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Abstract. A nonempty finite set A  of positive integers is relatively prime if ( )gcd 1A =  

and it is relatively prime to n if { }( )gcd 1A n∪ = .  For  1k ≥ , the number of nonempty 

subsets A  of {1,2,…,n}  which are relatively prime is ( )f n  and the number of such 

subsets of cardinality k , is ( )kf n .  The number of nonempty subsets A  of {1,2,…,n} 

which are relatively prime to n is ( )nΦ  and  the number of such subsets of cardinality k  

is ( ).k nΦ   A nonempty finite set A  of positive integers  is r-relatively prime if  greatest  

r th  power common divisor of elements of A  is 1. In this case we write ( )gcd 1r A = . The 

number of  r-relatively prime subsets  of {1,2,…,n}  is ( ) ( )rf n  and the number of such 

subsets of cardinality k  is ( ) ( )r
kf n . The number of nonempty subsets A  of {1,2,…,n} 

which are  r-relatively prime to n is ( ) ( )r nΦ and the number of such subsets of 

cardinality k  is ( ) ( )r
k nΦ .  In this paper we generalize the four functions( ) ( )rf n ,

( ) ( )r
kf n , ( ) ( )r nΦ  and ( ) ( )r

k nΦ   for the set { },  1,  ...,  m m n+  where  m n≤ , as 

follows : 

 ( ) ( ) { } ( ){ },  # ,  1,  ...,   :  ,  gcd 1r
rf m n A m m n A Aφ= ⊆ + ≠ =  

( ) ( ) { } ( ){ },  # ,  1,  ...,   :  # ,  gcd 1
r

rkf m n A m m n A k A= ⊆ + = =  

       ( ) ( ) { } { }( ){ },  # ,  1,  ...,   :  ,  gcd 1r
rm n A m m n A A nφΦ = ⊆ + ≠ ∪ =  
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( ) ( ) { } { }( ){ },  # ,  1,  ...,   : #  ,  gcd 1 .
r

rk m n A m m n A k A nΦ = ⊆ + = ∪ =  

We obtain the exact formulae for the above four functions.  We use r-Generalized  
Mobius inversion formula for two variables. 

Keywords:  r-relatively prime sets, r-Generalization of Phi functions, r-Generalized 
Mobius inversion for two variables. 

AMS Mathematics Subject Classification (2010):  11BXX, 11B75 
 
1. Introduction  

A nonempty finite set A  of positive integers is relatively prime if ( )gcd 1A =  and it is 

relatively prime to n if { }( )gcd 1A n∪ = . The number of nonempty subsets of  

{1,2,…,n} which are relatively prime is ( )f n  and the number of such subsets of 

cardinality k  is ( )kf n . The number of nonempty subsets A  of {1, 2 ,…, n}   which are 

relatively prime to n is ( )nΦ  and  the number of such subsets of cardinality k  is 

( ).k nΦ  A nonempty finite set A  of positive integers {1, 2 ,…, n} is r-relatively prime if 

greatest  rth  power common divisor of elements of A  is 1. In this case, we write

( )gcd 1r A = . The number of  r-relatively prime subsets of {1, 2,…, n} is ( ) ( )rf n  and 

the number of such subsets of cardinality k  is ( ) ( )r
kf n . The number of nonempty 

subsets A of {1, 2 ,…, n} which are r-relatively prime to n is ( ) ( )r nΦ  and the number of 

such subsets of cardinality k  is ( ) ( )r
k nΦ .  Nathanson [2] obtained the exact formulae 

for the functions ( )f n , ( )kf n , ( )nΦ  and ( )k nΦ .  Inspired by the work of Nathanson 

[2] , we obtained the exact formulae for ( ) ( )rf n , ( ) ( )r
kf n , ( ) ( )r nΦ  and ( ) ( )r

k nΦ  in 

[1].  Bachraoui  [3] generalized the results of  Nathanson [2].  In this paper we generalize 

the results obtained in [1] and derive the explicit formulae for the functions ( ) ( ),  rf m n ,

( ) ( ),  
r

kf m n , ( ) ( ),  r m nΦ and ( ) ( ),  
r

k m nΦ  by using r-Generalized Mobius inversion 

formula for two variables. 
 

Definition 1. Let r ≥ 1 be a positive integer. ( )rF  and ( )rG  are generalized arithmetical 

functions of two variables with domain ( )20,  ∞  such that  

( ) ( ) ( ) ( )1 2 1 2,  0 ,  r rG y y F y y= =  whenever 20 1.y< <  
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Definition 2. r - Relatively prime subsets of {m, m+1, …, n}.  Let 1,  1r k≥ ≥  be fixed 
integers .Then we define, 

              ( ) ( ) { } ( ){ },  # ,  1,  ...,   :  ,  gcd 1r
rg m n A m m n m A A= ⊆ + ∈ =  

              ( ) ( ) { } ( ){ },  # ,  1,  ...,   :  ,  # ,  gcd 1
r

rkg m n A m m n m A A k A= ⊆ + ∈ = =  

              ( ) ( ) { } ( ){ },  # ,  1,  ...,   :  ,  gcd 1r
rf m n A m m n A Aφ= ⊆ + ≠ =  

       ( ) ( ) { } ( ){ },  # ,  1,  ...,   :  ,  # ,  gcd 1 .
r

rkf m n A m m n A A k Aφ= ⊆ + ≠ = =  

 

Note  that  ( ) ( ) ( ) ( ),   ,   ,  
r rr r

k kf f g g  are counting sets on nonempty subsets. 

( ) ( )rf n =  Number of r - relatively prime subsets of { } ( ) ( )1,  2,  ...,  1,  .rn f n=  

 
Definition 3. Let n m≥  be positive integers.  We define 

( ) ( ) { } { }( ){ },  # ,  1,  ...,   :  ,  gcd 1r
rm n A m m n m A A nψ = ⊆ + ∈ ∪ =  

( ) ( ) { } { }( ){ },  # ,  1,  ...,   :  ,  # ,  gcd 1
r

rk m n A m m n m A A k A nψ = ⊆ + ∈ = ∪ =  

( ) ( ) { } { }( ){ },  # ,  1,  ...,   :  ,  gcd 1r
rm n A m m n A A nφΦ = ⊆ + ≠ ∪ =  

( ) ( ) { } { }( ){ },  # ,  1,  ...,   : #  ,  gcd 1 .
r

rk m n A m m n A k A nΦ = ⊆ + = ∪ =            

 Note that the four functions defined above count the sets that are nonempty. 
( ) ( ) r nΦ =Number of non empty subsets of { }1,  2,  ...,  n that are r-relatively prime to n 

                 =     ( ) ( )1,r nΦ  

 
2. r-Generalized Mobius inversion formula for two variables  

Theorem 1.  Let ( )rF  and ( )rG  be generalized arithmetical functions with domain 

( )20,  ∞  then 

( ) ( ) ( ) ( ) ( ) ( )
1 1

,  ,    ,  ,  
r r r r r rr r

r r r rrm n m n m n
r

d d d d d dd m d m

G m n F F d Gµ
≤ ≤ ≤ ≤

     = ⇔ =∑ ∑     
     

 (1) 

where the summation is over all integers d such that .rd m≤  

Proof:  Assume  ( ) ( ) ( )
1

,  ,  
r rr

r r m n

d dd m

G m n F
≤ ≤

 = ∑  
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Consider 

( ) ( ) ( ) ( )
1 1 1

,   ,  

r
m

d

r r r r r rr r r

r rr rm n m n
r r

d d t d t dd m d m t

d G d Fµ µ
≤ ≤ ≤ ≤ ≤ ≤

 
    =∑ ∑ ∑    

    
 

 

                                                        ( ) ( )
1

,  
r rr r r

r rm n
r

u uu m d u

F dµ
≤ ≤

 
   = ∑ ∑ 
   

 

 

                                                       ( ) ( ),  .rF m n=  

Conversely, assume     ( ) ( ) ( ) ( )
1

,  ,  .
r rr

r rr m n
r

d dd m

F m n d Gµ
≤ ≤

 = ∑  
 

 

Consider   

( ) ( ) ( )
1 1 1

,   ,  

r
m

d

r r r r r rr r r

r rrm n m n
r

d d t d t dd m d m t

F d Gµ
≤ ≤ ≤ ≤ ≤ ≤

 
    =∑ ∑ ∑    

    
 

 

                                          ( ) ( )
1

,  
r rr r r

r rm n
r

u uu m t u

G tµ
≤ ≤

 
   = ∑ ∑ 
   

 

 

                                         ( ) ( ),  .rG m n=  

 

Corollary 2.  Suppose ( ) ( ),  rF x y  and ( ) ( ),  rG x y  are generalized arithmetical 

functions such that ( ) ( ) ( ) ( ),  0 ,  r rF x y G x y= =   if x is not an integer and

( ) ( ) ( ) ( ),  0 ,  r rF x y G x y= =  if 0 1,y< <  then Mobius inversion formula for such 

functions reduces to the following form 

( ) ( ) ( ) ( ) ( ) ( ),  ,  ,  ,  
r r r r

r r

r r r rm n m n
r

d d d dd m d m

G m n F F m n dµ      = ⇔ =∑ ∑            
    (2)                

Proof:  Suppose ( ) ( ) ( ),  ,  
r r

r

r r m n

d dd m

G m n F
  = ∑     

    holds. 
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Consider    

( ) ( ) ( ) ( ),  ,  
r r r r r r

r r r m
rd

r rr rm n m n
r r

d d t d t dd m d m t

d G d Fµ µ

 
       =∑ ∑ ∑               
 

 

                                                    ( ) ( ),  
r r

r r r

r rm n
r

u uu m d u

F dµ
 
   = ∑ ∑      
 

 

                                                    ( ) ( ),  .rF m n=  

Conversely, suppose 
( ) ( ) ( ) ( ),  ,  

r r
r

r rr m n
r

d dd m

F m n d Gµ   = ∑     
 

Consider      ( ) ,  
r r

r

r m n

d dd m

F
  

∑     
( ) ( ) ,  

r r r r
r r m

rd

rr m n
r

t d t dd m t

t Gµ

 
   = ∑ ∑       
 

 

                                                            ( ) ( ),  
r r

r r r

r rm n
r

u uu m t u

G tµ
 
   = ∑ ∑      
 

 

                                                           ( ) ( ),  .rG m n=  

 
3. Exact formulae 
To find the exact formulas we use the following theorems proved in [1]. 

Theorem 3. For all positive integers  2rn ≥  1r ≥ , k, 
 

(i)            ( ) ( ) ( ) ( ) ( )
1

2 1 1,  

n
rd

r

r rr
r

d n

f n d f nµ
 
 
 

≤ ≤

 
 

= − =∑  
 
 

                                   (3) 

(ii)             
( ) ( ) ( ) ( ) ( )

1

1,  .

   

n
rd

r

r rr
rk k

d n

f n d f n

k

µ
 
 
 

≤ ≤

 
 = =∑  
 
 

                                       (4) 

 
Theorem 4.  For all positive integers n , 1r ≥ , k, 
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(i)  ( ) ( ) ( ) ( ) ( )2 1 1, .
n
rd

r

r rr r

d n

n d nµ
 
 Φ = − = Φ∑
 
 

                                                   (5) 

(ii)   ( ) ( ) ( ) ( ) ( )1, .r
k k

r

n
r rr r d

d n

n d n
k

µ
 
 Φ = = Φ∑
 
 

                                                          (6) 

 
Lemma 5. If  ,n m≥  we have 

(i)         ( ) ( ) ( ),  2

n m
r rd d

r

r r
r

d m

g m n dµ
 − 
 = ∑                                                              (7) 

(ii)       ( ) ( ) ( ),  .

    1

r r

r

n m
r r

d drk
d m

g m n d

k

µ
   −  = ∑   
 − 

                                                         (8) 

Proof:  (i) Let ( ),  P m n  denotes the set of subsets of { },  1,  ...,  m m n+  containing m. 

Then ( )#  ,  2 .n mP m n −=  We  define a relation on ( ),  P m n  as follows:    

For ( ),  ,  A B P m n∈  we say that A B≅  if and only if ( ) ( )gcd gcd .r
r rA d B= =  

Note that rd m and 1 .rd m≤ ≤  Then ≅  is an equivalence relation on ( ),  .P m n  If m 

is r-free then ( ) ( )gcd 1 gcd .r rA B= =  Hence the elements of ( ),  P m n  can be 

partitioned using the relation " "≅  of  having the same thr  power gcd rd .   Also the 

mapping 
1

r
A A

d
→  is a 1-1 correspondence between the subsets of ( ),  P m n  having

thr  power gcd rd  and r-relatively prime subsets of ,   ...,  
r r

m n

d d

 
 
 

 which contain 

.
r

m

d
  Then we have the following  identity  ( )2 ,  .

r r
r

rn m m n

d dd m

g−   = ∑     
 

By   Corollary (2)   ( ) ( ) ( ),  2

n m
r rd d

r

r r
r

d m

g m n dµ
 − 
 = ∑  which proves  (7). 

(ii)   Note that the correspondence 
1
r

A A
d

→  preserves the Cardinality and hence 
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                                      ( ) ,  .
 1 r r

r

r m n
k d dd m

n m
g

k

−    = ∑    −    
 

By Corollary (2), we have 

                                ( ) ( ) ( ),  .

    1

r r

r

n m
r r

d drk
d m

g m n d

k

µ
   −  = ∑   
 − 

  which proves (8). 

 
Theorem 6.  If  ,n m≥  then the following two identities are true. 

(i) ( ) ( ) ( ) ( )1

11

,  2 1 2

n n i
r r rd d d

r r

mr r r
r r

id n d i

f m n d dµ µ
   

−   −
   

=≤ ≤

 
 

= − −∑ ∑ ∑ 
 
 

             (9)             

(ii) 
( ) ( ) ( ) ( )1

11

,  .

      1

n n i
r r rd d d

r r

mr r r
r rk

id n d i

f m n d d

k k

µ µ
   

−−   
   

=≤ ≤

   
   = −∑ ∑ ∑   
   −   

               (10)           

Proof:  (i) Repeatedly applying Lemma (5) and equations (7)  and (3) 
                  

                   ( ) ( ) ( ) ( ) ( ) ( ),  1,  1,  r r rf m n f m n g m n= − − −  

                                        ( ) ( ) ( ) ( ) ( ) ( )2,  2,  1,  r r rf m n g m n g m n = − − − + −
  

 

                                                      
⋮
⋮  

                                        ( ) ( ) ( )
1

1
 1,  ,  

mr r

i
f n g i n

−

=
= − ∑  

                                       ( ) ( )1

11

2 1 2

n n i
r r rd d d

r r

mr r
r r

id n d i

d dµ µ
   

−   −
   

=≤ ≤

   
   

= − −∑ ∑ ∑   
   
   

 

 (ii)   From equation (4), we have    
( ) ( ) ( )

1

1,  .

  

n
rd

r

r r
rk

d n

f n d

k

µ
 
 
 

≤ ≤

 
 = ∑  
 
 

 

By equation (8), we have 
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( ) ( ) ( ),  

    1

n m
r rd d

r

r r
rk

d m

g m n d

k

µ
 

− 
 

 
 = ∑  
 − 

 

Therefore
( ) ( ) ( ) ( ) ( ) ( )  ,  1,  1,  
r r r

k k kf m n f m n g m n= − − −  

                                       ( ) ( ) ( ) ( ) ( ) ( ) 2,  2,  1,  
r r r

k k kf m n g m n g m n = − − − + −
  

 

                                                
⋮
⋮  

                                     
( ) ( ) ( ) ( )

1

1
 1,  ,  

mr r
k k

i
f n g i n

−

=
= − ∑  

                                    ( ) ( )1

11

.

      1

n n i
r r rd d d

r r

mr r
r r

id n d i

d d

k k

µ µ
   

−−   
   

=≤ ≤

   
   = −∑ ∑ ∑   
   −   

 

Note :  { }( ) ( )( )gcd 1  gcd ,  1.r r r
A n A n∪ = ⇔ =  

Proof:  Assume { }( )gcd 1.r A n∪ =  

                Let ( )( )gcd ,  r
r r

A n d=  

                 rd n⇒    and  ( )gcdr
rd A    ( ( ) since gcd   for all  r A a a A∈ ) 

                 rd n⇒    and  rd a  for all  a A∈  

                { }( ) gcdr
rd A n⇒ ∪  1rd⇒   1.d⇒ =  

Conversely,   let ( )( )gcd ,  1r r
A n =   and { }( )gcd r

r A n d∪ =  

                        rd a⇒  for all  a A∈  and rd n  

                       rd a⇒    and   rd n   for all   a A∈  

                      ( ) gcdr
rd A⇒  and rd n  

                      ( )( ) gcd ,  r
r r

d A n⇒  

                       1rd⇒   1.d⇒ =  

Lemma 7.  If 2 1n n≥  are natural numbers and  ( )rG , ( )rF  are generalized arithmetical 

functions with domain ( )20,  ∞  .  Then 
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( ) ( ) ( )

( )
1 2

1 2

1 2
gcd , 

,  ,   
r r

r
r

n nr r

d dd n n

G n n F  = ∑  
 

 

( ) ( ) ( ) ( )

( )
1 2

1 2

1 2
gcd , 

,  ,  
r r

r
r

n nr rr
r

d dd n n

F n n d Gµ  ⇔ = ∑  
 

 

Proof:  Assume    ( ) ( ) ( )

( )
1 2

1 2

1 2
gcd , 

,  ,  
r r

r
r

n nr r

d dd n n

G n n F  = ∑  
 

 

        Consider   ( ) ( )

( )
1 2

1 2gcd , 

,   
r r

r
r

n nrr
r

d dd n n

d Gµ  
∑  

 
        

( ) ( )

( )
1 2

1 21 2gcd , gcd , 

,  
r r r r

r n nrr r r rd d

n nrr
r

t d t dd n n t

d Fµ
 
 
 

 
 

  = ∑ ∑    
 
 

 

 

( ) ( )
( )

1 2

1 2gcd , 

,  
r r

r r r
r

n nr r
r

u uu n n d u

F dµ
 
  = ∑ ∑  

  
 

    ( ) ( )1 2,  .rF n n=  

 

Conversely, assume  ( ) ( ) ( ) ( )

( )
1 2

1 2

1 2
gcd , 

,  ,  
r r

r
r

n nr rr
r

d dd n n

F n n d Gµ  = ∑  
 

 

Consider

( )

( )
( ) ( )

( )
1 2 1 2

1 21 2 1 2gcd , gcd , gcd , 

,   ,  
r r r r r r

r r n nrr r r r rd d

n n n nr rr
r

d d t d t dd n n d n n t

F t Gµ
 
 
 

 
 

    =∑ ∑ ∑       
 
 

 

                                ( ) ( )
( )

1 2

1 2gcd , 

,  
r r

r r r
r

n nr r
r

u uu n n t u

G tµ
 
  = ∑ ∑  

  
 

( ) ( )1 2  ,  .rG n n=  

 
Theorem 8.  If  ,n m≥  then we have the following two identities 
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         (i)   ( ) ( ) ( )
( )gcd , 

,  2
n m

rd

r
r

r r
r

d m n

m n dψ µ
−

= ∑                                                   (11) 

        (ii)   
( ) ( ) ( )

( )gcd , 

,  .
  

n m
rd

r
r

r r
rk

d m n

m n d

k

ψ µ
− 

 = ∑
  
 

                                              (12) 

Proof: (i) Let ( ),  P m n  denotes the set of subsets of { },  1,  ...,  m m n+  containing m.  

Then  ( )#  ,  2 .n mP m n −=   We define the set 

( ) { } { }( ){ },  ,  ,  1,  ...,  :  and gcdr r
rP m n d A m m n m A A n d= ⊆ + ∈ ∪ =  

The set ( ),  P m n  can be partitioned using the equivalence relation  " "≅  for having the 

same thr power  gcd, that is , ( ),  ,  ,  rA B A B P m n d≅ ⇔ ∈  for some 

( )gcd ,  .r
rd m n   Further, the mapping 

1
r

A A
d

→  is a 1 1−  correspondence between 

( ),  ,  rP m n d  and the set of subsets B of ,  1,  2,  ...,  
r r r r

m m m n

d d d d

 + + 
 

 such that 

r
m

B
d

∈  and gcd 1.r r
n

B
d

  ∪ =  
    

Then we have ( ) ( )# ,  ,  ,  
r r

rr m n

d d
P m n d ψ  =  

 
. 

Thus we have ( )
( )

( )

( )gcd , gcd , 

2 # ,  ,  ,  
r r

r r
r r

rn m r m n

d dd m n d m n

P m n d ψ−  = =∑ ∑  
 

               
( )

( )gcd , 

Therefore 2 ,  .
r r

r
r

rn m m n

d dd m n

ψ−  = ∑  
 

 

Applying Lemma (7) we have 

                       ( ) ( ) ( )
( )gcd , 

,  2
n m

rd

r
r

r r
r

d m n

m n dψ µ
−

= ∑    which proves (11). 

(ii)    Note that the correspondence 
1
r

A A
d

→  defined above preserves the Cardinality 

and hence using an argument similar to the one in part (i) , we have 
                            



The Number of r -Relatively Prime Subsets and Phi Functions for  
{ m,m+1, …, n}- its r -Generalization 

591 
 

                                      ( )

( )gcd , 

,  
 1 r r

r
r

r m n
k d dd m n

n m

k
ψ

−   = ∑   −   
 

  is equivalent  to 
which proves  (12). 
 
Theorem 9. If  ,n m≥  
then the following two 
identities are true. 

(i) ( ) ( ) ( ) ( )
( )

1

1 gcd , 

,  2 1 2
n n i
r rd d

r r
r

mr r r
r r

id n d i n

m n d dµ µ
−−

=

 
 Φ = − −∑ ∑ ∑
 
 

               (13)                    

(ii) ( ) ( ) ( ) ( )
( )

1

1 gcd , 

,  .
 1

r r

r r
r

n n imr r rd dr rk
id n d i n

m n d d
k k

µ µ
−−

=

   
   Φ = −∑ ∑ ∑
   −   

                 (14)                   

Proof:  (i)  Applying theorem (8) repeatedly and using the equation (5) 

we  have   ( ) ( ) ( ) ( ) ( ) ( ),  1,  1,  r r rm n m n m nψΦ = Φ − − −  

                                       ( ) ( ) ( ) ( ) ( ) ( )2,  2,  1,  r r rm n m n m nψ ψ = Φ − − − + −
  

 

                                                   
⋮
⋮  

                                       ( ) ( ) ( ) ( )
1

1
1,  ,  

mr r

i
n i nψ

−

=
= Φ − ∑  

                                       ( ) ( )
( )

1

1 gcd , 

2 1 2
n n i
r rd d

r r
r

mr r
r r

id n d i n

d dµ µ
−−

=

     = − −∑ ∑ ∑  
    

 

which proves (13). 
 
(ii)  Applying theorem (8) repeatedly and using equation (6) 

                     
( ) ( ) ( ) ( ) ( ) ( ),  1,  1,  
r r r

k k km n m n m nψΦ = Φ − − −  

                                          ( ) ( ) ( ) ( ) ( ) ( )2,  2,  1,  
r r r

k k km n m n m nψ ψ = Φ − − − + −  
 

                                                              
⋮
⋮  

( ) ( ) ( )
( )gcd , 

,  
1

r

r
r

n m
r r drk

d m n

m n d
k

ψ µ
− 

 = ∑
 − 
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( ) ( ) ( ) ( )

1

1
1,  ,  

mr r
k k

i
n i nψ

−

=
= Φ − ∑  

                                             ( ) ( )
( )

1

1 gcd , 

.
 1

r r

r r
r

n n imr rd dr r
id n d i n

d d
k k

µ µ
−−

=

        = −∑ ∑ ∑    −     

 

which proves  (14). 
4. Conclusion   
We count the exact number of  nonempty subsets of  { m , m+1 ,…, n} which are   
(i)  r-relatively prime 
(ii)  r-relatively prime of cardinality k. 
(iii)  r-relatively prime to n 
(iv)  r-relatively prime to n of cardinality k. 
by using r-Generalized version of Mobius inversion formula for two variables. 
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