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Abstract. Solutions of the title equation are discussed, iarghrticular when allx;, are
even, p < g are primes, and,f are positive integers. The author [7] has shtivah
when all x; are distinct, even, and of the form € p“q’g, then the title equation has a
solution with k = 85. Our main result consists of an improvedutimh to the title
equation whenx are even,x € p‘d’ and k = 67. Moreover, the solution in [7]
contains seven distinct odd primes, whereas ictinent result this number is reduced to
the first six odd primes. Some madifications of thguation and questions are also
presented.
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1. Introduction
We consider the Diophantine equation in integers

ki1
Z—.Zl, Xp<Xp< -+ <X (1)
= Xl

when x = p“d, p<q are primes anda, are positive integers.

If all valuesx; in equation (1) are of the form =pqg (e« =p = 1), then the above
restriction imposed on the values immediately implies the fact thag + x for i # j.
Moreover, the converse of this statement is falser if x tx for i # j is true for all
values x in equation (1), then all valuex; need not be of the form = pg This
is shown in [2, Example 2 witlk = 79] for which the author received a reward&ifo
from Erd6s. Barbeau [1] gave an example of #gma(l) in which all valuesx are
of the form x =pg and k = 101. In [3, Example 1], the author provided &eotsuch
solution, but with k= 63. Finally, the author [6] constructed auioh of equation (1)
in which all valuesx; are of the formx =pq and k= 52. The results of the author in
[2] and those in [2, 3, 6] are respectively citefl1] and [12].

We note that in all the above solutions,akies x; are composed of odd and even
numbers. This leads us to investigate solutionseqtiation (1) when alk are odd,
and when allx; are even numbers.
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Among many problems concerned with equatigrare in particular those in which
X are odd numbers. It is mentioned [5], thatdhse of allx; are odd cannot be applied
to equation (1). However, when removing the reton that x = p“f, and applying
some modifications to equation (1) such as: fixalies k, fixed primes, more than two
primes occur and allowing certain exponents todre,at is established:
(i) For odd valuesx;, it is shown [4] that the smallest pbbsivaluek is
k=9, and for that valuk equation (1) has exactly five solutionih
x€3*5711 wherea<3.
(i) Itis easily verified that equation (1) $|ao solutions wher; € 3°5’. Therefore,
whenk = 11 and with the three smallest primes, namely 3°5°7’, it is shown
in [5] that equation (1) has exactlyeseen solutions.

2. Theimproved solution
In [7, Example 3], the author demonstrated a smhudif equation (1) in whiclk = 85,
X are evenx € p‘d’ wherep<q are primes and. are positive integers.

In this section, an improved solution of atjipn (1) is presented when are even,
having the same characteristics as above &mwd67. Furthermore, the solution in [7]
contains seven distinct odd primes, whereas theowep solution contains the first six
odd primes.

The following Table 1 consists of sixty-sevaumbers presented in seven rows. The
total of the numbers in each row is indicated ateahd of the row.

Tablel.

116 12|24 |48 |96 | 192 | 384 | 768 | 1536| 3072 | 6144 | 12288| 12

2110/ 20|40 |80 4

3114|2856 |112| 224|448 | 896 | 1792| 3584| 7168 | 14336| 28672| 12

4118|36| 72 | 144|288 | 576 | 1152| 2304 | 4608| 9216 | 18432| 36864 | 12

5122|4488 |176|352| 704 2816 7

6]|26|52]104)|208|416| 832 | 1664| 3328 6656| 13312| 26624 | 53248 12

7134|68| 136|272 | 544 | 1088| 2176| 4352 8

The sixty-seven different numbers contaiiredows 1 — 7 of Table 1 have the
following two properties:
() each number is even and of the fopfia’,
(i) the sum of their reciprocals is equal to 1.
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This can clearly be verified by means of a computdreast Common Multiple is
3136573440), but it can also be done directly bgeoving the following. Consider the
two sets of numbers:
S = {2,4,8, 16, 32, 64, 128, 256, 512, 1024,82,0M96},
T=4{3,5709, 11, 13, 17}.

The numbers irS are the first twelve powers of 2, and the $etcontains besides
the number 9, the first six odd primes. The s&§ are disjoint sets. Multiplying the
twelve numbers inS by each of 3,7, 9 and 13 i) respectively results in the numbers
inrows 1, 3,4 and 6. The numbers in row r2 m@oducts of the first four numbers in
S by 5 in T. Multiplying the first six numbers and also thghe number inS by 11
in T yield the numbers inrow 5. Finally, the nuntbierrow 7 are the products of the
first eight numbers irS by 17 inT.

Due to the property of the se®& and T and to the structure just described of the
numbers in rows 1 -7, itis evident that propeg() follows.

For (ii) observe that: all the multiplegpearing in Table 1 of a certain numihér
where M € T, occur in one and only one row. Computing the sifithe reciprocals in
each row, we obtain a fraction, the numerator oictvlis also a multiple ofM. After
simplification, the new fraction will have a denarafor which is a divisor of 4096. This
enables us to carry out the summation without apcaer.

The seven partial sums add up to 1.

3. Conclusion
The improved solution folds in itself at least tguestions.

Question 1. Let «,8 be positive integersp < q are primes, and = p’q’ are distinct
even integers. Ifk reciprocals 1 k& yield a sum equal to 1, what is the smallest
possible valuek ?

We presume thatk > 60.

Question 2. Let «a,8 be positive integersp < q are primes, anc = p“q’ are distinct
even integers. |k reciprocals 1 % yield a sum equal to 1, what is the minimal nemb
of odd primes required for such a solution ?

We conjecture that this number is six.
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