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Abstract. The total graphT (G) of a graphG = (V, E) is that graph whose vertex set is

V O E, and two vertices are adjacent if and only if taeyadjacent or incident i . For
a fan graphF, , the graphF, .F,  is obtained by identifying a vertex corresponding

K, of F., to one vertex corresponding i€, of F - In this note, we investigate the

Wiener index of the total graphs &% .F, ,, K F. F, and K;WC,.

,m? m,n’?
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1. Introduction

Afangraph F  is defined as the graph joiK, + P, where K is the empty graph on
m nodes andP, is the path graph om vertices. The casen=1 corresponds to the

usual fan graphs, whilen= 2 corresponds to the double fan graphigartite graph is a
graph whose vertices can be divided into two digjsetsU and V such that every edge
connects a vertex itJ to one inV , i.e.,, U andV are each independent sets. A
complete bipartite graph K is a special kind of bipartite graph where evesytex of

the first vertex set is adjacent to every vertexhef second vertex set, where and n
are number of vertices in the first and secondexeset respectively. Le&s and H be
two graphs. Theartesian product or product GWH of G and H is a graph whose
vertex set is the Cartesian prodé(G)xV(H) and any two verticequ,u’) and
(v,V) are adjacent ifGWH if and only if either

«u=Vv and U is adjacent withvV' in H, or

« U=V andu is adjacent withv in G.

For a graphG = (V,E) if u, vOV(G), then thedistance d(u,v) between

U and Vv is defined as the length of a shorteéstv path in G. TheWiener index of G
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is defined as

W(G)= > d(u,v).
{uvOv

It is the oldest topological index and its mathtozh properties and chemical
applications have been extensively studied. Then@fiendex was introduced by the
chemist Harold Wiener in 1947 for explaining theretation between the boiling points of
paraffins and the structure of their moleculess i graph invariant much studied in both
mathematical and chemical literatuseg([12-14,17,21]). The concept of graph operator
has found various applications in chemical resees8-11,16,18,19,22)).

Thetotal graph T(G) of a graphG = (V,E) is that graph whose vertex set is

V O E, and two vertices are adjacent if and only if thesyadjacent or incident is . It is
introduced by Behzad & Chartrand [5]. Several priips of total graphs are investigated
in the literature gee [1-4,6,7,15,20]). The total grapkl =T(G) of G is shown in
Figure 1.

1.4 .5

Fi g Fis
Figurel: A graph G and its total graphH =T(G)
We define a new graph operatéy .F, , defined as follows: For a fan graph
F .. the graphF, .F,  is obtained by identifying a vertex corresponding, of Fa

to one vertex corresponding t; of F .- The graphsF ,, F 5 and F ,F ; are
shown in Figure 2.

2. Wiener index of total graph of fan graphs
Theorem 2.1. The Wiener index of thegraph G=F,,

W(G) =n®*—n+1.
Proof: We know that

W(F,)= >, d(uv).

uveV (Fy )

Therefore
=nl+(n-1).1+[(n-2)+(n-3)+...+1].2
=n’-n+1.
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Figure2: The graphsk,,, F s, F ,F
Theorem 2.2. The Wiener index of graph G=T(F,,),

W(G) = 10n* —20n+19.
Proof: We know that

WTEN= > duv

UV (T(Fy )

= > duv+ > due+ > def)

UMV (Fy ) v (Fy ) e fOE(F )
eDE(Fy )
=W(F,)+ > due+ > d(ef)
uv (Fp ) e fOE(Fy )
eE(F )

Here,
W(F,,)=n*-n+1 (usingThedem2.1)

> d(u,e=5n"-7n+6
UDV(Fl,n)
@E(Fl,n)

and
> d(e f)=4n’-12n+12.

e TOE(F )

Thus,
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W(T(F,,)) = (n* =n+1)+(5n° = 7n+6)+ (4n’ —12n +12)

=10n%?-20n+109.
Hence,

W(T(F,,)) = 10n%-20n+19.
Theorem 2.3. The Wiener index of graph G=F,,

W(G) = n?+3.
Proof: We know that
W(F,)= > d(uv)
uMV (Fy )
=nl+nl+(n-1).1+2+[(n-2)+(n-3)+....+2+1].2

=n?+3.
Hence,
W(szn) =n?+3.

Theorem 2.4. The Wiener index of graph G =T(F,,),

N*-37n+42
> .

w(G) =3

Proof: We know that
WT(F,)= > duv)

UMV (T(Fy 1))
= > duv)+ > due+ > d(ef)
UM (Fp ) uv (Fp ) e fOE(F, )
e]E(Fz’n)
=W(F,,)+ > due+ > def).
UD‘/(Fz,n) e*fDE(Fz,n)
G]E(szn)
Here,
W(F,,) =n’+3 (usingTheoem?2.3)
> d(u,e) =7n’-n+4
uDV(Fz’n)
djE(FZ,n)
and
2
- +
Z d(e,f):17n 35n 28.
e fUE(F, ) 2
Thus,

17n*-35n+28

W(T(F,,)) = (n* +3)+(7n" -n+4) +
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_33°-37n+42
5 :

Hence,
3% -137+42

W(T(R,,) = 202

Theorem 2.5. The Wiener index of graph G =F,.F,

W(G) = (m+n)? —(m+n)+2.
Proof: We know that

WEFELF)= > duv

U’VDV(Fl,m'Fl,n)
=ml+nl+(m-1).1+[(m-2)+(Mm-3)+...+1].2+mn.2+(n-1).1
+[(n=2)+(n-3)+.....+1].2
=(m+n)®—(m+n)+2.
Hence,
W(F,,.F.,) = (m+n)® = (m+n) +2.

Theorem 2.6. The Wiener index of graph G =T(F,,.F, ),

W(G) =10(m+n)? - 28(m+n) +41.
Proof: We know that

WT(F.FR)= > duy

u,vov (T(Fl,m'Fl,n))

= > duv)+ > dueg+ > def)

“"’W(Fl,m-':l,n) UD\/(Fl,m'Fl,n) e'fDE(Fl,m'Fl,n)
@E(Fl,m":l,n)
=W(F,,.F,)+ > due+ > d(ef).
UDV(Fl,m'Fl,n) e’fDE(Fl,m'Fl,n)
eDE(Fl,m'Fl,n)
Here,
W(F,,.F.,) = (m+n)®=(m+n)+2 (usingThecem2.5)
> d(u,e) = 5(m+n)® —10(m+n) +12
UDV(Fl,m'Fl,n)
e]E(Fl,m'Fl,n)

and
> d(e f)=4(m+n)>-17(m+n) +27.

e fOE(Fy p-Fy )

Thus,
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W(T (F,, F.,)) = (M+1)° = (m+n) +2)+ (5(m+n)* ~10(m+n) +12)
+4(m+n)®-17(m+n) +27)
=10(m+n)*-28(m+n) +41.
Hence,
W(T (F,,,-F.,) =10(m+n)? - 28(m+n) +41.

3. Wiener index of total graph of K,WC,
Theorem 3.1. The Wiener index of the graph G = K,WC,,
n(n® +2n-1)

— 2
w(e) = n2(n+2)

,hisodd

, hiseven.

Proof: Since,
W(K,WC)= > duv)

UMV (2C,)
To calculateW(K,WC,) , we consider two cases:
Case 1: Supposen is odd. Then,

W(szvcn):sn.1+4n[z+3+ ..... +”7‘1}+2n.(“7‘1+1}

Thus,

2 —
W(szcn)zw_

Case 2: Supposen is even. Then,

Thus,
2
W(K,WC,) = @

Theorem 3.2. The Wiener index of graph G =T(K,WC,),
W(T(K,WC,))=3n>+9n*+2.
Proof: We know that
WTK,WC)= >  duv)

UMV (T(K,WC,))

= Y duw+ > due+ > d(ef)
UMV (KoWC) UV (K,WC,) e, fOE(K,WC,,)
eJE(K,WC,)
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=W(K,WC,)+ z d(u,e)+ z d(e, f)

uv (K,WC,) e, fOE(K,WC,,)
eJE(K,WC,)

To calculateW(T (K,WC,)), we consider two cases:
Case 1: Supposen is odd. Then,

2 —
W(K,WC,) = w (usingTheoem3.1)

3 d(u.e = n(3n® +12n+1)
UV (K,WC) ’ 2
eIE(K,WC))
> d(ef)=n*+2n*+n
e fOE(K,WC,))
Therefore,

2 49on- Z+12n+
W(T(K,WC,)) = n(n 22n 1) N n(3n 212n 1) +(n* +2n2 +1)
=3n*+9n° +n.

Case 2: Supposen is even. Then,

2
+
W(KZWCn)=M (usingTheoem3.1)
2
D d(u,e) = 3n°(n+4)
UV (K,WC ) 2
JE(K,WC,)
and
> d(ef)=n*+2n*+n
e,fDE(KZWCn)
Therefore,
2 2
W(T(K,WC,)) = n (r12+ 2) , 3n (2 4, (n*+2n?+n)
=3n°+9n®+n.
Hence,

W(T(K,WC,)) =3n>+9n°+n.

4. Wiener index of total graph of K,
Theorem 4.1. The Wiener index of thegraph G=T(K ),

W(G) = %[(2m2 +2)(n? +1) + (3mn - 2)(m+n) - 2(mn +1)|
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Proof: Since,
W(T(K,,.)) = Z d(u,v)
UV (T(K )
= Y duv+ Y def)+ Y d@ue.
u,vDV(Km,n) e,fDE(Km,n) uDV(Km,n),
&IE (K )
Now,
3 du,v) =mn(2) +(™c, -m)2)
u,vD\/(Kmyn)
> d(u,e) = 2mn(1) + (m(mn - n) + n(mn - m))(2)
UE’v(Km'n),e:E(|<m,n)
2 2 202 2. 2
Z d(e f) = m°n+n°m 2mn(1)+m n“—-mn-n m+mn(2).
e fOE(K ;) 2 2
Thus,
W(T(K,..)) = (mn(1)+(™"C, - mn)2))+ (2nmn(2) + (m(mn - n) + n(mn - m))(2))
2 200 2.2 2. 2
J{m n+n2m 2mn(1)+ m’n°-m n2 n m+mn(2)j

= %[(2"12 +2)(n? +1)+ (3m-2)(m+n) -2(m +1)]

5. Conclusion
In this article, we have investigated the resulated to the Wiener index of the total graph

of five particular graphs, namely, ., F,,, F..F ., K,WC andK_ .

m?
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