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Abstract. Let G=(V,E) be a graph. A setSV is called resolving set if for every u,v
€ V there exist w € V, such that d(u,wg d(v,w). The resolving set with minimum
cardinality is called metric basis and its cardigyak called metric dimension and it is
denoted by B(G). A set Dc V is called dominating set if every vertex not' b is
adjacent to at least one vertex in D. The domigasat with minimum cardinality is
called domination number of G and it is denoted {fy). A set D which is both resolving
set as well as dominating set is called metro datinig set. The minimum cardinality of
a metro dominating set is called metro dominatiomber of G and it is denoted by
(G). In this paper, we determine metro dominatiomher of square path.
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1. Introduction

A set of vertices S resolves a graph G if everyexeof G is uniquely determined by its
vector of distances to the vertices in S. This wanklertakes a general study of resolving
sets in square path of graphs. All the graphs densd are simple, finite and connected.
Given a graph G=(V,E) and ug& V, dg(u,v) (or simply d(u,v)) denoted the distance
between u and v in G, i.e the length of a shortespath.

In 1976, Harary and Melter [4] introdutte notion of metric dimension. The
vertex set and edge set of a graph G are denot¥d@yand E(G).The distance between
vertices u,ve V(G) is denoted by &v,w) or d(v,w) if the graph G is clear from the
context. A vertex > V(G) resolves a pair of vertices vavV(G) if d(v,x) # g(w,v). A
set of vertices SV(G) resolves G, and S is a resolving set S of @& wminimum
cardinality is a metric basis of G, and its cartiipas the metric dimension of G, denoted

by B(G).
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2. Some known result on metric dimension
In this section we mention some of the known resultnetric dimension due to various
authors, which we use in the subsequent sections.

Theorem 2.1. (Harary and Melter[4]) The metric dimension of @nrtrivial complete
graph of order n is n-1.

Theorem 2.2. (Khuller, Raghavachari, Rosenfeld [8]) The metfimension of a graph
Gis 1ifand onlyif G is a path.

Theorem 2.3. (Sooryanarayana and Geetha[10]) For any nonatrigiaph G on B2
vertices Bk(G)=n-1 if and only if diam(G¥ K, where K1 is any integer.

Theorem 2.4 (Harary and Melter[4]) The metric dimension af@nplete bipartite graph
Km,n is m+n-2.

3. Locating number

A subset D of V (G) is called a dominating setevery vertex is V-D is adjacent to at
least one vertex in D. The minimum cardinality ofdaminating set is called the
domination number of the graph G 1976. The mefriwedsion of a graph G(V,E) is the
cardinality of a minimal subset S of V such thatdach pair of vertices u, v of V there is
a vertex w in S such that the length of the shopgath from w to u is different from the
length of a shortest path from w to v.

The metric dimension of a graph G is alstkedaas a locating number of G and
studied its dominating property independently bat& [10]. A dominating set D is
called a locating dominating set or simply LD-defor each pair of vertices u,a/V-D,
ND(u) #ND(v), where ND(u)=N(upD. The minimum cardinality of an LD-set of the
graph G is called the locating domination numbeGafenoted by, (G).

For example: The set of darkened vertices of ttaplyrG of Figure 1, serves as a
minimal locating dominating set, $9(G) = 3.

*—O0—0—O0—@—O O——O0—0O0—@—=O
Figurel: The graph G and its LD-set. Figure 2: The graph G and its MD-set

4. Domination number of square of graphs

A set SCV(G) is a dominating set of G if every vertex ofG)(— S is adjacent to at least
one vertex of S. The cardinality of the smallesmiting set of G is called the
domination number of G, denoted ®{G). A dominating set S is a minimal dominating
set if no proper subset$ S is dominating set. Given any graph G, its sqgeaph G is

a graph with vertex set V(G) and two vertices alja@nt whenever they are at distance
lor2inG. A set £V(G) is a 2-distance dominating set of G ulS)=1 or 2 for every
vertex of V(G)-S. The cardinality of the smallestlitance dominating set of G is a
dominating set of & soy*(G)=y(G).
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5. Someresult
In this section, we mention some of the known tesniimetric dimension due to various
authors, which we use in the subsequent sections.

Theorem 5.1. [9] Let S be a dominating set of. @hen S is a minimal dominating set of
G’ if and only if each vertex @ S satisfies at least one of the following condisio

(a) There exists a vertexe¥(G)-S for which N(v)nS={u}

(b) d(u,w)>2 for every vertex ®S-{u}

Theorem 5.2. [9] If G is a graph with no isolated vertices @ds a minimal dominating
set of G, then V(G)-S is a dominating set of G.
Proof: Let S be g-set of G. S is a minimal dominating set of G. Bgdrem 5.2, V(G)-S

is a dominating set of G, so 5|V(G)-S|, so | % .

Theorem 5.3. [9] For every r& 1,y(p%) = [n/5].
Theorem 5.4.[9] If diam(G) < 3, theny*(G) < y(G?).
Corollary 5.5. y (p,) =[n/3].

6. Metro domination number
We now define a metro dominating set, which carsdr@ed as a better alternating t for
the locating dominating set as, A dominating setfDV(G) having the property that for
each pair of vertices u,v there exists a vertexi\w isuch that d(u,wg d(v,w) is called
the metro dominating set of G or simply an MD-3dte minimum cardinality of a metro
dominating set of G is called metro domination nemf G and it is denoted by (G).
For example: The set of darkened vertices of thplyG, of figure 2, is a minimal metro
dominating set and hengg (G) = 2.

We recall the following result which we use inxhsections.

Theorem 6.1. (Sooryanarayan and Raghunath [7]) The metro ddimmaumber of a
graph G ign/5] if and only if G is a cycle.

Theorem 6.2. (Sooryanarayan and Raghunath [7]) let G be a graph wertices. Then
¥g (G) = n-lifand only if G is Kor Ky .1, for n>1.

Theorem 6.3. (Sooryanarayan and Raghunath [7R4(G) = 2, then G cannot have Ks
a sub graph of G.

Theorem 6.4. (Sooryanarayan and Raghunath [7]) For any intege;(p,) = [n/3].
Remarks 6.5. For any connected graph ,(6) = max{ y(G), 3(G) }.

7. Power graph
Let G=(V,E) connected a graph™igower of is denoted by'G whose vertex is same as
that of G and two vertices (u,v) if@re adjacent K. If and only if d(us in G.
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For Example 1

; u, v v U, U,

ey

02 12 11 21 20 31
Figure 3: y(pé) =2

2 if 3<sn<7
Theorem 7.1. For any integer¥8ys(B%)=4 3 if 8<n<10

[n/5]1 if n=11
Proof: By theorem 2.2 and the remark 6.;6[;(Pnz)22 for all n. For n=3,4 choose
S={u;,u;} then S is dominating set as well as metric bad;ienceYB(Pnz) =2. For n=5,6
choose S = {yus} then S is both metric basis as well as dominataighence for n=5,6,
Yy(RZ) = 2. For n = 7 choose S =4us} then S is both metric basis as well as
dominating set, hencEB(Pnz) = 2. For n=8,9,10 choose S ={u,us} then S is metric
basis as well as dominating set, helfggP?) = 3.

Lemma 7.2. [11] Let G =pX where n> K+1. Then diam(Gx K

Lemma7.3. Let G =p2 , n> 3. Then diam(G) = 2

Proof: Let R, be the graph with v{p={vq, v¢,...... Vh.1}. Take w = {w, vi} according

to lemma 7.2, w is resolving set and diam§G). Since G is not a path , then according
to theorem 2.2 we get diam(G) = 2.

Lemma7.4.[9] For n>5,y (p2) =[n/g].

Lemma7.5: For any integer nyB(PnZ) =[n/5], n>11.

Proof: Let D be a dominating se®? , Let u U, . u, be vertices of P, such that uis
adjacent to w. For i=1, 2, 3,...,n-1. But we know tha p2) = [n/5] by the lemma
7.4 and B(p?) = 2 by the lemma 7.3. Since a metro dominating Bds also a
dominating set then we show that

vp(p7) = [n/9] 1)

To prove the reverse inequality we find a metrmuhating set of cardinalityfn/5]|.

) D= {usk4: k= 1}, n = 1(mod5)

(ii) D= {usk3: k = 1}, n = 2(mod5)

(iii)) D={usk2:k=1},n=3(mod5)

(iv)  D={usk1:k=1},n=4(mod5)

) D={usk :k=1},n=0(mod5)
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Choose D in the above cases, then |D|5} proved and D is metro domination set, in
fact for every pe V-D, by the choice of D, at least one @f uu., ,4.1 Or Y., must be
in D and which dominates;, by the lemma 7.5, D is resolving set. Hence

vp(07) < [n/5] )
Therefore from (1) and (2)y(ps) = [n/5]
Casel. For n=0 (mod5)
Choose D= {y :k>1}, n = 0(mod5), 1< k < n-4, then|D|= [n/5] proved and D is a
dominating set , in fact for every; @ V-D, by the choice of D, at least one @f,u.,,
U+10r Ui must be in ‘D’ and which dominateg by the lemma 7.5, D is resolving set.

« Henceyg(py) < [n/5], n=0 (mod 5).

3 : . . Iy
135 034 124 113 213 202 312 311 421 420

Figure4: yp(pip) =3

Case2. For n=1 (mod 5)

Choose D= {gv4 :k>1}, n = 0(mod5), 1< k < n-3, then |D|Hn/5] proved and D is a

dominating set , in fact for every; @ V-D, by the choice of D, at least one @f,uy.1,

U1 OF Ui, must be in ‘D’ and which dominateg by the lemma 7.5, D is resolving set.
« Henceyz(py) < [n/5], n=1 (mod 5)

L
02 12 11 21 20 31

Figure5: yp(pé) =2

Case 3. For n=2 (mod 5)

Choose D= {gs :k>1}, n = 2(mod5), 1< k < n-2, then |D|Hn/5] proved and D is a

dominating set , in fact for every; @ V-D, by the choice of D, at least one @f,uy.1,

Ui OF Y, must be in ‘D’ and which dominateg by the lemma 7.5, D is resolving set.
Henceyg(p3) <[n/5] , n=2 (mod5)

AT o T ST = e — T gt mo
u, Uy \N’/Ré‘/ g N\l
{__J 2 s men % e .\-\ - o — _.1 -‘
131 130 121 112 313

021 212 203

Figure6: yp(p§) =3
Case4. For =3 mod5
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Choose D= {gk» :k>1}, n = 3 (mod5), 1< k < n-1, then |D|4n/5] proved and D is a
dominating set, in fact for every; & V-D, by the choice of D, at least one @f,uw.1, U1
or Y., must be in ‘D’ and which dominates by the lemma 7.5, D is resolving set.
Hencey[;(p,zl) <[n/5] , n=3 (mod5)

24 < =< = Y
u, s / u, /&\ h‘ z‘{ u” \nfq i B 2, \"n\u, 4 N Uy Ny
R NNl N —®
144 134 Ll'ﬂ 123 122 212 211 301 310

Figure 7: yg(p3) =
Case5. n=4mod5
Choose D= {g1 :k>1}, n = 4 (mod5), 1< k < n, then |D|9n/5] proved and D is a
dominating set , in fact for every; @ V-D, by the choice of D, at least one qf,wj.,,
U1 OF Ui must be in ‘D’ and which dominateg by the lemma 7.5, D is resolving set.
Henceyg(p3) < [n/5], n=4 (mod 5)

i/ ] _]”\V'X/:o/'\?” 8

3 02

Figure8: yz(p7) =2
Conclusion: In this we have computed certain interestingatamh of Metro domination
of graphs related to square path. In this concepsists of domination number as well as
metric dimension. In this concept strongly bettemt the locating number.
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