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Abgtract. In this paper, we introduced an equivalence betw&eak convergence of
filters and weak convergence of nets and show thdtlryson spaces, as was done for
filters in [1], weak limits of nets are unique. kdover, we show that, in a regular space

X, with E 0 X, XxOE if and only if there is a net in X which convergesakly to X .

We also prove that closure continuous maps presgeak convergence of nets. As a
main result, we prove that, in regular spaces, vagivergence of nets is equivalent to
their usual convergence, once again, a mimic tefrfilin [1].
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1. Introduction and preiminaries
The concept of weak convergence of sequences dsdvas studied not very long time
ago [2,3]. In this paper, we further study weakwaygence of nets and obtain some
useful results. In particular, and among other lteswe prove, that in regular spaces,
convergence and weak convergence of nets are dgptiva

We would like, in this introduction, to ndteat topologists nowadays prefer to insert
their applications in generalized, or enlargedirsgs$t This might help escape tight limits
and specifications. For this we urge interestedi@sato compare with [6,7]. But to be
more specific, One can consult [8,9] for the gelngetting of rough set theory.

For the sake of completeness, we would likgut forth the following definitions
followed by a remark.

Definition 1.1. [3] If (X,)is a net in a topological space X arfl] X , then (X, ) is said

to converge weakly tx ( written x, [TV - x ) if x, iseventually in u.

Definition 1.2. [1] (i) A fiter [ is said to be finer than the filtef] if
forall FOO,F' OO'such that F' O F. Thisis writenO O O’ or, O’ > 0.
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(i) If Ois afilter on a topological space X axdl X , then ] is said to converge
weakly to x (written 0¥ - x) if Ois finer thanU,. That s,
0>U, whereU, isthe filter generated by the collection {U U DUX} :

We should note here that it is an easy check that - x then 01 - x but not
conversely [1].
It is common practice to I&1, stand for the neighborhood system of x in a

topological space X on which a filtédis given. Of courselJ, is a filter on X. We say
that the filter [ converges to xandwe write [J - x if O=U, .

If B is a filter base on X, then the family={F : F (I B for someB [ S} is the filter
generated bys . If (is a filter on a topological space X then,TBly we mean the filter
generated by the filter baﬁ:{E: FO D}, whereF stands for the closure of F. It is
clear thatO< 0.

Remark 1.3. [3] One can easily check thatx, . x then x, O - x.

The fact that the foregoing implication can not tewersed will be an immediate
consequence of theorem (2.4) together with exai@o® of [1].

It remains to mention that some mathematicians th&eother side of open sets
and mappings. For example, some of them work irfrimaework of preropen sets and
mappings, as in [4]. Others do their implantatiompre generalized pre regular weakly
open sets and neighborhoods, as in [5] .

2. Main results

The interaction between filters and nets, in teoftheir evolution, from each other, or in
terms of their convergence, was settled much edrljethe fifties of the last century,
[10]. Now, the issue is being concerned with theendly introduced weak convergence
of both filters and nets, and the possibility afding the same interaction. Our results
gave affirmative answers and here is a list ofrélseilts we had so far.

Theorem 2.1. A net(X,) in a topological spac& converges weakly taxJ X if and
only if the filter generated byx,) converges weakly to.
Proof: Suppose, first, thak, [I)'> x, and letdbe the filter generated bfx,). In
specific, let D be the directed set on which theé fig) is defined, and let for
alD, B, :{xﬁ:ﬁza}. This is thea —tail of the net(x,). So, the filter(d
generated by the n€K;, ) is the filter generated by the coIIecti{)Ba call D}. We will
show thatJ [T - x. i.e. we needd>U, .

LetU DU_x whereU is a neighborhood ok .
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Since x, [I1' - x, there isA, D suchthat x, Ou for all L=A . Now, it follows
that B, :{xﬁ :,BZAO}DD and B, OU . Therefore,d0>U ,ie OO~ x.

Conversely, suppose that the fillelgenerated by the n€k,) converges weakly to.
Let U DU_X whereU is a neighborhood ok .
Sinced=> U_x ,thereis F OO suchthat F O U , and sincell] is generated by
{B,:a0D}, thereis @, 0D suchthat B, OF . Thus B, OU . By the very

definition of B, ,we havethat (x,) isinU eventually. Hence, x, [TV X.
The dual of the foregoing theorem should be itigated, and here it is:

Theorem 2.2. Let [] be a filter on a spacé . Then,
O - xif and only if the net generated iyl converges weakly tox .

Proof: Suppose thafl [T1 - x, so (0= U_x .
Let (XA) be the net generated byl . In specific, letD :{(x, F): xOF and F O D}
being ordered as followgx,,F,) < (x,,F,) if and onlyif F,OF,.
This, of course gives a partial order for D on whiwe, now define the net
(%) as: %, ((x,F)) = x.
To show thatx, [T - X, let U be a neighborhood of.So, uo U_X
Sinced= U_x , unoo. By the definition ofD, we have (X,U) OD.
If (y,F)=(xU),then F OUand so x,((y,F)) = yOF OU.
Therefore,x, [TV - x.
Conversely, assume that the rf&}) based on[] converges weakly to x. So
X, (I - x. We will show that[] = U_X LetU DU_X whereU is any neighborhood of
X. Since X, (I - x thereis(X,F,) 0D such that: if(y,F) = (x ,F) then
X, ((y,F)) =yQu.
For anyyJF, and because (y,F.) = (x,F.), we have: yOU. Thus, there is

F OO suchthat F OU, so DZU_X which means that O[TV - x.

Now, we characterize closure points of open setsrins of weak convergence. In
particular we give:

Theorem 2.3. Let E be an open set in a topological space XnThe
xOE if and only if thereexists a filter [0 in X with
O xand FNE# g for all FOO.
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Proof: Just combine Theorem (2.2) with theorem (2.3)33f |n specific, suppose that
xOE .Then, by (2.3) of [3], there is a nex, )in E with x, (I - x. Let Obe the filter

in X generated byxg). By theorem (2.2) 111 - x.
Remains to show that [ E # ¢ for every F (1[0 For this, letF (O be arbitrary.

By the very construction of],thereis 5, [0 E for some a 0D such that 8, [ F.

Hence,FNE# ¢ for all FOL.
Conversely, suppose thatis a filter in X which converges weakly to xand that

FNE#g¢ foreveryF OO Assume that X JE. Then there is a neighborhood
U of xsuch thatU NE =¢. SinceEisopenUNE =@
But DZU_X andFNE# g for all FOO, we have, in particular,

U NE # gforallU OU, which is a contradiction. Therefore(] E.
Having done weak convergence, one has to @engieak closures. The following is

the definition:
Definition 2.4. Let E[J X and x[O X. Then x is a weak closure point dE if for
every neighborhoodN of X,V_\/ﬂEiga The set of all weak closure points of

E is denoted E .
We characterize weak closure points as follows:

Theorem 2.5. [Theorem (3.3) of [1] Let E 0 X and x[J X.Then

xOE" if and only if thereisa filter O in X with

OM'- xand FNE # g forall FOO.
Our characterization is the following:

Theorem 2.6. Let E[J X and x[J X. Then
xOE' if and only if thereisa net(x,) in E with x, [(1'- x.

Proof: Suppose thak OE . By theorem (3.3) of [1], choose a filter
Oin X which converges weaklytox, and ENF # ¢ for all F O [

Let T bethe filterin E generated by the collection {E N F with F [0},
Clearly T>0,s0T [V X
Now, let (X,) be the net generated By It is clear that(x,) is a netinE.

By Theorem (2.1)x, (11" - x.
Conversely, suppose that there is a(»g)in E with x, (I - x. Let Obe the filter
in X generated by the n€k;,). By Theorem (2.2)[J[T¥ - x.
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To show thatF N E # ¢ for all F O, let F O00Obe arbitrary. There is
a,0D suchthat g, OF.But 5, DEso F(NExg for all FOL.

Hence, by Theorem (2.3x [ E".

By Theorem (2.2) and [Theorem (3.6) of [1]], we:get
Theorem 2.7. If X is a regular space, ar(d,) is a net onX, then

x, ('~ xif and only if x, — X.

We conclude this article with a few notes obrmts, among which the next fact is
straight forward check.

Fact 2.8. (i)lf (XAV) is a subnet of a n(ag) then the filter generated b{p(Ay) is finer

than that generated t(y(), )
(i) If Dand I are filters on X with [ > O and if O~ xthen [ (I - x also.

Proposition 2.9. Let X be a topological space, ar(ckﬁ) be a netinX . If

X, (I > X then any subneﬁxﬁy) of (XA) also converges weakly te.

Proof: Let [1be the filter generated by(xA), and [ be that generated by the
subnet (xﬁy) Then by Theorem (2.1)0[Y- x. By Fact (2.8)() >0

therefore by Fact (2.8) (i) [TV - x.

3. Conclusion

In conclusion, most of what we had in the ordinseiting, the interaction between filters
and nets remains valid in this new setting of weakvergence, as for example, in
characterizations of weak closures. Moreover, gular spaces, nothing changes at all in
terms of convergence. The reason however, is silmgdause the collection of all closed
neighborhoods of a poilt makes a local base for the topologyxaf10].
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