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Abstract. Harmonic mean labeling was introduced by Sandhyal.eWe extend this
notion to k-super harmonic mean labeling. In ttdpgr, we investigate k-Super harmonic
mean labeling of some snake graphs.
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1. Introduction

By a graphG = (V(G), E(G)) with p vertices and; edges we mean a simple, connected
and undirected graph. In this paper a brief summéefinitions and other information
is given in order to maintain compactness. The tegndefined here are used in the
sense of Harary [3].

A graph labelingis an assignment of integers to wbeices or edges or both
subject to certain conditions. A useful survey oapdp labeling by Gallian (2016) can be
found in [1]. Somasundaram and Ponraj [12] havedhtced the notion of mean labeling
of graphs. Ponraj and Ramya introduced Super medéelihg of graphs in [5].
Somasundaram and Sandhya introduced the concéarofionic mean labeling in [6]
and studied their behavior in [7,8,9]. Sandhya Baglid Raj introduced Super harmonic
labeling in [9]. k-super harmonic mean labeling watoduced by Tamilselvi and
Revathi in [14]. In this paper, we investigate k8uharmonic mean labeling of some
snake related graphs.

2. Preliminaries
Definition 2.1. Let G be a (p, ) graph and V (G) —» {1, 23 ... ,p + q } be an

injection. For each edge e = uv, féte) = [fz(flf;iff((:’,))] or lfz(f:;i;((gj then f is callecduper
harmonic mean labeling if f (V) U {f*(e) : e€E(G)} = {1, 2, ... , p + q}. A graph that

admits aSuper harmonic mean labeling is called Super harmonic mean graph.
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Definition 2.2. Let G be a (p, q) graph arfdV (G) —» {k, k+1L,k+2, ... p+q +k -

1} be an injection. For each edge e = uv,flde) = [% or IMJ then f is

f(u)+f(v)
calledk-Super harmonic mean labdling if f (V) U {f*(e) : e€E(G)} ={k, k + 1L,k + 2, ...
,p +q +k - 1}. A graph that admits la Super harmonic mean labeling is calledk-Super
har monic mean graph.

Definition 2.3. A Triangular snake T,, is obtained from a path, ,u,, ..., u, by joining
u; andu;,to a new vertexy; for 1 <i<n-1.

Definition 2.4. An Alternate Triangular snake A(T,)is obtained from a path
U, Uy, ..., Uy by joining u; andu;,, alternatively to a new vertey;.

Definition 2.5. A Quadrilateral snake Q,, is obtained from a path, ,u,,...,u, by
joining u; andu;,,to new verticesv; andw; for 1 <i <n — 1 respectively and then
joining v;andw; .

Definition 2.6. An Alternate Quadrilateral snakeA(Q,)is obtained from a path
Uy, Uy, ..., UyDY joiningu; andu;,, alternatively to new verticeg;andw;respectively
and then joining;andw; .

3. Main results

Theorem 3.1.A Triangular snakd}, (n = 2) is k - super harmonic mean graph for all
k=>2.

Proof: Let V(T,) ={u;;1<i<n,v;;1<i<n-1}

E(T,) ={uujy1;1<i<n—-1,uyv;;1<is<n—-1,u;41v;51<i<n-1}

be denoted as in the following figure

V1 Uy VUn—2 Un-1

Figure 1:
First we label the vertices as follows
Define a functiorf: V(T,) » {k ,k+1, k+2,..k+p+q—1} by

fu)=k+3
f(w) =k+5i—=5, for2<i<n
f(v) =k

fw)=k+5i-2, for2<i<n-1.
Then the induced edge labels are

fruuy) =k + 4

ff(uuip) =k+5i—3, for2<i<n-1

ffwv;)) =k+5i—4, forl1<i<n-1
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ffriu) =k +2
f*(viuiz) =k+5i—1, for2<i<n-1.
Thusf(V)u{f*(e):ecE(G)} ={k,k+1,k+2,....k+p+q—1}.
HenceT,, is a k -Super harmonic mean graph forkatt 2.

Example 3.1.

90C 90€ 913 918 928 92¢ 93¢

90: 904 908 907 91C 912 918 917 92(C 922 928 927 93( 932 93t

Figure 2: 900-Super harmonic mean labeling gf T

Theorem 3.2.An alternate Triangular snaké(T;,) (n = 3) is k - super harmonic mean

graph for allk > 2 , if the triangle starts from the first vertexA(T;,).

Proof: Consider a pathy ,u,, ..., uy.

To construct alternate triangular snake 4Qiandu, ; alternatively with a new vertex.
The ordinary labeling is

%1 21
ur 2 U3 Uy

Figure 3:

Un/Z

Up_1 Un

Here we consider two cases
Case (i):If nis even
Define a functiorf: V(A(T,,) ) » {k ,k+1, k+2,..k+p+q—1} by
fuy)=k+3
flupi) =k+7(—-1), for2<i<n/2
fluy))=k+7i—2, for1<i<n/2
fw) =k
fw)=k+7i—4, for2<i<n/2.
Then the induced edge labels are
ffuuy) =k +4
frQupittpipr) =k +7i—1, fori<i<z—1
f*(ugi—qup) =k+7i—5, for2<i<n/2
f*uziqvy)) =k+7i—6, for1<i<n/2
fruavy) =k +2
ffuyv) =k+7i—=3, for2<i<n/2.
Case (ii) :If nis odd
Define a functiorf: V(A(T,,) ) » {k ,k+1, k+2,..k+p+q—1} by
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fluzi) =k +7(—1), for2<i<™=
fluz) =k+7i-2, for1<i<™=
fw) =k
f@w)=k+7i—4, for2<i<™—
Then the induced edge labels are
fruuy) =k +4
fr(upiugiv) =k+7i—1, forl1<i SnT_l
frQugiquz) =k+7i—5, for2<i<™=
fr(uziav) =k+7i—6, for1<i<™=
frugvy) =k +2
fruyv) =k+7i -3, for2SiSnT_1
Thusf(V)u{f*(e):ecE(G)} ={k,k+1,k+2,....k+p+q—1}.

HenceA(T;,), is a k -Super harmonic mean graph forkalt 2 , if the triangle starts from
the first vertex ofA(T,).

Example 3.2.

80C 81C 817 824 831 83¢
80 80z 80 811 815 81¢ 82 82¢ 824 832 83 83¢
80¢ 812 82C 827 834
802 804 80& 807 80¢ 81z 814 81¢ 81¢ 821 82¢ 82¢ 82¢ 83C 83: 83t 837 84C

Figure 4: 800 — Super harmonic mean labeling of A(T;,)

Theorem 3.3.An Alternate Triangular snakd(T,,) (n = 3) is k - super harmonic mean
graph for allk = 1 , if the triangle starts from the second verteA@;,).
Proof: The ordinary labeling is

Figure 5:
Here we consider two cases
Case (i):If nis even
Define a functiorf: V(A(T,,) ) » {k ,k+1, k+2,..k+p+q—1} by
fluzii)) =k+7(—-1), for1<i<n/2
fluy)) =k+7i-5, for1<i<n/2
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f)=k+7i—2, for1<i<™=
Then the induced edge labels are

frugiquy)) =k+7i—6, for1<i<n/2

f*(upugi) =k+7i—3, for1<i<™

ffluyv) =k+7i—4, forlgignT_Z.
fruzizv) =k+7i—-1, forlgignT_z,
Case (ii) :If nis odd
Define a functiorf:V(A(T,) ) » {k,k+1, k+2,..k+p+q—1} by

2
2

flugi ) =k+7(-1), forlsignT“
fluy))=k+7i—5, forlSisnT_1
fw)=k+7i-2, forlsig"T_l_

Then the induced edge labels are
frQuziquz) =k +7i—6, for1<i<™=
f*(upiugiv) =k+7i—3, forl<i< nT_l
fruzv) =k+7i—4, for1<i<™=
fr(uzipav)) =k +7i=1, for1<i<™—
Thusf(V)u{f*(e):ecE(G)} ={k,k+1,k+2,....k+p+q—1}.

HenceA(T,) is a k -Super harmonic mean graph forkadt 1 , if the triangle starts from
the second vertex of(T,,).

Example 3.3.

105 112 119 126
103 106 110 113 117, 120 12 127
101 108 115 122
102 104 107 109 111 114 116 118 121 123 125 128

100

Figure 6: 100 — Super harmonic mean labeling of A(Ty)
Theorem 3.4.A Quadrilateral snak@,, (n = 2) is k - super harmonic mean graph for all
k> 2.
Proof: Let V(Qn)={ui;1 <isn, vyw; ;1< Sn—l}
E(Qn) = {uilliy1, UiV; , viW; , Willipq ;1 STSn—1})
be denoted as in the following figure

Figure?:
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First we label the vertices as follows
Define a functiorf:V(Q,) » {k , k+1, k+2,..k+p+q—1} by
_(k+5ifk=2
f(“l)_{k+4 if k>3
fu)=k+7i—=7, for2<i<n

f(v)) =k
fw)=k+7i—=5, for2<i<n-1
fwy) =k+3

fw)=k+7i-2, for2<i<n-1.
Then the induced edge labels are

fruuy) =k +6

fflujuiy) =k+7i—4, for2<i<n-1

fruvy) =k +2

ffwv;)) =k+7i—6, for2<i<n-—1

. k+4 ifk=2

f (Wluz)_{k+5 if k>3

ffwiuiy)) =k+7i—1, for2<i<n-1

frwy) = k+1

ffloiw)=k+7i—-3, for2<i<n-1
Thusf(V) u{f*(e):ecE(G)} ={k,k+1,k+2,...k+p+q—1}.
HenceQ,, is a k -Super harmonic mean graph folkatt 2.

Example 3.4.

200 201 203 209 211 212 216 218 219 223 205 226 230 232 233 237 239 240

204 206 207 210 214 217 221 224 228 231 235 238 242

Figure 8200 — super harmonic mean labeling of Q,
Theorem 3.5An alternate Quadrilateral snak@),,) (n = 3) is k - super harmonic
mean graph for alt > 2, if the quadrilateral starts from the first vere4(Q,,) .
Proof: Consider a path; ,u,, ..., u,.
To construct alternate quadrilateral snake jginandu;.,, alternatively to new vertices
v; ,w; respectively and then joining andw;
The ordinary labeling is

2] wy v ) Va2 Y /2

Uy Uy Uz Uy Un-1 Un

Figure 9:
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Here we consider two cases
Case (i):If nis even
Define a functiorf: V(4(Q,) ) = {k ., k+1, k+2,..k+p+q—1} by
_(k+5 ifk=2
f(“l)‘{k+4 if k>3
fluy)) =k+9i—-2, for1<i<n/2
fluzii) =k+9i—9, for2<i<n/2

f(v) =k
fw)=k+9i—-7, for2<i<n/2
fwy)) =k+3

fw)=k+9i—4, for2<i<n/2
Then the induced edge labels are
ffuuz) =k +6
fr(upitipip) =k +9i—1, for1<i<t-—1
fr(ugiquy) =k+9i—6, for2<i<-—
fruvy) =k +2
fr(uyicqvy)) =k+9i—6, for2<i<n/2
. C(k+4 ifk=2
f (Wluz)‘{ms if k>3
ffwiuy)) =k+9i—3, for2<i<n/2
ffowy) =k +1
ffloyw) =k+9i—=5, for2<i<n-1.
Case (ii) If nis odd
_(k+5 iflk=2
f(“l)‘{k+4 if k>3
fluz) =k+9i-2, for1<i<™=
n+1

fluzi—1) =k +9i=9, for2<i<—

N3N

fw) =k
f)=k+9i—7, fora<i<™=
fwy) = k+3

fw) =k+9i—4, fora<i<™=
Then the induced edge labels are

ffluu) =k +6

fruyiuziz) =k+9i—1, for1<i<

frugi_quyi)) =k+9i—6, for2<i<

o) =k +2

fr(uziavy) =k+9i—8, for2<i<™=
k+4 ifk =2

frwiu) = {k +5 i]j:k >3

frwiuy) =k +9i =3, for2<i<™=

frw) =k+1

g

n—

| N

n-1
2
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frow)=k+9—5, for2<i s”T‘l.
Thusf(V) u{f*(e):ecE(G)} ={k,k+1,k+2,....k+p+q—1}.

Hence AQ,,) is a k -Super harmonic mean graph forkalt 2 , if the quadrilateral starts
from the first vertex ofi(Q,,)

Example 3.5.
600 601 603 611 613 614 620 622 623 629 631 632
60 605 61 615 61 624) 629 633\
60€ 617 62€
604 606 607 609 612 61€ 618 621 628 627 630 634

Figure 10: 600-Super harmonic mean labeling of AYQ

Theorem 3.6.An alternate Quadrilateral snaké€Q,,) (n = 3) is k - super harmonic

mean graph for alt > 2, if the quadrilateral starts from the second vedeA(Q,,) .
Proof: The ordinary labeling is

Figure 11:

Here we consider two cases
Case (i):If nis even
Define a functiorf:V(4Q,) ) » {k , k+1, k+2,..k+p+q—1} by
fluy;)) =k+9i—7, for1<i<n/2
fluzic) =k+9i—9, for1<i<n/2
k+5 ifk=2
o0 ={ b i k>3

fw)=k+9i—5, for2<i<
fw)=k+9i—2, for1<i<
Then the induced edge labels are

. (k44 ifk=2
f (“2“3)_{k+5 if k>3

f*(upitipiz) =k +9i—4, for2<i<Z-1
[ (upi—quy) =k+9i—8, forl<i<-
f*luzivy)) =k+9i—-6, forlSiS%—l

-1
-1

NSNS

N3N
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frow) =k+9i-3, fori<i<Z-1.
frWig) =k +9i—1, for1<i<Z-1
Case (ii): If nis odd
Define a functiorf:V(4Q,) ) » {k ,k+1, k+2,..k+p+q—1} by
fluz) =k+9i-7, for1<i<™=

n+1

fluzi_) =k+9i—-9, forlSiST
oo =15 422
fw)=k+9i—-5, for2<i<
fw)=k+9i—-2, for1<i<
Then the induced edge labels are
Fraa =5 s s
frupiugi) =k+9i—4, for2<i<
f (ugi_quy)) =k+9i—8, for1<i<
frupvy) =k+9i—6, for1<i<Z
frow) =k+9i—3, for1<i<™=
frWittz) =k +9i—1, for1<i<™
Thusf(V) u{f*(e):ecE(G)} ={kk+1,k+2,....k+p+q—1}.
Hence AQ,,) is a k -Super harmonic mean graph forkalt 2, , if the quadrilateral starts
from the second vertex d@f(Q,,)

n-1
2
n—

m |
.

n-1
2

=

n

|HN|

N

Example 3.6.

504 506 507 513 515 516 522 524 525 531 533 534

50: 508 51. 517 52 526 530, 535

501 51C 51¢ 52¢
50C 502 505 50¢ 511 514 51€ 520 523 527 529 532 53¢

Figure 12: 500-Super harmonic mean labeling of A(Q
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