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Abstract. A non-empty subseAof positive integers {1,2,.n} is said to be relatively
prime if gcd(A) =1 Let r be a positive integer=1. A nonempty subset

AD{l,Z,...n} is r-relatively prime if greatest™ power common divisor of elements

of A is 1. In this case we writgcd, (A)=1. Note that gcd(A)=1 implies

ged, (A) = 1 but the converse need not be true. Let) (n) denotes the number of

relatively prime subsets ({ﬂ., 2, n} and fk(r) (n) denotes the number ofrelatively

prime subsets oﬁl, 2, ...,n} of Cardinalityk. CD(n) denotes the number of non empty
subsetsA of {1, 2, ...,n} such thatgcd(A) is relatively prime to. ®, (n) denotes
the number of non-empty subsefsof Cardinalityk of {1,2,...,n} such thatgcd( A) is
relatively prime ton. We definedJ(r) (n) to be the number of non-empty subsétef
{1, 2, n} such that greatesrtth power common divisor of elements Afandn is 1.
®{ (n) is defined as the number of subseisf {1, 2, ...,n} such thatCard( A) =k
and gcd, (A) is r-relatively ton. @) (n) and ®{" (n) arer-generalizations ofb(n)

and CDk(n) defined by Nathanson [2]. Exact formulas and aggiigp estimates are

obtained for these functions. These results atensions of results of Nathanson [2].
Some of our proofs use the r-Generalization of Mslinversion formula.
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1. Introduction
For a nonempty subsehof {1,2,...,n } let gcd(A) denote thegcdof the elements of

A. Nathanson [2] defined a non empty subBaif {1,2,...,n} is relatively prime if
gcd(A)=1.Letf (n) denote the number of relatively prime subsetfl(f,...,n} and

for k=1, fk(n) denote the number of relatively prime subsets bR2{..,n} of
cardinality K . Letfb(n) denote the number of non empty subgktdf {1,2,...,n} such
that gcd(A) is relatively prime to n and for integér=1,®, (n) denote the number

of non empty subset&of {1,2,...,n} such thatgcd(A) is relatively prime to n and
card (A)=k. Nathanson[2] obtained the exact formulas andn#sytic estimates for

these four fuctions. In this paper ,we define timecfions £(r) (n), fk(r) (n) ,CD(r) (n)

and qbk(r)(n) and obtain exact formulas and Asympotic estimdtgsthese four

functions. We deriveMobius Inversion Formula r- Generalized Versiorobtain Exact
formulas.

Definition 1.
Mobius functionr -analogue
1 ifn=1

t (n)=4(-1)° if n=p{p5..p5 wherep; p, , ..ps are distt primes
0 otherwise.

Theorem 1 For all positive integes = 2"
Is
f(r)(n)SZ”— 2" ], (1)
For positive integers1 > 2" andk,

(0 (n) < [”J— [ﬂ . 2)

k

Proof: The set{l, 2,3.., 2, n} contains the se{tZr, 2x 2 | [er} 2} which

has no subset that is-relatively prime. Therefore among 2 -1 non-empty subsets

.
of {1, 2, n} those which contain any one of tlin/2 ] —1 non-empty subsets of

{Zr, 2x 2 | [2%} 2} are notr -relatively prime. Hence
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f(r)(n) < (2”—1)— i"'r}—l = 2- sz} which proves (1). Similarly,

figr)(n) < (nj_ [2%} . We now find a lower bound forf(r)(n) and flsr) (n).
k

If 10A, AD{l, 2, n} then A is r -relatively prime. There are2n_1 sets
AO{1, 2, ..,n} with 100 A.Hencef(r)(n) > 2" ®)
Letn=3". If 10A, 2 OA, 30A thenAis r -relatively prime and hence

(0 (n) 2 214 73 (4)
Let n=5". If 10A, 30A, but 20A , 50A thenA is r -relatively prime and
there are2"™* such subsets. Agaibd A, 2 OA, but 80A , 50A then A is r -

relatively prime and there a@™* such subsets. Hence
f(0(n) 2 L4 N3k 4 = FL 72 (5)

‘ -1) (n-3 -4
O ¢ (134270

Exact formulas and asymptotic estimates
Let [x] denotes the greatest integer less than or equalsit x>1 andn =[x| then

{ﬂ - {%} = E} for all positive integers.

2. Mobius inversion formula r- generalized version

Similarly

Theorem 2. Let F(r) (X) be a function defined fox =1 and define the function

(") (x) for x=1 as G(r)(x) = ¥ F(r)(irj where the summation is over all
1<d" <x d

positive integersl whered" < x

and F(r) (x)=0= G(r)(x) if xJ(0, 1) . Then for all intersl whered" < x,

= x F(x) o flg= 5 pufor)el(x)

1=d" <x 1<d’ <x
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Proof: AssumeG(r)(x): > F(r)(iJ

1<d’ <x d’
Consider
M=z wl)ex)= 2 wlo) 2, )
1<d’ <x d 1=d" <x Kth< X td

Conversely, Assum(F(r)(x)= ) ,ur(dr)G(r)(irJ
1<d" <x d
i (N x) = r Nl _x_
Consider EerSXF o ]Sdzr<xyr (d ) Etréi,ur (d )G T
= X G(r)(irj > ot
1<u’<x u tr/ur
=6 (x).
Theorem 3. For all positive integers = 2",
Wy f(r)([lD:Z”—l ™
1<d"<n d’

and (i) £()(n)

I
g/
=
—_
Q
~
N
1
25
1
|
=

(8)

For all positive integers = 2r ,kandr =21,

T
and  (if{)(n)= ¥ ur(dr)[[dﬂ] oL
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Proof. Let Abe a non-empty subset{ﬂf, 2, n} and greatestth power common

divisor ofAis d". Then Al = ir* A= {i/aD A} is r -relatively prime subset of
d d
{1, 2, .., [dlr}} Conversely, ifA1 is I -relatively prime subset {:1, 2, .., [d—r‘r}} ,

then A=d"* Al = {dr @/aD Al} is a non-empty subset ¢1, 2, ..,n} with greatest
h power common divisor ok equals tal". Therefore it follows that there are exactly

f(r)([der subsets of1, 2, ..,n} with greatest ™" power common divisat" and

hence Y f (r) ([%D = 2" — 1 which proves (7). We apply Theorem (2) to the
1<d"<n d

functionF(r)(x) = f(r)([x])for all x=1we defineG(r)(x) = 3 F(r)(ij

3. ] -

By Theorem (2) f (") ([(x)=F ( )= Z Hr (dr)G(r)([LD

n
f(r)(n):n > ,ur(dr) Z{dr}—l which proves (8).
1<d"<n

We now prove (9) and (10).
Note thatf,Er)(n)=#{AD{1, 2, ..n} :Cardh=k , ggqA)= }!

Let ALl {1, 2, ...,n} withCardA = k and greatesrth power common divisor of is

1,._la
equals tod". LetA'= - A—[dr/aDA]- ThenAID{l, 2 {Lr}}
d
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CardAl = CardA=k andgcd; (Al) = 1.Conversely,if Al D {1, 2, ..., [dlr}} and

CardAl =k ,gcqj(Al) = thenA=d" * Alis such thaCardA =k and

ged, (A)=d".
There is1—1 correspondence betweénrelatively prime subsets

Al O {1, 2, ..., [lr}} of Cardinalityk and the non-empty subsétf {1, 2, ...,n}
d

with gcd, (A)=d" and CardA=k Hence ¥ fk(r)([lD :(nj which
1=d"<n K
proves (9).

n
By Theorem (1) we havék(r)(n)= > U (dr) [dr} which proves (10).
1<d"<n Kk

Theorem 4. For all positive integersn=2" ,r we have

2n_i:ﬂ_n[ieﬂ < f(

Proof: For n=2" we have by equation (72" -1 = > f {LD
1<d"<n

105 5 1)
£(7) (n) + izﬂ N Dieﬂ

-] ez 8
combining this with equality (12" - Z["er 2 < £(1) (n)< 2~ 2" ]
Theorem 5.For all positive integersi>2" , k and r

O] s = ) e

k k

Proof: By equation (9) X fk(r) qder = (Ej

1<d"<n

(11)

This implies 2"

IN
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e (- 002} 2 2]

Therefore (Ej— [2%} -n {%} < fér)(n) < (nj_ [?} by equation (2).

k

3. A Phifunction for sets and itsr-generalization
Nathanson [2] defined Phi function for sets, deddﬂyed:(n) to be the number of non-

empty subset#\ of {1, 2, 3, ...,n} such thatgcd(A) is relatively prime ton. For
example for distinct primgsandq we have

2
o (p)=2P-2, qD(pZ):ZO -2, o(py)= M- 8- B+ :
Note that®, (n) = ¢(n) for all n=1.We define, for a positive integer= 1, CD(r) (n)

to be the number of non-empty subsktsf {1, 2, n} such that greatestth power
common divisor oA andn is 1. For example for distinct primes p and q,

¢(r)(pr):2pf ~2

Corollary 6. If F(r)(n) and G(r)(n) are arithmetic functions, then
D= s £O(n) - g0 (m= el o
6" (n) dfz/nF (drj F)(n) drz/nyr(d e (dfj'

Proof: Assume G(r)(n): Y (1) lrj
d"/n d

Consider Y ,ur(lrj: > ,ur(dr) 3 F(r)( n j
d"/n \d d"/n tr/dir




G. Kamalaand G. Lalitha

- 5 (2] 5 p(d)=Fm)

u/n u’ d"/uf

Conversely, assume F(r)(n) = Z/ yn (dr)G(r)(dirj.
d"/n

Consider Y F(r)(ij: 3 D ,ur(tr)G(r)( n j

d/n

Theorem 7.For all positive integers, r > 1,

5 cb(r)(ij:z”—l. (13)
d"/n d’
n
aiso o) (1) =1andforn22" o (n)= ¥ 4 (df) 2d" _1q|. (14)
d" /n
Proof: For everyr™ power divisord" of n we define the functiorqy(r)(n, d) to be

the number of non-empty subseisof {1, 2, ...,n} such that greates[th power

common divisor oA andnisd', i.e.

t//(r)(n, d):ﬁ{AD{l, 2, .0} A#g, and gp(iAD{n}):dr}

Then(//(r)(n, d):CD(r)(dirjand hence2" —1= Z/ l//(r)(n, d)= Z‘/ (D(r)(dirj
d'/n d'/n

n
which proves (13). This implie@(r)(n) = Z/ Uy (dr)[Zdr —1] (by using corollary
d'/n

(6)) which proves (14).

Theorem 8. For positive integens = 2" |, k andr

EAICRt
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and CDE:) (n)= drz/n Hy (dr )[d_rJ (16)

k

Proof: For everyrth power divisordr of n we definel//lgr) (n, d) to be number of

subsetsA of {1, 2, n} of Cardinality k such that greatestth power common

divisor of Aandnis d'.
That is

t/lﬁr)(n, d)=#{AD{1, 2,..np A=k and gr,:(ﬂA)D{n})r =dr}

Note thatz//lgr)(n, d) :qp(kr) 1j

dr
3 t//i((r)(n, d):(n]= Y cp(kr (lrj which proves (15).
d"/n K d"/n d
n
Using Corollary (6), we getqbg(r)(n): S U (dr) d" | which proves (16).
d"/n k
A
Theorem 9.Letn> 2" . If niis odd thend(") (n)=2"+0|n. 3. (17)
n in}
If zr‘n, cp(r)(n):zn—z2r +0|n.23 1. (18)
Proof: We have &' )( #{AD N/ A2p, god A = r} where
gcdr(dr, )= :

the summation is over! power of integed which satisfy the conditidh< d' <n

- drgzl f(r)qdirD

gcdr(dr ,n): 1.
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If nis odd, then Cb(r)(n): f(r)(n)+ f(r)qﬂrDJr > f(r)qdirD

2 Jd<d"<n
gc:df(dr ,n)=1

Ei niﬂ} L?Lo[ Lﬂ}m[n .Lﬂ}

n
=2"+ O[n.ZLr } (Using equation (11)) which proves (17).

If Zr‘n, then CD(r)(n): f(r)(n)+ f(r)(£j+ g f(r)qlD

2r
¢ o)) 4o
=| 2"-22" +0| n.23 ] ||+0[n.2¥
n in}
=2"-22" +0| n.23" | |which proves (18)

Theorem 10. If 2" } nand n is sufficiently large then

qn(kr)(n) :(E}o(n[[g%}ﬂ (19)
k
If 2 ‘ n then CD(kr)(n) = (Ej —[E%J + o{n[{fm (20)

Proof: We have

CD&r)(n): Ler #{AD{L 2, ..np 1 #A=K gqo(A):df}
gcdr(dr,n)=1
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= = s

gcdf(dr ,n)=1

By theorem (4), fér)(n)=(nj— [2%} +0 n“

)k

}

~ W«|3

Thereforeqb(kr)(n):[zj— er +0| n [3%} ]
k

if 2" ¥ n ¢$(r)(n):(Ej+O n L%}
k

4. Conclusion

In conclusion we have obtained effective formulas get the exact number of r-
relatively prime subsets of {1,2,...,n} and numbafr non empty subseté of
{1,2,...,n} such thatA is r-relatively prime to n by deriving Mobius viersion formula
r- generalised version.
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