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Abstract. Exact solutions to a generalized form of the Charapnlinear Chiral field
equations have been presented for different vadfidise coupling constants. In most of
the situations the solutions could not be obtaiagdhe equations led to non-integrable
expressions. In one situation the solutions wergcteand complex. In the rest of the
situations the solutions were well behaved.
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1. Introduction

This paper describes a new class of solutions fgergeralized form of the celebrated
Chiral nonlinear equations of field theory due toa@p [1]. The generalized form was
first proposed by Saha and Chanda [2]. Some ofre¢lcent studies which deal with
nonlinear equations are due to Das [3], Kiwne, Wagte and Avhale [4], Avhale and
Kiwne [5], Roshid, Rahman and Akbar [6], Mitra a@Gtanda [7]. It has the interesting
observations [1] that the equations admit infinitamber of solutions and have
similarities with the equations originating fromhet areas of study (e.g. equations of
two-dimensional Heisenberg ferromagnets [8,9],zBa@ng Pitaevski equations in super
fluids [10], stationary wave envelope in non-linegtics [11]). Moreover, in many
occasions presented in the literature previousty smme of these occasions presented
here, the solutions are solitary in nature. Theadramce of such type of study is the
opportunity that may be available to a theoretiéradealing with nonlinear equations.
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2. The equations under study

The generalized form of Charap’s equation that ieen dealt with here in this paper
reads like the following:

: ~w 0@ 0B
=k _— 2.1
He=Kn" 525 (2.1a)
: .« 0 0B
=k —L— 2.1b
Dl// d ox" ox” @10
: ; dxy of
=kt 2 2.1
L=k 2022 (2.1c)
where
D¢=¢11+¢22+¢33+5¢44 and
_dp 0%
q - aXl ’ﬂl axlz
where

n*¥ =0foru=+v
=1foru=v+4
=eforu=v=4

e=+1lor—1

k" = arbitrary constant.

B=In(ff +¢*+9*+x*)

fz = constant

Equations (2.1) can be written explicitly as

Ao+ P+ Pt Q=K (@B 9B + 0B €0 B ) (2.22)
Y+t Wt EY 4= k(‘// 131'“// ﬁ a4 15 Fey ﬁ)l (2.2b)
Xt Xt Xzt EX u= k"()(ﬁf")(ﬂz"')(tg Fex B) (2.2¢)

where 8 = In (f2 + ¢p2 + P2 + x?)
fz = constant

The equations (2.1) and (2.2) with = 1 ande = —1 represent the celebrated Charap’s
equation. The equation was first written by Chamgescribe a Chiral field [12].

3. The solutions
Solutions of (2.2) as obtained by the present aathreviously [7] are given by

p=[(12+@ +a’)  dX, p=¢(X), a=a(X) (3.1a)
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N B’a
T ™ a® * 2+ +a 2K
+@ +
( i a ) (3.1b)
Y =acosf (3.10)
x=asing (3.1d)
where
24P +02 K
0=Af (1 ¢22 ) dX +BY +C
a
(3.1e)
A, B and C are constants of integration which are again fonstof(x3 — x*) and
X+ X5 =0 (3.1
Y, +Y,=0 (3.1g)
X =Y, (3.1h)
X, =Y, (3.10)

i.e.X and Y are mutually conjugate Laplace solutions.

The procedure for obtaining (3.1) is the same as tked from the equation (5) to the
equation (17) of the work of Chanda, Ray and Dé.[12

In our previous communication [7] we hadawed the particular case represented

by k' :g, A# 0,B# 0and the ansatz given by

242 =q (32)

The situation resulted in complex solutions forddllgy and Y . It was intimated there

that a similar situation occurs [7] for another gketelebrated equations, namely Yang's
R-gauge equations [13].

Other solutions that are available for difer values ofk’ (including k’ :g) in

(3.1) and the same ansatz given by (3.2) has beglored. It may be noted that the
exponent of the denominator of the second term 31b) is 2k . For obvious

convenience one can rewrite asE where n is an integer. With this one gets back the

original Charap equation fan = 2. In the above it has been already mentioned teat t
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solution fork = g i.e. n =3, is complex. In the table given below (Table B thsults

for the particular values df in (2.1) are given.

Table 1: Nature of solutions to the equations (2.1) fofettiént values ok which have
been presented in this paper

Values ofk" in (1.3) Values of A Nature of solutions obtain | Case N
and B in (1.3)
o1 X I(a)
k = 21
- x I(b)
. 2
K=2=1 A#0,B+0 N 1(c)
" 2
K'=-5=-1 X 1(d)
= 3 V(complex I(e)
- 23 ()
" x |
- _15 \ (@
" |I a
: _51 (b)
" X I
: _2_5 v (c)
" |I C
ki=5=1 A+0,B=0
. 2 x 11(d)
” (e
: _53 )
" X I
k=73

x: Explicit solutions could not be obtained
\: Explicit solutions could be obtained
\ (complex): Explicit solutions could be obtainediahose are complex

It may be noted that Chanda and Ray [14] vilkeefirst to investigate the class of

solutions to the equations (2.1) fér =1. There they had indicated that the situation
B=0 might indicate important results. The details & folutions indicated in Table 1 are
given below.

1
Casel(a): k ==
(@ >
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With the ansatz (3.2) one gets from (3.1a)

p=+2[ adX (3.3a)
and, from (3.1b) and (3.3a)
X = da (3.3b)
JDa? +B2?Ing - A2
which could not be integrated.
Case I(b): k = —%
With the ansatz (3.2) one gets from (3.1a)
p=+2[ adX (3.4a)
and, from (3.1b) and (3.4a)
X = da (3.4b)
JB%a® + Da? - A?
which could not be integrated.
Case l(c): k =1
With the ansatz (3.2) one gets
p=f tan(2f X -G) .58)
@ = f,sed 2%, -G)Cos( 22X +BY +C) (3.5b)
x = f,seq 2f,~G)Sin( AX +BY +C) (3.5¢)

where A’ +B?=4f?
This set of solutions can be indentified e particular form of the solutions
obtained by Chanda and Chakraborty [15] previouBhe solutions obtained by Chanda

and Chakraborty could represent the dependenca’oand x* other than(x® — x*).
Here the dependence of and X* can be represented only in terms ©Of - x%)
through A, Band C which are functions ofx® — x*).
Case I(d): kK =-1
With the ansatz (3.2) one arrives at

X =] 2J20%dX

J4B%a® + 3Da? - 3A?

which could not be integrated. This becomes a himtE towards getting explicit
solutions of@ ¢ and Y in terms of X andY.
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«_ 3

Case l(e): k =—
2

With the ansatz (3.2) one gets complex solutionghvhare quite involved and are

available in a previous work of the authors [7]

23’ZB(E—X)+7T
B L{zf“’zB(E—X) 71} O{23’ZB(E—X) 71} 4 4
¢__ 3 -coseg——mMmM8 ——+— col——————+— >+ IO t T
16A 4 4 4 2
(3.7a)

23/ZB(E—X)+IT

3/2 _ = = 7 i

:Ecose M+E F sinR log tan 4 4 siBY +C
4A 4 4 2

2’B(E-X) 7

+icoshy log ta 42 4 coRy +C (3.7b)

23/2B(E—X)+5

B 2?B(E-X) | .. 4 4
=—coseg —————=+— [sinR log tah coBYY +C
X 4A ({ 4 4 [ 2 BY
23’ZB(E—X)+5
—icosk log tal 4 > 4 SinBY +C
(3.7¢)
. 3
Case I(f): k =——=
® 2
With the ansatz (3.2) one gets from (3.1a)
@= 2‘3’2ji3dx (3.83)
a

and, from (3.1b) and (3.8a)
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a‘da

X - 25/2
J JADa? ++/8Ba - 4A2

which cannot be integrated.

1
Case ll(a): k ==
(@ >

With the ansatz (3.2) one gets the explicit sohdigiven by

2
¢:_2 1_D {emx —(—%j e‘mx} (3.9a)
2
/2D X ( A j _.[2DX
e+l — | e —
W= VZD Cos{zTan‘1 (TD eﬁxj + C:l (3.9b)
2
2D X ( A j —/2D X
e+l — | e —
X= “2D S‘nliZTan‘l(TD e/2x J + C} (3.9¢)

D = Arbitrary constant of integration which can bauadtion of(x3 - x4)
f,.=A

Case li(b): k = —%

With the ansatz (3.2) one gets from (3.1a)

1 (dX
p=—|— 3.10a

And from (3.1b) and (3.10a)

X :%\/% la? —(%]2 +—i(%)2\/glog a+,|a’ —(%}2 (3.10b)

where A and D are arbitrary constants which can be arbitrargtions of(x3 - x4) .

However, from (3.10bj could not be written explicitly in terms of .

Case li(c): k =1
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With ansatz (3.2) here one arrives at the solutiivisn by

@= Atan] 2AX - G] (3.11a)
@ = Ased 22X -G]Cos [2AX +C | (3.11b)
X =Ased 22X -G|Sn [AX +C (3.11¢)

where A,G,C are arbitrary constants and can be arbitrary fonstof (X3 - X4) .

Case li(d): k =-1
With the ansatz (3.2) here one arrives at
2 (Daz _ A2)312

X =<

2 2 2 1/2
= 5 +A°(Da” - A?) (3.12)

From this a could not be written explicitly in terms oK . This becomes a hindrance

towards getting explicit solutions @{/ and Y in terms of X andY..

. 3
C l(e): kK =—
ase ll(e) >

With the ansatz (3.2) one arrives at

3
@= JBA X (3.133)
D JD-8A'X?
A L[ +/BAZX
= Cos<9n?|—= |[+C 3.13b
v JD -8A*X? { [ JD J } (3:130)
2
=#Sn Sn™ JBAX +C (3.13c)
JD -8A‘X? VD
with 8A' =D
; 3
Case ll(f): k =—=
® >
With the ansatz (3.2) one arrives at
23/2A4
X =W_[se6’ ydy 3.14)

A
wherea = —secy

NG)

The integration in (3.14) was not possible and itésricted the calculations for obtaining
explicit solutions@y/ and Y .

424



A New Class of Exact Solutions to a Generalizechfof Charap’s Chiral Equations of
Field Theory

4. Summary and conclusion

This paper has described a new class of exactimwdufor different values of the
coupling constants in a generalized form (Equatifa to 2.1c) of the celebrated Chiral
equations of field theory due to Charap [1]. Theeagalized form was first proposed by
Saha and Chanda [2]. In most of the situationsthetions could not be arrived at as the
equations led to non-integrable expressions. Insitnation the solutions were exact and
complex. In the rest of the situations the soldiane explicit. The importance of such
type of study is the opportunity that may be avddao a theoretician in dealing with
coupled partial differential equations which relaténer/his area of interest.
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