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Abstract. In this paper we introduce relatively prime domingtset of a graph G. Let G
be a non-trivial graph. A setl8V is said to be relatively prime dominating seit ils a
dominating set with at least two elements and f@re pair of vertices u and v in S such
that (deg u, deg v) = 1. The minimum cardinalityaofelatively prime dominating set is
called relatively prime domination number and itdinoted byy, ,(G). If there is no

such pair exist they ,(G)= 0. We characterize connected unicyclic graphbwjt (G)
=2 and also we prove thgt,(K , ) = 2iff (m, n) =1 anderd(E)n) = 2 for n=4.
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1. Introduction
By a graph G = (V, E) we mean a finite undirectemp without loops or multiple edges.
The order and size of G are denoted by p and @césply. For graph theoretical terms,
we refer to Harary [2] and for terms related to dwation we refer to Haynes [3]. A
subset S of V is said to be a dominating set ifi €&éry vertex in V- S is adjacent to at
least one vertex in S. The domination nump@s) is the minimum cardinality of a
dominating set in G.

Berge and Ore [1,6] formulated the concept of datiim in graphs. It was
further extended to define many other dominatidateel parameters in graphs.

A graph which contains exactly one cycle is callaghicyclic graph. A branch at
v in G is a maximal connected subgraph B of G dhehthe intersection of B with the
vertex v is v and B-v is connected [8]. The disead{u, v) between two vertices u and v
in a connected graph G is the length of a shodestpath in G. The diameter of a
connected graph G is the maximum distance betweewértices of G and is denoted by
diam(G). Many other domination parameters in dotimmatheory were studied in [5, 7].

In this paper we define relatively prime dominatis;fgyrpd(G) and initiate a study of
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this parameter. We obtaip, ,(G) for various classes of graphs. Now consider the
following results, which are required in the suhsat section.

P _
Theorem 1.1. [1] For any G,[F(GJSV(G)S p—A(G).

Theorem 1.2. [6] If a graph G has no isolated vertices th€() sg.

Notations. Consider a cycle G= (v, Vs, ..., ) (clock-wise). For our convenience we
denote it byCr(Vl) . Identifying an end vertex of pathg, Bt v and R at v, then Cr(vl) is
denoted byCr(Vl) ©, ..., By 0, ..., R 0O, ..., 0). Identifying an end vertex of pathsdhd
Ps at the vertex,ythenC, , is denoted byC,, , (O, ..., R\UP5 0, ..., 0).

The graphs &, (0, 0, B, Ps), Csy (0, 2BUP;, 0, 0), G (0, 2 BUPs, P, P3)
and G (4P,, 2P, 3R,) are given in figure 1.

= &

Cay) (OTO’ B, P) Gy (0,2 RUP;, 0, 0)
° . o Y
v
Ca) (0, 2 BUP;, P, Py) G (4P, 2R, 3R)

Figure 1:
Result 1.3. For n=2, y(Pn)= 2.
2. Definition and example

Definition 2.1. A set SLIV is said to be relatively prime dominating setitifis a
dominating set with at least two elements and f@re pair of vertices u and v in S such
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that (deg u, deg v) = 1. The minimum cardinalityaofelatively prime dominating set is
called relatively prime domination number and iléoted byy ,(G).

Example 2.2. Consider the connected graph G given in figurel@ay {vi, vi, Ve} is a
minimal dominating set and (dfy d(w)) = (1, 3) = 1, (d(y), d(w)) = (1, 5) = land
(d(vg), d(W)) = (3, 5) = 1. By definition, {y, v4, Ve} is a relatively prime dominating set
and hencey, ,(G)= 3. Also y(G) =vy,,4(G) = 3.

o— ® * Vs

10 Vg

Figure 2: The graph G

Example 2.3. Consider the disconnected graph G given in figur€l8arly {w, v3} is a
dominating set and (d{i d(w)) = (1, 2) = 1. By definition, {y, v} is a relatively prime
dominating set and henge,,(G)= 2.

R

Figure3:
Example2.4. Forn =2,y ,(K,)= 2 and for n > 2y (K ) = 0.

Observations 2. 5.
1.For any graph G of order at least,,(G) 20 andy, ,(G) # 1.
2. Ify,4(G) #0 theny(G) < v,,4(G).
3. For any k-regular graph (k >1) @, ,(G)=0.

Example 2.6. Consider the connected graph G given in figure léaBy {v,, vs} is a
minimal dominating set and hengés) = 2. Also {v, vs, Vs} is @ minimal relatively

prime dominating set and hengg,(G) = 3 >y(G).
Vi

Vg \%3

5 Va

361



C. Jayasekaran and A. Jancy Vini

Figure4:
Definition 2.7. [6] A branch at v in G is a maximal connected sapbrB of G such that
the intersection of B with the vertex v is v and/Bs connected.

Notation 2.8. [6] Let v be a cut vertex of a connected graph G. LeBg ..., B be the
branches with i n,, ..., n. number of copies at v in G, respectively. In tbése we
denote the graph G by G(v;Bi, n.B,, ..., nBy).

Example 2.9. Consider the graph G given in figure 5.0. Therefate distinct branches
B1, By, Bsand Bat v in G and they are given in figures 5.1, 5.3,d&nd 5.4, respectively.
Therefore, G = G(v; 2B B, Bs, By).

G(V1 28.].1 821 B31 B4)

Figure5.0: G

\"
DV
\
\

{ Figure 5.1: B, Figure 5.2: B, Figure5.3: B3 Figure5.4: B4

3. Main results
Theorem 3.1. For a connected unicyclic graph &, (G) = 2iff Gis one of the graphs

(1)C3(V1) (mP;, nR,, 0) where (m+2, n+2) = 1 and mx1

(2) Cs(vl) (Kim NP, O)where(m, n+2) =1 anda®, n> 1

(3) Cs(vl) (mP;, 0, 0) and m=1

(4) CS(Vl) (Kim 0, 0) where either m is odd or even but not aipialof 3
(5) CS(Vl) (mP,UKjy,, 0, 0) where (m+3, n) =1 and g, n>2
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(6) C4(V1) (mP,, nR, 0, 0) where (m+2, n+2)=1 and m21

(7 C4(V1) (mP,, 0, nB, 0) where (m+2, n+2) =1 and m21

(8) C4(V1) (mP;, 0, Ky, 0) where (m+2, n+1) = 1 Eland r=2

9 C4(V1) (mP,, 0, 0, 0) where m is odd

(10) C4(V1) (Kim 0, 0, 0) where mis odd

(11) Cs(vl) (mP, 0, nB, 0, O)where (m+2, n+2) =1 and m2i
(12) CS(Vl) (mP;, 0, 0, 0, 0) where m is odd

(13) C6(V1)(mP2, 0, 0, nB, 0, O)where(m+2, n+2) =1 and mx1
(14) CG(VI) (mP, 0, 0, 0, 0, 0) where (m+2, 2) =1 and m is odd
Proof: Let G be a connected unicyclic graph with cycle Kty (G)=2.1fn =7
then the cardinality of every dominating seki8 and hence = 6.

Casel.n=3
Let wv,v3vs be the cycle € If d(v) = 3, 1<i<3, then erd(G)Z 3. Hence at most two
vertices, sayand v can have degree 3.

Subcase 1(a) d(vy) > 3 and dv,) >3
In this case, @(3) = 2. Since G is unicyclic graph, the branches,and v are trees other
than the branch which contains the cycle I€all branches are,Rhen G ing(Vl) (MmP,,

nP;, 0) where m and n are the number géRt v and v, respectively. {m+2, n+2) =1
then{v,v,} is a relatively prime dominating set of G. ThusisGs(vl) (mP,, NPk, O)where
(m+2, n+2) = &and m,n> 1.

Clearly at most one branch can be different fromotherwisey (G)= 3. Let
B # P, be the tree branch at.\Let u be the vertex adjacent tgrvB. Sinced(v,)>3, any
relatively prime dominating set must contain If d(v,) > 4 then erd(G)Z 3. Hence
d(v;) = 3. Sincey,4(G) =2 andd(u}> 2, any relatively prime dominating set must
contain u. Clearly all branches at u argsB®ther than the branch which contains the
cycle G. In this case G i£3(vl) (Kym NR, 0). If (M, n+2) = 1 then {u, 3 is a relatively
prime dominating set of G. Th@& is Cs(vl) (Kym NP, 0) where(m, n+2) = landm> 2, n
>1.
Subcase 1(b) d(vy) >3

In this case, d@y = d(w) = 2. If all branches at;\wther than the cyclic branch arghen
{u, v} is a relatively prime dominating set of G wheresw@aivertex adjacent tq in P..

In this case G i€, ,,, (mP, 0, 0) where ni1.
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Suppose at least two branches abther than the cyclic branches are nghén
Y4(G)=3. Hence exactly one tree branch, say Bas not B. Let u be the vertex

adjacent to yvin B. If d(u)= 2 then each branch at u ig &her than the cyclic branch
which contains gotherwisey, ,(G)= 3. In this case G =€33(V1)(K1,m, 0, 0). Clearly {u,

vi} and {u, v} and{u, vs} are minimal dominating sets. If m is odd then @1 and if
m is even and m is not a multiple of 3 then (m=3) Thus G :Cs(vl) (Kym 0, 0) when m

is odd or m is even but not a multiple of 3.
If G has more than one tree branch @hvG then G £3(V1) (mP,UK4,, 0, 0). If

(m+3,n)=1 then {y,u} is a relatively prime dominating set of G. Tkﬂs:C3(v1) (mrRU
Kim 0, 0) where (m+3, n)=1and &l, n=2.

Cae2.n=4
Let wiv,ovav,av; be the cycle ¢ If d(v) > 3 for any three vertices then erd(G)Z 3and
hence at most two vertices can have degrée

Subcase 2.1. Two vertices have degree3
Here we consider the two sub cases either thegzdiaeent or non-adjacent.

Subcase 2.1(a) Adjacent

Let the vertices bejvand . Then d(y) > 3 and d(¥) > 3. In this case d§y = d(v) = 2.
Since G is unicycle graph, the branches,and yare trees other than the branch which
contains the cycle £Suppose BZ P, be a branch at;in G. Then any dominating set has
at least one vertex from B other thanthe vertex ¥ since d(y) > 3 and y. This implies

thaty,,(G)=3and hence each branch atig P.Similarly, each branch of,vs P.
Hence G :C4(v1) (mP,, NP, 0, 0) where m and n are the number g6 Rt v and v,
respectively. Clearly {§ v,} is aminimal dominating set. If(m+2, n+2) = 1 thén,v,}

is a relatively prime dominating set. Thus GI4-—(V1) (mP,, nB, 0, O)where (m+2, n+2) =1
and m, r= 1.

Subcase 2.1(b) Non—adjacent

Let the vertices bevand . Then d(y) > 3 and d(¥) > 3. In this case d§y = d(w) = 2.
Since G is unicycle graph, the branches,and are trees other than the branch which
contains the cycle LIf all the branches at\and ¢ are B's other than the branch which

contains the cycle fhen G :C4(V1) (mP,, 0, nB, 0). If (m+2, n+2) = 1 then {y v3} is a

relatively prime dominating set. Thus G:f(vl) (mP,, 0, nR, O)where (m+2, n+2) = 1 and

m, n> 1.

Suppose there are two tree branchearil B which are not Peither at y or v,
or both. Then any dominating set has at least enex from each of the branchesdhd
B, other than v and ¢ and at least two vertices from {vv,, va, V4,} and hence
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yrpd(G)z 4 which is a contradiction. Therefore, at most oee foranch say B P; at »
in G. If there is a branch,Pther than B atyin G then any dominating set has the
vertices v, v; and at least one vertex from V(B) zand hence{rpd(G)z 3 which is a

contradiction. Therefore, exactly one tree branamely B#Z P, at » in G. Let u be the
vertex adjacent togvin G. Since d(y) > 3 and all branches at are B, any minimal
dominating set contains the vertex Bincey,,(G)=2and d(u)> 2 the minimal
dominating set is {y u} and all the vertices adjacent to u other thgare end vertices
and hence B = K, n> 2. This implies that G £4(V1) (mP,, 0, Ky p, 0). If (m+2, n+1) =

1 then {u, v} is a relatively prime dominating set. Thus GG; w) (mP,, 0, Ky 1, 0)
where (m+2, n+1) =1m1 and r> 2.

Subcase 2.2. One vertex has degre&

Let the vertex be vwith d(w) > 3. Then d(y) = d(w) = d(v) = 2. If diam(G}2 6 then
cardinality of every dominating set B83. Therefore, diam(& 5. Since d(y > 3,
diam(G)= 4. Therefore, diam(G) = 4 or 5. If diam(G) = 4nheny branch B at;wther

than the cyclic branch is,PLet m be the number of,B at w. Then G :C4(V1) (mP,,0,
0,0). If (m+2, 2) = 1 then m is odd and henceg {} is a relatively prime dominating set.
Thus G :C4(V1) (mP,, 0, 0, 0) where m is odd. Suppose diam(G) = 5d{mgd>3. Since G

is unicyclic, each branch at ether than Cis a tree. Since diam(G) = 5, one tree branch
at vy must be K ., (m> 2) with centre & v;. If d(v;) >3 then any minimal dominating

set has u, v¥and one of ¥ v; and v and henceyrpd(G) >2. This implies that d¢y = 3
and G :C4(V1) (Ky, m 0, 0, 0), n& 2. Clearly, {u, ¢} is a minimal dominating set with
d(uy=mand d@® = 2. If m is odd then (m, 2) = 1 and hence {§},i8 a relatively prime
dominating set ang _,(G) = 2.

Case3. n=5
Let vivovavavsv; be the cycle € If d(v;) > 3 for at least 3 vertices(v=1 to 5) then

Ya(G)= 3and hence at most twgs/can have degree3.

Subcase 3.1. Two vertices have degree3

Let v and y (i #j) be the vertices such that ¢g(¥ 3 and d()) > 3, 1<i, j<5. Since G is
unicyclic, each branch at and yis a tree. Suppose BP.s a branch at;vThen any
minimal dominating set has two vertices from,{v,, Vs, V4, Vs} and one vertex from
V(B)-vi and hence, ,(G) = 3which is a contradiction. Therefore, each branch istP.
Similarly each branch atis P.. If d(v, vj) =1 theny,,(G)= 3which is a contradiction.
Hence d(v V) is either 2 or 3. Without loss of generality wayrassume that d(w;) = 2
and let y=v; and y = vs. This implies that G :C5(v1) (mP,, 0, nB,0, 0). If (M+2, n+2)
=1 then {u, v3} is a relatively prime dominating set of G. ThuszGZS(vl) (mP,, 0, nR, O,
0) where (m+2, n+2) = 1 and mpr.
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Subcase 3.2. One vertex has degree3
Without loss of generality, let d{y> 3. Then each branch at sther than the branch

which contains €is R. Then G =C5(Vl) (mP,, 0, 0, 0, 0). If m is odd then {vvs} and

{v1, v4} are relatively prime dominating sets of G. Thu9G5(v1) (mP,, 0, 0,0, 0) and m
is odd.

Case4.n=6
Let vivovavavsVgvy be the cycle € If d(vi) > 3 for at least 3 vertices (¥ =1 to 6) then
Y.,¢(G) 2 3and hence at most twgs/can have degree3.

Subcase 4.1. Two vertices have degree3
Let vi and y (i # ) be the vertices such that g(¥ 3 and d()) > 3, 1< i# j< 6. Clearly

any minimal dominating set must contairewd y. If d(v;, v) = 1 or 2, theny,_,(G)= 3

which is a contradiction. Hence ¢(v) = 3 and let v= vy and y = v,.
Clearly all branches at;vand v are RB's other than the cyclic branch otherwise

Ya(G)=3and the only dominating set is{wa}. This implies that G =C6(V1) (mP;, 0,
0, nR, 0, 0). If (m+2, n+2) = 1 then {vv4} is a relatively prime dominating set of G.
Thus G =C6(Vl) (mP,, 0, 0, nB, 0, 0) where (m+2, n+2) =1 and mz1.

Subcase 4.2. One vertex has degree3
Without loss of generality, let d{y> 3. Clearly each branch af @ther than the branch

which contains gis P. This implies that G €G(V1) (mP, 0, 0, 0, 0, 0). If m is odd then
{v1, v4} is a relatively prime dominating set of G. Thus:GZG(vl) (mP,, 0, 0, 0, 0, 0) and

m is odd.
Conversely, let G be the graph given in the stat@. Then for each graph G,

erd(G) =2.
Theorem 3.2. For a complete bipartite graphnk, v,,4(K , ) = 2iff (m, n) =1.

Proof: Let Vy, V; be the bipartition of the vertex set of, K with |V,| = m andV,| = n.

Clearly, d(u) = n and d(v) = m forluV; and W V,. Any minimum dominating set of
Kmn has one vertex in Mand another vertex in,VHence a minimum dominating set of

Kmn becomes a relatively prime dominating set iff (= 1. Thereforey, (K, ) =2
iff (m, n) =1.

Example 3. 3. For K3 4 {v1, W} is a relatively prime dominating set.
v Vo ¥
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1 u U B U

Figure6: Ks 4

2if 2<n<5
Theorem 34.v,,(P,)=4 3if n=6,7

0 otherwise
Proof: Let viv,...v, be a path P

Casel.2<n<5
If n = 2 then {u, v2} is the required minimal relatively prime dominagi set and hence

Yipa(Pn) = 2. Let n > 2. In this case {vv,.} is a dominating set. Also (d{); d(v..1)) =
(1, 2) = 1. Therefore, {y vr.1} is a relatively prime dominating set and hengg, (P.) =
2.

Case2.n=6,7

In this case {y, v4,vn} is a dominating set. Also (d(y d(vs)) = (1, 2) =1, (d(¥), d(w)) =
(1, 1) = 1 and (d, d(w) = (2, 1) = 1. Therefore, {v v4, i} is a relatively prime
dominating set and henag,,(P,) = 3.

Case3.n>8
Clearly any dominating set contains at least tweriral vertices y v, 2< i # j <n-1

and (d(¥), d(v)) = 2 which implies that,,(P)) = 0. The theorem follows from above
three cases.

2if n=3

Theorem 3.5. Pn) =
Va0 {O otherwise.

Proof: If n = 2 therP> = K, which is a regular graph of degree 0 and hen&f(l?’z) =
0. If n = 3 thenPs= K, K; and hence{rpd(l?’s) = 2. Let n> 4.Let wv,...v, be a path

P.. In I5n, viis adjacent to all vertices except Clearly {w, v,} is a dominating set of
I3n. Inl?’n, v; has degree n-2 and taas degree n-3. Since (n-2, n-3) = 1, {w} is a
relatively prime dominating set fdPn and hencerpd(lsn) = 2 for n> 4. Thus, the
theorem is proved.

Theorem 3.6. If G1 U G, theny, ,(G,) = v,,(G ,).

Proof: Let G, LI G,. Let f be an isomorphism between graphsa@d G. Let V(G)={v1,
Va,..., V). Since f:V(G) - V(G,) is a bijection, let V(@ ={f(vy), f(v.),...,f(v,)}. Let
{V1,Vs,...,Vm}be a relatively prime dominating set of;.GSince f is an isomorphism,
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{f(v), f(v2),...,f(vn)} is a dominating set of £ Since isomorphism preserves degrees of
the vertices, (d(f()), d(f(v)))=(d(w), d(v)) = 1 for i Z], 1<i<j<m. Therefore, {f(y),
f(v2), ..., f(\n)} is a relatively prime dominating set ok@nd hencg ,(G,) =y 4G ).

Note 3.7. Converse of theorem 3.7 is not true. For exampuasider the graphs @nd
Gz given in figure 7 and figure 8, respectively. Hetg,(G,) = v,,(G )= 2, but the two
graphs are not isomorphic.

G
Figure7: Figure8:

4. Conclusion
In this paper, we surveyed selected results otivelg prime dominating sets in graphs.

These results establish key relationships betwkerrdlatively prime numbers and the
dominating sets in graphs. Further we charactecmenected unicyclic graphs with
Ya(G)= 2. In Theorem 3.2, we prove that for a complefeattite graph K, the

relatively prime domination number is 2 iff (m, 1)1. We also extend the results for P

and Py . Finally, we have proved that if two graphs a@msrphic then their relatively
prime domination numbers must be same.

Acknowledgement. The authors are thankful to the reviewer for thesmments and
suggestions for improving the quality of this paper
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