++  

Here,  

 rem2.5)(usingTheo2)()(=).( 2
1,1, ++−+ nmnmFFW nm  

 12)10()5(=),( 2

)1,.1,(

)1,.1,(

++−+∑
∈

∈

nmnmeud

nFmFEe
nFmFVu

 

and  

 27.)17()4(=),( 2

)1,.1,(,

++−+∑
∈

nmnmfed
nFmFEfe

 

Thus,  



Pravin Garg and Shanu Goyal 

342 

 

12))10()(5(2))()((=)).(( 22
1,1, ++−++++−+ nmnmnmnmFFTW nm  

 27))17()4( 2 ++−++ nmnm  

 41.)28()10(= 2 ++−+ nmnm  
Hence,  

 41.)28()10(=).(( 2
1,1, ++−+ nmnmFFTW nm  

 
3. Wiener index of total graph of nCK W2  

Theorem 3.1. The Wiener index of the graph nCKG W2= ,  

 










+

−+

.,
2

2)(

,
2

1)2(

=)( 2

2

niseven
nn

nisodd
nnn

GW  

Proof: Since,  

 ),(=)(
)(2,

2 vudCKW
nCVvu

n ∑
∈

W  

To calculate )( 2 nCKW W , we consider two cases: 

Case 1: Suppose n  is odd. Then,  

 .1
2

1
.2

2

1
.....324.13=)( 2 







 +−+




 −++++ n
n

n
nnCKW nW  

Thus,  

 .
2

1)2(
=)(

2

2

−+ nnn
CKW nW  

 
Case 2: Suppose n  is even. Then,  

 






 +++














 −++++ 1
2

.
2

.31
2

......324.13=)( 2

n
n

n
n

n
nnCKW nW  

Thus,  

 .
2

2)(
=)(

2

2

+nn
CKW nW  

Theorem 3.2. The Wiener index of graph )(= 2 nCKTG W ,  

 2.93=))(( 23
2 ++ nnCKTW nW  

Proof: We know that  

 ),(=))((
))2((,

2 vudCKTW
nCKTVvu
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∈ W

W  
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∈
∈

++
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W

W
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To calculate ))(( 2 nCKTW W , we consider two cases: 

Case 1: Suppose n  is odd. Then,  

 rem3.1)(usingTheo
2

1)2(
=)(

2

2

−+ nnn
CKW nW  

 
2

1)12(3
=),(

2

)2(

)2(

++
∑
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nnn
eud

nCKEe
nCKVu

W

W

 

  .2=),( 23

)2(,

nnnfed
nCKEfe

++∑
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Therefore,  

 )2(
2

1)12(3

2

1)2(
=))(( 23

22

2 nnn
nnnnnn

CKTW n ++++++−+
W  

 .93= 23 nnn ++  
Case 2: Suppose n  is even. Then,  

 rem3.1)(usingTheo
2

2)(
=)(

2

2

+nn
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2

)2(
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nCKEe
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and  
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Therefore,  
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2

4)(3

2

2)(
=))(( 23

22

2 nnn
nnnn

CKTW n ++++++
W  

 .93= 23 nnn ++  
Hence,  

 .93=))(( 23
2 nnnCKTW n ++W  

 
4. Wiener index of total graph of nmK ,  

Theorem 4.1. The Wiener index of the graph )(= ,nmKTG ,  

 [ ].1)2()2)((31)2)((2
2

1
=)( 22 +−+−+++ mnnmmnnmGW  
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Proof: Since,  
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(1)
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 [ ].1)2()2)((31)2)((2
2

1
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5. Conclusion 
In this article, we have investigated the results related to the Wiener index of the total graph 
of five particular graphs, namely, nF1, , nF2, , mn FF 1,1, . , nCK W2  and nmK , . 
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