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Abstract. A nonempty finite setA of positive integers is relatively prime gicd( A) = 1
and it is relatively prime to n gcd(AD{ n}) =1 For k=1, the number of nonempty
subsetsA of {1,2,...,n} which are relatively prime isf (n) and the number of such
subsets of cardinalitk, is fk(n). The number of nonempty subséisof {1,2,...,n}
which are relatively prime to n i®(n) and the number of such subsets of cardin&ity
is®, (n) A nonempty finite setA of positive integers is r-relatively prime if egitest

r ™ power common divisor of elements #f is 1. In this case we wriged, (A) = 1. The
number of r-relatively prime subsets of {1,2,...,ig f(r)(n) and the number of such
subsets of cardinalitk is fk(r) (n) . The number of nonempty subséisof {1,2,...,n}
which are r-relatively prime to n ip(") (n)and the number of such subsets of

cardinality k is CD(kr)(n). In this paper we generalize the four functicbrg[s)(n),

fk(r)(n) ,<D(r)(n) andd)f(r)(n) for the se{m, m+1, ..., 1} where m< n, as
follows :

f(r)(m, n)=#{AD{m m1 .., h @ Ap, ged A= }1
£ (m, n=#{ AD{m m1 .., h :#~& k god M=}

o) (m )= AD{m m1, . b : Ao, god A{ H=1
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o) (m = AD{m mr1, . h #A Kk, god A J=1.

We obtain the exact formulae for the above foucfioms. We use r-Generalized
Mobius inversion formula for two variables.

Keywords: r-relatively prime setsy-Generalization ofPhi functions, r-Generalized
Mobius inversion for two variables.
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1. Introduction

A nonempty finite setA of positive integers is relatively prime @fcd( A) =Jlanditis
relatively prime to n igcd(AD{n}):l The number of nonempty subsets of
{1,2,...,n} which are relatively prime isf (n) and the number of such subsets of
cardinality k is f (n). The number of nonempty subséisof {1, 2 ,..., n} which are
relatively prime to n is®(n) and the number of such subsets of cardinditys

®, (n). A nonempty finite setA of positive integers {1, 2 ,..., n} is r-relativefyime if
greatest ¥ power common divisor of elements &k is 1. In this case, we write

ged, (A) = 1. The number of r-relatively prime subsets of ZL.., n} is £(r) (n) and
the number of such subsets of cardinalityis fk(r)(n). The number of nonempty
subset of {1, 2 ,..., n} which are r-relatively prime to 8 'ﬂ)(r) (n) and the number of

such subsets of cardinality is q)k(r) (n) Nathanson [2] obtained the exact formulae

for the functionsf (n), fi (n),®(n) and ®, (n). Inspired by the work of Nathanson

[2] , we obtained the exact formulae fdt(r)(n), fk(r) (n) ,CD(r)(n) and bej)(n) in
[1]. Bachraoui [3] generalized the results oftiiNmson [2]. In this paper we generalize
the results obtained in [1] and derive the expfmimulae for the functiond (r) (m, n) ,
fk(r)(m, n) ,Cb(r)(m, n) and dD(kr)(m, n) by using r-Generalized Mobius inversion

formula for two variables.

Definition 1. Let r> 1 be a positive integeF(r) and G(r) are generalized arithmetical

functions of two variables with doma(®, 00)2 such that

G(r) ( Y YZ) =0= F(r)( Vi, y2) whenever0< y, <1.
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Definition 2. r - Relatively prime subsets of {m, m+1, ..., n}Let r 21, k = 1 be fixed
integers .Then we define,

g(f)(m n=# AO{m m1 .. h :f Aged )
9|(<r)(m’ nN=#A0{m m1 ., h M A#A k god )~ }:
f(r)(m, nN=#HAD{m m1 .., h :&p, ged M=}

fk(r)(m, nN=#HAD{m m1 .. h : Ag, #A& k god A=}
Note that f(r), fk(r), g(r) , g(kr) are counting sets on nonempty subsets.
f(r) (n) = Number ofr - relatively prime subsets ¢, 2, ...,n} = f(r)( 1,n)

Definition 3. Let N = m be positive integers. We define

lﬂ(r)(m, N=#AD{m m1 .. h 0 A ged B{}=1

wﬁr)(m, nN=#HAD{m m1 . h 0 A#A& k god B{ h=1
q;(r)(m, n):#{AD{m mt 1, ,}1 :A‘:(”’gcld( N{ }9:]}
o (m = AD{m m1 . b #a k, god A }=1.

Note that the four functions defined above cohatdets that are nonempty.

CD(r)( n) =Number of non empty subsets{df, 2, ...,n} that arer-relatively prime to n
= ol (1,n)

2. r-Generalized Mobius inversion formula for two \ariables

Theorem 1. Let F(r) and G(r) be generalized arithmetical functions with domain

(o, 00)2 then

G(r)(m, = % F(r)(ﬂr, _r:j - F(r)(_m ' _nj: 5 ﬂr(dr)g(f)(m ,_nj (1)
1=d"<m d d d dJ 1x47em d &

where the summation is over all integdrsuch thatd" < m

Proof: Assume G(r)(m n= Y F(r)(ﬂr —Tj
1=d"<m d* d
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Consider
d" G(f)(m, _nj = d (r)( m_~_n j
]sd§<mlur( ) d" d ]sdzrsm'ur( ) ]sfzsm td’ - fd
dr
= x F(m )y oy (d“)]
1<u’<m uu /g
= F(r)(m, n)
Conversely, assume F(r)(m n= Y /Jr(dr) dr)(mr —rr‘j
1<d"<m d
Consider

) L O )

1<d'<m

Corollary 2. Suppose F(r)(x, y) and G(r)(x, y) are generalized arithmetical
functions such thatF(r)(x, y)=0= G(r)(x,)a if x is not an integer and

F(r)(x, y)=0= G(r)(x, y) if 0<y<1, then Mobius inversion formula for such
functions reduces to the following form

cmn= 3 F(r)(m, {_nD cFm =3 ur(dr)(ﬂ, {—”D (2)

dr|m d" Ld dr|m d" Ld

F) [dmr {d—ng holds.

Proof: SupposeG(r)(m, n= 3y
dr‘m
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Consider
60 [2])- 5 ) e [72]
Jf
506 ) )
=F(D(m, n).
Conversely, supposE(r) (m, n)= dﬁmﬂr (dr) d" (dmr [d—?D
Consider dﬁij(r)[dﬂr, L—?DZer‘jm {‘Zin,ur (tr)G(r)(ﬁ, {ﬁD
i
5o (7)) g l)
:G(f)(m ).

3. Exact formulae
To find the exact formulas we use the followingateens proved in [1].

Theorem 3.For all positive integersn = 2" r> 1,k,

o 1= 5 () 2LH—1 = 10 (1,n) 3)
1=d"<n

(il )= = ,ur(dr) LH =t n. @)
]Sdr<n k

Theorem 4. For all positive integer#, r =1, K,
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n

M on)= v yf(df) 2" —1|=0(")(1,n). (5)
d"/n
i ol (n)= x u(d) o ol (1n). (6)
d"/n k
Lemma5.If n=m, we have
0 o) (m = z| ur(o‘)z{drh'r U
d'[m
M o) (m =5 u(d) it ®
d%m k-1

Proof: (i) Let P(m, n) denotes the set of subsets{af, m+1, ..., 1} containingm.
Ther#t P(m, n) = 2'"™. We define a relation oR (m, n) as follows:

For A, BOP(m 1) we say thatAOB if and only if gcd, (A) =d" = geg (B)
Note thatdr‘ m and1<d" <m Then U is an equivalence relation d®(m, n). If m
is r-free then gcd, (A) = 1= gcgl (B) Hence the elements oP(m, n) can be
partitioned using the relatioh[I" of having the same ! power gedd’ . Also the

mapping A - d—lr A is a 1-1 correspondence between the subse(of, n) having

. . m n . .
rth power gcdd' andr-relatively prime subsets o{— —} which contain

dr dr

mr' Then we have the following identitg" "= > g(r)(mr {—?D
d r d d
d'|m

ni_m
By Corollary (2) g(r)(m, n): > ,ur(d)idr} d which proves (7)

drbn

N 1 .
(ii) Note that the correspondenée— — A preserves the Cardinality and hence
d
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n—m)_ (r)( m [ n D
( k—J oﬁmgk d" Ld" )
By Corollary (2), we have

() Fanr
Ok (m I’l)= > ﬂr(d) d" | d" |. which proves (8).
dr|m k-1

Theorem 6. If n = m, then the following two identities are true.

n _ n|_ i
O ((m = 5 u(d) z{d’}—l—mzlz ﬂr(d)z{dr} d ©
1<d’ <n i:1dr|i
) el
(||) fk(r)(m, n): z /Jr (dr) dr - z Z ﬂr (dr) dr d’ . (10)
JSdrSn k i:ldl"i k1

Proof: (i) Repeatedly applying Lemma (5) and equationsdijl (3)

t(m )= ) (m-1 g- ¢ (m1 )
=f(r)(m—2, n)—[g(r)(m—z, )+ gsr)( m 1, )1}

=10 (1 n)-"S g (i )
i=1

n

EIMES G
:Jsdzrsn'ur(dr) 291 _ringll daiﬂr(dr) ¢

n
(i) From equation (4), we havefk(r)(l, nj= ¥ ,ur(dr) Lr} .
1<d"<n

By equation (8), we have
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Note : gcdr(AD{n}):l - (gcql(A) ,n) =1
Proof: Assumegcd, (AD{n})=1.
Lefged, (A), n), =d
- dr‘n and dr‘gcdr(A) (since geg(A)|a for allall A)
= d'|n and d'[a forall an A
= d'|gedt (A{}) > d'[1 = d=1.
Conversely, le{ged; (A),n) =1 andged (AO{n})=d'
= d'[a forall arlA andd’|n
= d'|a and d'|n forall a0 A
= d"|gcd (A) anddr‘n
= d"|(ged: (A) ),

= d'l1 = d=1.

Lemma 7. If ny, = are natural numbers anfB(r), F(r) are generalized arithmetical

functions with domair{0, 00)2 . Then
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(r) - (r) 2
G\ (n, ) 3 )F (”1, 2)

dr|gcdr(nl,n2 d" df
A G B (dr)G(r)(ir’ n_rzj
dr\gcdr(rn,nz) @ d
Proof: Assume G(r)(nl, np) = > F(r)(lr, n—rzj
o'fged (m.rp)

Consider > Uy (dr)G(r)(lr, ”_rzj
dr‘ngr(rlan) @

= z Iur (dr) Z F(r)(%’ ij
dr‘QCdr(rl’”Z) tr|gcd [nl nz] vat o od
r dr o

_ ‘ Z( )F(f)(ir, ”_rZJ » ur(dr) =) (ny, ny).
u"|gedk (ny, !

U]
Conversely, assume (") (m, mp) = 3 s (dr) dr) [dlr, %j
dr‘gcdr(m,nz)
Consider
F(f)(ﬂ, 2): 5 5 ﬂr(tr)e(r)(L, i)
r r rqr
Aot T d] oo ooy 3,72 v td
d d

1
@
—=
= |2
-3
Ne—
—.
M
X
1
Q_
=)
3

ur‘gcdr(ru, mp)
Theorem 8. If n= m, then we have the following two identities
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n-m

M mn= ¥ ur(olr)zdr 11§
dr|gcq(m,n)
n-m
W) (mn= x u(d) @ | 12
dr‘gcq(m,n) k

Proof: (i) Let P(m, n) denotes the set of subsets{oh, m+1, ..., 1} containingm.
Then # P(m, n) = 2'"™. We define the set

P(m, n d)z{ AD{m m1 .., h:m sand god B{ }y= rf}l

The setP(m, n) can be partitioned using the equivalence relatidd" for having the

same rthpower gcd, that is , AOB<= A BDF’(m n (ﬁ) for some

df‘gcdf (m, n) . Further, the mappinA — irA is al—1 correspondence between
d

P(m, n d) and the set of subseBsof {dmr ﬂ+1, Ln+ 2, ??} such that

d' o
T 0B andged, (BD {1}j =1
d' df

Then we have#P(m, n, d) :w(f)(mr , —Tj
d d
Thus we have" M = > #P(m, n, dr) = Y w(r)(m, _nj
d'|ged;(m. d|gcdt (m. )
Therefore ™M= > w(r)(mr —rr‘)
dr‘gcdr(m, n d° d

Applying Lemma (7) we have
n-m

w(r) (m, n)= > L ( d ) 2d"  which proves (11)
dr|gcdr(m, n
(i) Note that the correspondenée— ir A defined above preserves the Cardinality
d

and hence using an argument similar to the onarn(p , we have
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n_m_ r
et G
dr‘gcdr(m,n)
is equivalent to

which proves (12). (") ( ) n-m
r r r
G (mn)= ¥ g(d]) d
Theorem 9.If n>m, dr‘gcdr(m, ) k-1

then the following two
identities are true.

(i) dJ(r)(m, n)= > ,Ur(dr)(Zdnr—lJ—mz_l > ,ur(cf)zg_ri

dr‘n i=1 dr‘gcdr(i,n)
Ny 4 n=i
(ii) qa(kr)(m, n= Y ,Ur(dr){dr}— > > 4 (dr)[ d’ J
dr|n k ) i=l dr|gcdr(i,n) k-1

Proof: (i) Applying theorem (8) repeatedly and using ¢gation (5)
we have o (m n)=o)(m-1, §-¢0)(m1, »

=¢(f)(m_2, n)_[w(r)(m—Z, r)+z//(r)( m-1, t)l:i

=0l n)_mz_lw(r)(i, )
i=1

dr| i=1 dr|gcdr(i,n)

which proves (13)
(i) Applying theorem (8) repeatedly and using &iipn (6)
o (m )=o) (-1 - (w1, )

n—i

_ r Lr_ _m—l r r
znﬂr(d )[Zd 1} > > ﬂr(d)Zd

:¢(kf)(m—2, n)—[l//(kr)(m_ 2, r')+¢/g)( m- 1, I)}
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m-1

:q:E(r)(l, n)- Elz//(kr)(i, n)

N e n-i
= Z :Ur (dr) dl’ _-z Z ,Ur(dr) dl‘
dr‘n k i=1 dr‘gcdr(i,n) k-1

which proves (14)

4. Conclusion

We count the exact number of nonempty subsefsof, m+1 ,..., n} which are
() r-relatively prime

(ii) r-relatively prime of cardinality k.

(iii) r-relatively prime to n

(iv) r-relatively prime to n of cardinality k.

by using r-Generalized version of Mobius inversiommula for two variables.
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