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1. Introduction

The notion of fuzzy sets was introduced by Zade}. [Since then to use this concept in
topology and analysis many authors have expansdabgloped the theory of fuzzy sets
and applications. The concept of fuzzy metric spaes introduced by Kramosil and
Michalek [8]. George and Veeramani [5] studied fineperties of fuzzy metric space.
Grabiec [6] obtained the Banach contraction prilecfpr this space. In 2006, Sedghi and
Shobe [16] defineds- fuzzy metric spaces and proved a common fixedtgbeorem for
four weakly compatible mappings in this space.

The concept of tripled fixed point was introducegdBerinde and Borcut in [2].
Later, in 2012, Borcut and Berinde [3] presentezidbncept of tripled coincidence point
for a pair of nonlinear contractive mappings F-X and g: X— X and obtained tripled
coincidence point theorems which generalized tlailte of [2]. In 2013, Roldan and
Martinez - Moreno etc., gave a slight modificatiminthe concept of a tripled fixed point
introduced by Berinde and Borcut [2] for nonlineaappings, and established a common
tripled fixed point theorem for contractive type ppings in- fuzzy metric spaces.

The aim of this paper is to introduce the concepitsweakly compatible
mappings i -fuzzy metric spaces. Based on this notion, a comtripled fixed point
for mappings

F: Xx Xx X - Xandg: Xo X
are obtained. The presented theorem generalizésnds< and improves several well
known comparable results in the literature.
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2. Preliminaries

Definition 2.1. [14] A binary operation *: [0, 1] x [0,1}>[0, 1] is a continuous-tnorm
if it satisfies the following conditions:

(i) *is associative and commutative,

(ii) *is continuous,

(i) a*1=a, forall & [0, 1],

(iv) a*b<c*dwhenever &c and h<d, for each a, b, c,d|[0, 1].

Example of continuous t - normisa*b =min {&, b

Definition 2.2. [16] A 3 triple (X, 9,*) is ¢ - fuzzy metric space X is an arbitrary
non - empty set is a continuous t - norm amd is a fuzzy set on X x (0, ) satisfying

the following conditions: For each x, y, zeaX and t,s >0

(FM - 1) M (%, Y, z,t) >0,

(FM-2) mM(x,y,z,t)=1lifx=y=12z,

(FM-3) M (x,y, z,t) =M (p{x, v, z}, t), where p is a peutation function,
(FM-4) mM(x,y,a,t)*M(a, z,z,S)< M(X, Y, Z,t +S),

(FM -5) M (x,Y, z,.): (0x) — [0, 1]is continuous,

(FM - 6) Ijm M(X Y, z,t)=1.

Example 2.3. Let X be a non- empty set and D* is defined as - Drfetric on X. Denote

a*b=ab foralla, be [0, 1]. For each1(0, ), define M(x, Y, Z, t)=$
X, Y, Z

for allx, y, ze X, then(X, 9\4,*) isaMm - fuzzy metric space. We call thig - fuzzy

metric induced by D* - metric space. Thus, every-Dmetric induces am - fuzzy
metric.

Definition 2.4. Let (X, m,*) be as - fuzzy metric spacev is said to satisfy the n

p

. n
- property on XxXx X x (Ow) if lIm [M(xy,z/™(t)] =1 whenever x, y, E X,
n —

| >1 and p > 0. Defin®@ = {¢: R* — R"}, where R*= [0, +0) and each ¢ € @
satisfies the following conditions:

(¢ -1) ¢ is non — decreasing,

(¢ -2) ¢ is upper semi - continuous from the right,

(¢ -3) X @\t,) <+wofor all t > 0, whereg™? (t) = ¢)(qd1 (t)) nO N It is easy to prove
n=0

that if ¢ € @, thend(t) <tforallt> 0.

Lemma2.5. Let (X, M, *) be am - fuzzy metric space, where * is a continuous

t - norm of H - type. If there existé € ® such thatv (x, y, z,¢(t)) > M (X, y, z, t) for all

t>0,thenx=y.

Definition 2.6. An element (X, y, zZE X x X x X s called a tripled fixed point of
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F:XxXxX—-XifF(x,y,z)=x; F(y, z,x) =y and F(z, X, y) = z

Definition 2.7. An element (x, y, zZEX x X x X s called a tripled coincidence point
of the mappings F: X x X x X> X and g : X— XifF(x,y, z) = g(x); F(y, z, X) = g(y);
F(z, x, y) = 9(2). Moreover, (X, vy, z) is called@mmon tripled fixed point of F and g if
F(x,y, 2) =9(X) = x, F(y, z, X) = g(y) =y, andZ~x, y) = 9(2) = z.

Definition 2.8. Let X be a non-empty set, F: X x X x2% X and g : X— X be two
mappings. F is said to be commutative with g, ibgly, z) = F(g(x), g(y), g(z)) for all x,
y, Z€ X.

In [1], Abbas et al., introduced the concept of Weaompatible mappings.
Here we give a similar concept in fuzzy metric gsaas follows.

Definition 2.9. Let (X, M, *) be awm - fuzzy metric space, and let F : Xx X xXX and

g : X — X be two mappings. F and g are said to be weettypatible(W-compatible)
if they commute at their coupled coincidence points. if (X, y, z) is a tripled
coincidence point of g and F, then gF(x, v, z) g(K\, g(y), 9(2)).

3. Main results
In this section, theV - fuzzy metric space (XM , *) is in the sense of Sedghi and Shobe
and theM - fuzzy metricM is assumed to satisfy the condition:

lim a(x,y, z,t) =1 for all x, y, £ X. For simplicity, denote

t -0

[MX Y, z,O]" = Mm(x, y, 2,0 *M(x,y, 2 ) 5. .*M(x vy, 2]} forallne N.

Theorem 3.1. Let (X, M, ) be ay - fuzzy metric space such thais a t - norm of H -
type. Let F: X x X x X— X and g: X—X be two mappings, and there exigt§] @
satisfying
M(F(X, Y, ), F (u, v, w), F(u, v, wi(t) ) = {m(g(x), g(u), g(u), 1)

*M(9(y), 9(v), 9(v), 1) *M(9(2), g(w), g(w), )} (3.1.1)
forall x,y, z, u, v, we X, t >0 Suppose that F(X x X x X g(x), g(X) is complete, F
and g are weakly compatible. Then F and g haveigua common tripled fixed point in
X.
Proof: Let X, Yo, Z € X be three arbitrary points in X. Since F (X xXX) € g(x).

We can choose;xy;, z € X such that g(® = F(x, Yo, Z), 9(y1) = F(¥, 20 X0) and

0(z1) = F(z, X0, Yo). Continuing this process, we can construct tlsespiences &.{Y n}
and{zy}in X such that g(%.1) = F(% Yn, Z0), 9(%h+1) = F(%h, Zn Xn), 9(Z+1) = F(z, %0 ,Yn)
for all n>0. We shall do the proof in four steps.

Step |: We shall show that {g@}}, {g(y )} and {g(z,))} are Cauchy sequences.
Sincex isa t-norm of H - type, for any > 0, there exists anu > 0 such that
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(A-p)*@A-)*...*x(L- ) =21 —A forall KO N. SinceM (x, y, z, .) is continuous

k
andlim a (x,y, z,t) = 1 for all x, y, E X, so there existg t 0 such that

t— 0

(9(xo), o(x). d ) . b) = 1+

M(9(¥o). o(n) d %) . b) = 1+ (3.1.2)
M(9(z).9o(2) . d2) 5 2 1n

On the other hand, singes @, by coﬁdition ¢ -3), we havg ¢" (tg) <oo.

Then for any t > 0, there existgs@ N.such that t > i (/f(to) . (3.1.3)

k=n,

By use of condition (3.1.1), we get
M (9(x0), 90%), 9(%), d(ta)) =M (F(Xo, Yo Z0), F(Xe, Y1, 21), F(%a, Y1, Z1), 0(to))
= {M(9(x), 9(x), 9(x0), to) * M (9(¥0), 9(Y1), I(W1), o)
* M (9(20), 9(2), 9(2), )}
M (9(Yn), 9(¥2), 9(¥2), 9(to)) =M (F(Yor Zo, %0)» F(Yar Z1, X2), F(Y1, 22, Xa), ¢(to))
>{ M(9(¥o), 9M), I(W), to) * M (9(2), 9(2), 9(2), k)
« M (9(%), 9(x0), 9(x1), 1)} and
M (9(z1), 9(2), 9(2), d(t))) = M (F(2o, Xor Yo), F(z, X1, Y1), F(z, X1, Y1), 0(t0))
={ M (9(2), 9(z), 9(z2), t) *M (9(x), 9(x), 9(*0), k)
*M (9(Yo), 9(Y1), 9(Y1), W)} -
Similarly, we have
M (9(%), 90%), 9(%a), 0(to)) = M (F(Xs, Y1, 21), F(%, Yo, 22), F(%, Yo, 22), ¢°(t0))
= {M (9(x1), 9(%), (%), ¢(t0))
M (9, 9(¥), 9(¥2), d(ta)) * M (9(z), 9(2), 9(2), $(t0))}
>{[ M (9(%), 90x), 9(x), ©)]° * [M (9(Yo), I(), I(W), T)]°
* M (9(20), 9(z), 9(z), )]}
M (9(y2), 9(¥s), 9(¥8), §°(to)) = M (F(¥a, 22, X1), F(¥or Zo, Xo), F(¥or 2o, Xo), H°(to))
> {[M (9(), 90, M), 0)]° * [M (9(20), 9(z), 9(2), t)]°
* M (9(%), 904), 9(), 0)]°}  and
M (9(2), 9(z), 9(z), $°(to)) =M (F(z1, X1, Y1), F(2, Xo1 ¥2), F(2o, %o, Yo), $7(t0))
>{[M(9(2), 9(z), 9(z), ©)]** [ (9(%), 9(2), 9(x0), )]*
* M g(Yo), 90A), 9(¥), t0)]%}-
From the inequalities above and by induction, gasy to find that
M (90%), G0%ns) G06+1), ¢"(t0)) = { [M (9(%), 9(x0), G(xa), to)]°™
“H (Q00), 90, IO, I [M (9(z), 9(z), 9(2), ©I*™}  (3.1.4)
M (I(Y), IOh+1)s GOhe1), 0"(t) = { [M (9(Yo), (W), 9O), t)]°"
P (9(%0), 904, 90x), )T * [M (9(20), 9(z), 9(2), t0)]°"} (3.1.5)
M (9(Z), 9(Zne1)s 9(Zr0), $"(t)) = { [M (9(=0), 9(z2), 9(=), )]
* 1 (90%), 9(4), 904), )]*"* [ (9(¥o), 9(¥0), (W), 1)]*" . (3.1.6)
So, from (3.1.2), (3.1.3) and (3.1.4) for m >my, we have
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M (9(%), I0), GO, ) = M (%), I0%n), IO), 3 (L))

0

> 91 (06, 90, 906).™s "t
k=n

2{M9(%0), 9 Xwr) » d Xoed) F( ) S Her) + 4 %2) - § %) @7 ( )
* e M@ (Xma) s 9 Xm) s A %) #7(to) N}
={ [9‘4(9(’(0) 9(x), 9(x4), %)]3“1* [M(g(yo),g(yl),g(yl), 5)]3&1

(). dz). 7). Im( 4% 69 .63 47

(Vo) 9(vs) o(w) &)1 [M(d 2) .4 2) .6 9 41" * .
9(xo). 9(x), o) o) To( d w) a(y). o(v). 1)
I CARE CARPI

3(m'1) R 2(”']) 3(m'1) - z(n'l)

=4[ M(9(%0),9(%). (%), )] 2 *[M(a(Y,),901).9¢.)1)] 2

—

3(Mm-1)_5(n-9
tM(9(z5).9(z),9(3 ).b )]27}

> @-p)*A-@*.. Q- 21 -2
3(3(m—1) R 2(n—1))
2
which implies thata (g(x.), 9(%n), 9(%n), t) > 1-1, (3.1.7)
forall m, nL N, withm>n> npandt > 0.
So {g(x,)} is a Cauchy sequence. Similarly, we can prow {g(y.)} and {g(z,)} are
also Cauchy sequences.

Step I1:  We shall show that g and F have tripled coincideuiat.
Since g(X) is complete, there exigty, Z€ g(X) , and exist a, b, cl X such that

lim g(x,) =lim F (%, y», z,) = g(a) =
lim g(y,) =limF(y, z,, %)= g(b)=y and 3.1.8)
limg(z,) =limF(z, x,.y,)= g(c) =2.

By use of condition (3.1.1) , we get

(X Yo 7) K 20 F 2B )tz {e( (g ) (9 a(a). )
w( 0.y (9)b (9 819(a(z.). o(9).a(9) ).

Taking the limit as n- o in the above inequality, by continuity of and using (3.1.8),
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we havew (g(a), F(a, b, c), F(a,b, a)(t)) = 1, which implies tha{a, b, ¢ =§ =X .
In a similar way, we can prove tiigtb,c,d =¢ b Zyand(F c,ab £¢ c™:
Since F and g are weakly compatible, we getgha, b, ¢ =€ § h .@)b (9)k

gHb.cd =FE)p (9)c (9l andgF c)a B{&g .4 & .6 ) which implies that
g(x) =RX ¥, 2), oY) = Ry, 2,x) and @)= F " (Z, ).

Step I11: We shall show thag(x) =y, dy) =z and)(z) =X.
Since *is at - norm of H - type for ank > 0 there exists am > 0 such that
A-u)@A-p)....A=u)=1 A, forall kLI N.
k
SinceM (X, y, z, .) is continuous andim % (x, y, z, t) = 1 for all x, y, zI X, there exists

to> 0 such thatv (g(X), 9.V, to) =1 - , M (9(¥),2,2,t,) = 1 - and
M(9(2), %X, t5) =2 1 —u.

On the other hand, Singel1®, by condition ¢ - 3), we havei ¢'(to) < 0.
n=1

Thus, for any t > 0, there exists_.hN such that > i (f(to)- Since
k=no

MO, o Your) Yo A ) MK YR Ey 72 3 Fy 2.Xedt).
2{MOx. %) . 6% d M6y.02 92t
#( @ .08 (93 ot} .
MO, A zr)  L2ner) A1) MEYZ X E 2 X ) Foz Xy O
2{M (B9(z).937).0) M@ dx) dx%).t
Mt (Y x(33), 9(¥n) O} -
MGE2), o X1) » f X Ao =MEZXY K% %2 E% .3 )
2@, d %) . 4%).) MEX. 0% .69 .9
w(dy.dz) .67 4}

Letting n —» o in the above inequalities, we obtain
9‘4 (g()A(),)A/ !91¢(t0)) 2 {M (g()’z)!g/l 91 tO) * 9‘4 (g(y)li'il tO)

*m (9(2), %, X1) } (3.1.9)

2 (9(9).2.20(t) 2 { M g(9).2 2,1) * M (92), %% t)
* (9(X), ¥, ¥:t5) } (3.1.10)

M (9(2). % %0(to)) = {M (9(2).% X, to) * (9(R), 9.9, to)
* M(9(Y).221,)}. (3.1.11)

According to (3.1.9), (3.1.10) and (3.1.11) , wethat
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m(e(%)y (b)) | [[M9(%).5. % o)1
*u(g(9).2 zo( b)) t2PIM Y27 .91
*M9(2) X x@(6) | [{amg(2)% R to)

Therefore, from this inequality and by inductiore abtain that

m@(X).y 3.4 (%)) [2(g(%).%. V. ¢ (b ))] [m(g(%).9 ¥, To)]sn
*(9(39)2 2@ (b)) (2 {*Ima(9) 2,2, (W) b2 P TH 9(5) 2.2 )
*M2) %X X #'(6) | PagE) %% # (D] |ong() % % 1"

for all nL N. Since > 3 ¢(t,) , we get
=

M(g(s() !y !yl g ¢k(t0))
k=n,

) %)
92,291 2 ) :ztzk,z HKo) (= [mg(9) 2.2,
:nO

*M(g(z)v,)\( l’)\(! Z J(IO))
k=n,

(- )0~ )M~ ) 21 A

3n0 +1

\Y
—
2
«Q
—
<> ~—
~—~
N,
N>
St
=
v

M) % %, t)1*"

Thus, for any, > 0, we have M (g(X),V,y, ) *M(dY).z,z t) *M(9(2),%x,X, ) = 1 A
for allt > 0, which implies thagi(X) =y, o)) =2, andg(z) =X.

Step IV: We shall prove that = § =2Z. Since * is a t- norm of H - type, for aiy> 0,
there exists ap > 0 such thafl- x) 01— g) 001~ #) =1 -A forallke N.

k
Since (x, Y, z, .) is continuous anim m(x, Y, Z, t) = 1 forall x,y, z€ X, there

t - 00

exists §> 0 such that(X,y,z, t,) = 1, M(y,2,X,t,) =14 and
M(z,X,y, ) = Ep . On the other hand, singes N, by condition ¢ - 3), we have

i ¢'(t,) <o . Then for any t > 0, there existg hN such that > i ()
n=1 k=ny
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By use of condition (3.1.1), we have
MG (Xner) I Vo) A Voed 1) =m(K % % 2) K% 7% Fyz Aol P
2 {M(9(x) 9() A ) o) H(d %) d37) G2 d)
“a1(a(z,). (). (%) .
MQ(Yer)r W Zer) 2 () MK % 2.0 F7.%.) (Fz..)helt)
2{(o(%). d2) .47 4 (67 .68 .03 o
(o %) . d¥%) .4y .§and
MQ(Z) X X A D =2 (E7 .00 Fry . (Fxoz)dt)
201( 64 O3 {ox ot (9:k {ahaly).tg
(). d7) .07 )}

Letting n— « in the above inequalities, we have

MY 9.0(8)) 2M (X9, 9, ) * M (§,2,2, t) * M (2,%,%,1)

M (9,2,2,0(t,)) =M (9,2, 2,t,)* M(ZXX t,)* M (%9,9t) and
M (2% ,%0(t)) =M (2,% X, 1) *M (X, 9,9, 1) * M(Y,2,2,t,).
Therefore, we obtain that

(MK J.0(to))* MYz z0( 8) MCZx 30 §) 2{[ M XYyl
M.z 7z I [ MEZX X))
From this inequality and by induction, we can oftai
n&y 5 () | [IMES T M | &, 5 o
(92 20 (%) 12 IMIZ, 2, @) P2 I ME 2 )
X

zz
M2x XP(6) | [k g ()] [1ME& K t)]"
for alln N. Sincet > i #(t), we have
k=ng

MET 5, S o)

M, §, D k=ng ME&9, 5, @ (1))
{*m@ﬁ 2,0}2 MYz 2E ) 2 PMOE 2 g (b))
*9\/1(2,;( R, t) k=n, *9"[(25\( %, wn(to))

*MEX XY o)

k=n,
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[9(%.9, 9, )]
> *[M(S‘/Z" 7 to)]?ﬂo S (1_/1)*(1_/1)*....*(1—/1” > 1 =1

A~

TMZ X, %, 9]

1
3t

which implies thak =y =2 . Thus we proved that F and g have a common ¢trifpked

point in X. The uniqueness of the fixed point deneasily proved in the same way as
above.
This completes the proof of Theorem.

Corollary 3.2. Let (X, M, *) be am - fuzzy metric spaces with a H- type t - norm.

Let F: XxXxX — X and g : X—X be two mappings such that
M(F(x, y, 2), F(u, v, w), F(u, v, w), kg {(g(x), g(u), g(u), t)

* M (9(Y), 9(v), 9(v).1) * M (9(2), g(w), g(w), 1)}
forall x,y, z, u, v, we X, t>0, 0 <k <1 Suppose that F(XxXxX) g(X), g(X) is
complete, F and g are weakly compatible. Then Fgahdve a unique common tripled
fixed point in X.

Corollary 3.3. Let (X, M, *) be a¥ - fuzzy metric space with a H-type t- norm.

Let F: XxXxX — X, is complete, and there exigt€ @ such that

M (F(X, Y, 2), F(u, v, w), F(u, v, wh(t)) > M (x, u, u, t) *m {y, v, v, ) * M (z, w, w, t)

for all x, y, z, u, v, weX, t > 0. Then exists ¢ X such that x = F(x, X, x), that is,
F admits a unique fixed point in. X

Corollary 3.4. Let a, b, = [0, 1] be real numbers such that a+b< . Let (X, M ,*) be

a M - fuzzy metric space with a H - type t- norm. EetXxXxX — X is complete, and
there exist$ € @ such that
M(F(X, Y, 2), F(u, v, w), F(u, v, wi(t)) > { [M (X, u, u, OF M (y, v, v, 1)]°
P (z, w, w, t)f }
forallx,y, z,u, v, we X, t > 0,
Then there exisk 0 X such that x = F(x, X, X), that is, F admits a unifijxed point in X.

4. Conclusion

Efforts have been taken in generalizing the corscepfixed point theorems for weakly
compatible mappings in fuzzy metric spaces and dRistence and uniqueness of
common fixed points in abstract spaces like geima@ifuzzy metric space are proved.

Acknowledgment. The authors thanks the referees for their kind cemtm and
suggestions to improve this paper.
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