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Abstract. A dominating set D of a graph � = �(�, �)  is called metro dominating set of 
G. If for every pair of vertices u, v there exists a vertex w in D such that �(	,
) ≠
�(�,
), The k-metro domination number of a path ��(��),  is the order of a smallest k-

dominating set of �� which resolves as a metric set. In this paper, we calculate the k-
metro domination number of paths. 
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1. Introduction 
Let �(�, �) be a graph. A subset of vertices � ⊆ � is called a dominating set (- set) if 
every vertex in � − � adjacent to at least one vertex in D [4]. 

The minimum cardinality of a dominating set is called the domination number of 
the graph G and is denoted by (�).[4]. 

The metric dimension of a graph G is denoted by �(�)  is defined as the 
cardinality of a minimal subset  � ⊆ � having the property that for each pair of vertices 
u, v in G there exists a vertex w in S such that �(	,
) ≠ �(�,
)The coordinate of 
each vertex �	 of V (G) with respect of each landmark 	� belong to S is defined as usual 
with ith component of v as �(	, ��)		for each i and is of dimension �(�)[2]. 

Metro domination number introduced by Sooryanarayana and Raghunath [5]. 
Fink and Jacobson [6, 7] in 1985 introduced the concept of multiple domination. A subset 
D of V (G) is k-dominating in G if every vertex of � − �  has at least k neighbor’s in D. 
The cardinality of minimum k- dominating set is called k- domination number	��(�). 
A dominating set D of a graph G(V;E) is called metro dominating set of G if for each pair 
of vertices u; v there exists a vertex w in D such that �(	,
) ≠ �(�,
). 
 
2. Our results 

Theorem 2.1. For � ≥ 11,     � (��) = !�"#. 
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Proof: Let �$, �%, �&, ………… . . ��  be the vertices of the path �� . Let D be the 
minimum 2-dominating set of �� . Let  ( = � − �  , Now each �� ∈ (  is either 
adjacent to any of the vertex D or atmost at distance two from atleast one of the vertex of 
D. Any vertex �* ∈ � , will dominates at most 5 vertices including itself. Since the 
metric dimension of the Path  �(��) = 1, as in [5], D itself serve as a metric set. 

Thus    � (��) ≥ !�"#                                                                                                       (i) 

To prove   � (��) ≤ !�"#, 
We define a set D as follows 
 
Case 1: For  � = 5- + 6, - ≥ 1,	   
 � = 0�"*1&; 		0 ≤ 4 ≤ 5�6%" 78 ∪ �� 		 
 
Case 2: For  � = 5- + 7, - ≥ 1,	   

� = ;�"*1&; 		0 ≤ 4 ≤ <� − 3
5 >? ∪ �� 

 
Case 3: For  � = 5- + 8, - ≥ 1,	  
� = ;�"*1&; 		0 ≤ 4 ≤ <� − 4

5 >? ∪ �� 

 
Case 4: For  � = 5- + 9, - ≥ 1,	  
� = 0�"*1&; 		0 ≤ 4 ≤ 5�578 ∪ �� 

 
Case 5: For  � = 5- + 10, - ≥ 1,	  

� = ;�"*1&; 		0 ≤ 4 ≤ <� − 1
5 >? ∪ �� 

 
We note that D is a 2-dominating set for ��, and also D will serves as a metric set of �� . 

Thus   � (��) ≤ !�"#                                                                                                       (ii) 

 
From (i) and (ii) 
 

� (��) = !�"#. 
 
Case 1: For  � = 5- + 6,										- ≥ 1,	   
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                 Figure 1:                                    ( ) 4162
=Pβγ  

 
 
 Case 2: For  � = 5- + 7,										- ≥ 1, 
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       Figure 2:                                    ( ) 3122

=Pβγ  

 
 Case 3: For  � = 5- + 8,										- ≥ 1, 
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       Figure 3:                                    ( ) 5232
=Pβγ  

 
Case 4: For  � = 5- + 9,										- ≥ 1, 
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      Figure 4:                                    ( ) 3142

=Pβγ  

 
Case 5: For  � = 5- + 10,										- ≥ 1, 



Lakshminarayana S and Vishukumar M 

596 
 

 

27 16 05 14 23 32 41 50 61 72 83 94 (1
0)

5
(1

4)
9

(1
5)

(1
0)

(1
6)

(1
1)

(1
7)

(1
2)

(12)7

(13)8

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13 v14

v15

v16v17v18v19v20

(1
1)

6

        Figure 5:                                    ( ) 4202
=Pβγ  

 

Theorem 2.2. For  � ≥ 8 , �C(��) = !�D#. 
Proof: Let �$, �%, �&, ………… . . ��  be the vertices of the path �� . Let D be the 
minimum 3-dominating set of �� . Let  ( = � − �  , Now each �� ∈ (  is either 
adjacent to any of the vertex D are atleast at the distance three from atleast one of the 
vertex of D. Any vertex �* ∈ �, will dominates at most 7 vertices including itself,  D 
also serves as a metric set. 
 

Thus    �C(��) ≥ !�D#                                                                                                       (i) 

To prove   �C(��) ≤ !�D#, 
We define a set D as follows 
Case 1: � = 7- + 1, 7- + 2, 7- + 3,					- ≥ 1 
 � = 0�D*6&; 		1 ≤ 4 ≤ 5�D78 ∪ �� 		 
 
Case 2: � = 7- + 4, 7- + 5, 7- + 6, 7- + 7,					- ≥ 1 
� = 0�D*6&; 		1 ≤ 4 ≤ 5�1&D 78. 
We note that D is a 3-dominating set for ��, and also D will serves as a metric set of  �� . 

Thus   �C(��) ≤ !�D#                                                                                                       (ii) 

From (i) and (ii) 

�C(��) = !�D#. 
Case 1:  � = 7- + 1, 7- + 2, 7- + 3,										- ≥ 1,	   
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       Figure 6:                                    ( ) 3163
=Pβγ  

Case 2:  � = 7- + 4, 7- + 5, 7- + 6, 7- + 7,										- ≥ 1,	  
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       Figure 7:                                    ( ) 4283
=Pβγ  

Theorem 2.3. For  � ≥ 10,     �F(��) = !�G#. 
Proof: Let �$, �%, �&, ………… . . ��  be the vertices of the path  �� . Let D be the 
minimum 4-dominating set of �� . Let  ( = � − �  , Now each �� ∈ (  is either 
adjacent to any of the vertex D are atleast at the distance four from atleast one of the 
vertex of D. Any vertex �* ∈ �, will dominates at most 9 vertices including itself  D 
also serves as a metric set. 

Thus    �F(��) ≥ !�G#                                                                                                       (i) 

To prove   �F(��) ≤ !�G#, 
We define a set D as follows 
Case 1: � = 9- + 1, 9- + 2, 9- + 3, 9- + 4, 9- + 5,					- ≥ 1 
 � = 0�G*6H; 		1 ≤ 4 ≤ 5�G78 ∪ �� 		 
 
Case 2: � = 9- + 6, 9- + 7, 9- + 8, 9- + 9,					- ≥ 1 
� = 0�G*6H; 		1 ≤ 4 ≤ 5�1&G 78. 
We note that D is a 4-dominating set for ��, and also D will serves as a metric set of �� . 

Thus   �F(��) ≤ !�G#                                                                                                       (ii) 

From (i) and (ii) 

�F(��) = !�G#. 
Case 1:  � = 9- + 1, 9- + 2, 9- + 3, 9- + 4, 9- + 5	,									- ≥ 1,	  
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     Figure 8:                                    ( ) 3234

=Pβγ  

 
Case 2:  � = 9- + 6, 9- + 7, 9- + 8, 9- + 9	,									- ≥ 1,	  
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     Figure 9:                                   ( ) 2154

=Pβγ  

 
 

Theorem 2.4. For � ≥ 12,     �I(��) = ! �$$#. 
Proof: Let �$, �%, �&, ………… . . ��  be the vertices of the path�� . Let D be the 
minimum 5-dominating set of �� . Let  ( = � − �  , Now each �� ∈ (  is either 
adjacent to any of the vertex D are atleast at the distance five from atleast one of the 
vertex of D. Any vertex �* ∈ �, will dominates at most 11 vertices including �*, D also 
serves as a metric set of �� . 

Thus    �I(��) ≥ ! �$$#                                                                                                     (i) 

To prove   �I(��) ≤ ! �$$#, 
We define a set D as follows 
 
Case 1: 
 � = 11- + 1, 11- + 2, 11- + 3, 11- + 4, 11- + 5, 11- + 6, 11- + 7	,				- ≥ 1, 
 � = 0�$$*6"; 		1 ≤ 4 ≤ 5 �$$78 ∪ �� 		 
 
Case 2: � = 11- + 8, 11- + 9, 11- + 10, 11- + 11,					- ≥ 1 
� = 0�$$*6"; 		1 ≤ 4 ≤ 5�1&$$ 78. 
We note that D is a 5-dominating set for ��, and also D will serves as a metric set of �� . 

Thus   �I(��) ≤ ! �$$#                                                                                                      (ii) 

From (i) and (ii) 

�I(��) = ! �$$#. 
Case 1: 
  � = 11- + 1, 11- + 2, 11- + 3, 11- + 4, 11- + 5, 11- + 6, 11- + 7,										- ≥ 1,	   
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Figure 10:                                   ( ) 2125

=Pβγ  

Case 2:  � = 11- + 8, 11- + 9, 11- + 10, 11- + 11	,									- ≥ 1,	  
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    Figure 11:                                   ( ) 2215

=Pβγ  

 
Theorem 2.5. For  � ≥ 2- + 6,        - ≥ 1,	      
                ��(��) = ! �

%J1&# , 4 ≥ 2, K ≥ 1.  
Proof follows from generalization of theorem1, theorem2, theorem3 and theorem4. 
 

Acknowledgements. The authors would like to thank the referees for their valuable 
suggestions and very much thankful to the Management of Reva University, Rukmini 
Knowledge Park, Kattigenahalli, yelahanka Bengaluru-64.  

REFERENCES 

1. F.Buckley and F.Harary, Distance in graph, Addison-Wesley, (1990). 
2. G.Chartrand, L.Eroh, M.A.Johnson and O.R.Oellermann, Resolvability in graphs and 

the metric dimension of graph, Discrete Appl. Math, 105(1-3) (2000) 99-113. 
3. F.Harary and R.A.Melter, On the metric dimension of a graph, Ars Combin., 2 (1976) 

191-195. 
4. M.A.Henning, Distance domination in graphs, In Domination in Graphs: Advanced 

Topics, T.W.Haynes,  S.T.Hedetniemi and P.J.Slater, Eds., Marcel Dekker, New 
York (1998) 321-349. 

5. P.Raghunath and B.Sooryanarayana, Metro Domination number of a graph, 
Twentieth Annual conference of Ramanujan Mathematical Society, July 25-30 
(2005) university of Calicut. 

6. B.Sooryanarayana, B.Shanmukha, C.Hegde and M.Vishukumar, Metric dimension of 
composition product of graphs, International Journal of Computational Science and 
Mathematics, 2(1) (2010) 147-160. 

7. B.Sooryanarayana, P.Raghunath and Siddaraju, Metro domination in graph, 
International Journal of Mathematics and Computations, 7(10) (2010) 147-160. 

8. B.Sooryanarayana, K.Shreedhar, C.Hegde and M.Vishukumar, Metric dimension of 
regular cellular network, International Journal of Mathematical Sciences and 
Engineering Applications, 4(II) (2010) 133-148. 

9. J.F.Fink and M.S.Jacobsom, n-domination in graphs, graph theory with applications 
to Algorithms and Computer Science (Kalamazoo, Mich, 1984). pp. 283-300, Wiley, 
New York, (1985). 

10. J.F.Fink and M.S.Jacobsom, On n-domination, n-dependence and forbidden 
subgraphs, Graph theory with applications Algorithms & Computer Science 
(Kalamazoo, Mich, 1984) 301-311, Wiley New York (1985). 



Lakshminarayana S and Vishukumar M 

600 
 

 

11. J.Joseline Manora and B.John, Results on βM-excellent graphs, Annals of Pure and 
Applied Mathematics, 10(1) (2016) 49-58. 

12. P.Pradhan and K.Kumar, The L(2, 1)-Labeling on α-product of graphs, Annals of 
Pure and Applied Mathematics, 10(1) (2016)  29-39. 

13. B.D.Acharya and M.Acharya, Dot-line signed graphs, Annals of Pure and Applied 
Mathematics, 10(1) (2016) 21-27.  

14. S.V.Padmavathi, Relation between convexity number and independence number of a 
graph, Annals of Pure and Applied Mathematics, 9(1) (2015) 9-12. 

 


