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1. Introduction  
By a graph � = (�(��, �(��� with � vertices and 	 edges we mean a simple, connected 
and undirected graph. In this paper a brief summary of definitions and other information 
is given in order to maintain compactness. The term not defined here are used in the 
sense of Harary [3]. 

A graph labelingis an assignment of integers to the vertices or edges or both 
subject to certain conditions. A useful survey on graph labeling by Gallian (2016) can be 
found in [1]. Somasundaram and Ponraj [12] have introduced the notion of mean labeling 
of graphs. Ponraj and Ramya introduced Super mean labeling of graphs in [5]. 
Somasundaram and Sandhya introduced the concept of Harmonic mean labeling in [6] 
and studied their behavior in [7,8,9]. Sandhya and David Raj introduced Super harmonic 
labeling in [9]. k-super harmonic mean labeling was introduced by Tamilselvi and 
Revathi in [14]. In this paper, we investigate k-Super harmonic mean labeling of some 
snake related  graphs.  
 
2. Preliminaries 
Definition 2.1. Let G be a (p, q) graph and 
: � (�) → {1, 2,3 … , � + 	 } be an 

injection. For each edge e = uv, let f ∗(e� = ���(���(���(����(��� 	or	 �
��(���(��
�(����(���, then f is called Super 

harmonic mean labeling if 
 (�) ∪ { f ∗(�) : �∈�(�)} = {1, 2, … , � + 	}. A graph that 
admits a Super harmonic mean labeling is called Super harmonic mean graph. 
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Definition 2.2. Let G be a (p, q) graph and 
: � (�) → {�, � + 1, � + 2, … ,� + 	 + � − 

1} be an injection. For each edge e = uv, let f ∗(e� = ���(���(���(����(��� 	or	 �
	��(���(��
�(����(���, then f is 

called k-Super harmonic mean labeling if 
 (�) ∪ { f ∗(�) : �∈�(�)} = { �, � + 1, � + 2, … 
, � + 	 + � − 1}. A graph that admits a k-Super harmonic mean labeling is called k-Super 
harmonic mean graph. 
 
Definition 2.3. A Triangular snake �� is obtained from a path  !	,  �	, … ,  � by joining 
 #  and  #�!to a new vertex  $# for  1 ≤ ' ≤ ( − 1. 
 
Definition 2.4. An Alternate Triangular snake *(���	is obtained from a path 
 !	,  �	, … ,  �	by joining			 #  and  #�! alternatively to a new vertex  $#. 
 
Definition 2.5. A Quadrilateral  snake 	+� is obtained from a path  !	,  �	, … ,  � by  
joining  #  and  #�!to  new vertices  $# and ,# for  1 ≤ ' ≤ ( − 1 respectively and then 
joining $#and ,# . 
 
Definition 2.6. An Alternate Quadrilateral snake*(+��is obtained from a path 
 !	,  �	, … ,  �by  joining #  and  #�! alternatively to  new vertices  $#and ,#respectively 
and then joining $#and ,# . 
 
3. Main results 
Theorem 3.1. A Triangular snake ��	(( ≥ 2� is k - super harmonic mean graph for all 
� ≥ 2 . 
Proof: Let  �(��� = / # 	; 1 ≤ ' ≤ (	, $# 	; 1 ≤ ' ≤ ( − 1	1 
	�(��� = / # #�!	; 1 ≤ ' ≤ ( − 1	,  #$# 	; 1 ≤ ' ≤ ( − 1	,  #�!$#	; 1 ≤ ' ≤ ( − 1		1  
be denoted as in the following figure 

 
 

 
 
 
 
 
 

Figure 1: 
First we label the vertices as follows  
Define a function 
: �(��	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 
 
( !� = � + 3 
 
( #� = � + 5' − 5	,			
78	2 ≤ ' ≤ ( 
 
($!� = � 
 
($#� = � + 5' − 2	,			
78	2 ≤ ' ≤ ( − 1. 
Then the induced edge labels are 
 
∗( ! �� = � + 4 
 
∗( # #�!� = � + 5' − 3	,			
78	2 ≤ ' ≤ ( − 1 
 
∗( #$#� 				= � + 5' − 4	,				
78	1 ≤ ' ≤ ( − 1 

. . . . . . . . . . . . 

 

$�;! $! $� $�;� 

  
 

 !  <  �  �;!  �;�  � 
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∗($! �� = � + 2 
 
∗($# #�!� = � + 5' − 1	,			
78	2 ≤ ' ≤ ( − 1. 
Thus 
(�� ∪ /
∗(��: �=�(��1 = /�, � + 1, � + 2,… , � + � + 	 − 11. 
Hence �� is a k -Super harmonic mean graph for all � ≥ 2. 
 
Example 3.1. 
 

 
Figure 2: 900-Super harmonic mean labeling of T8 

 
Theorem 3.2. An alternate  Triangular snake  *(���	(( ≥ 3� is k - super harmonic mean 
graph for all � ≥ 2  , if the triangle starts from the first vertex of *(���. 
Proof: Consider a path  !	,  �	, … ,  �. 
To construct alternate triangular snake join # and  #�!	alternatively with a new vertex $# . 

The ordinary labeling is  
 
 
 
 
 

 
 

Figure 3: 
Here we consider two cases 
Case (i): If n is even 
Define a function 
: �(*(���	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 
 
( !� = � + 3 
 
( �#;!� = � + 7(' − 1�	,			
78	2 ≤ ' ≤ (/2 
 
( �#� = � + 7' − 2	,			
78	1 ≤ ' ≤ (/2 
 
($!� = � 
 
($#� = � + 7' − 4	,			
78	2 ≤ ' ≤ (/2. 
Then the induced edge labels are 
 
∗( ! �� = � + 4 
 
∗( �# �#�!� = � + 7' − 1	,			
78	1 ≤ ' ≤ �

� − 1 

 
∗( �#;! �#� 				= � + 7' − 5	,				
78	2 ≤ ' ≤ (/2 
 
∗( �#;!$#� 				= � + 7' − 6	,				
78	1 ≤ ' ≤ (/2 
 
∗( �$!� = � + 2 
 
∗( �#$#� = � + 7' − 3	,			
78	2 ≤ ' ≤ (/2. 
Case (ii) : If n is odd 
Define a function 
: �(*(���	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 

$! $! $�/� 

 !  �  <  A  �;!  � 

908
Type	equation	here

900
Type	equation	here

913
Type	equation	here

918
Type	equation	here

923
Type	equation	here

928
Type	equation	here

933
Type	equation	here

903
Type	equation	here

905
Type	equation	here

915
Type	equation	here

920
Type	equation	here

925
Type	equation	here

930
Type	equation	here

910
Type	equation	here

935
Type	equation	here

901 916 911 906 931 926 921 902 929 924 919 914 909 934 

904 
 

907 
 

912 
 

917 
 

922 
 

927 
 

932 
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� !� = � + 3 

 
� �#;!� = � + 7�' − 1�	,			
78	2 ≤ ' ≤ ��!
�  

 
� �#� = � + 7' − 2	,			
78	1 ≤ ' ≤ �;!
�  

 
�$!� = � 

 
�$#� = � + 7' − 4	,			
78	2 ≤ ' ≤ �;!
� . 

Then the induced edge labels are 
 
∗� ! �� = � + 4 

 
∗� �# �#�!� = � + 7' − 1	,			
78	1 ≤ ' ≤ �;!
�  

 
∗� �#;! �#� 				= � + 7' − 5	,				
78	2 ≤ ' ≤ �;!
�  

 
∗� �#;!$#� 				= � + 7' − 6	,				
78	1 ≤ ' ≤ �;!
�  

 
∗� �$!� = � + 2 

 
∗� �#$#� = � + 7' − 3	,			
78	2 ≤ ' ≤ �;!
�  

Thus 
��� ∪ /
∗���: �=����1 = /�, � + 1, � + 2,… , � + � + 	 − 11. 
Hence *����, is a k -Super harmonic mean graph for all � ≥ 2 , if the triangle starts from 
the first vertex of *����. 
 
Example 3.2. 

Figure 4: 800 − N ��8	ℎP8Q7('R	Q�P(	SPT�S'(U	7
	*��!�� 
 
Theorem 3.3. An Alternate  Triangular snake  *����	�( ≥ 3� is k - super harmonic mean 
graph for all � ≥ 1  , if the triangle starts from the second vertex of *����. 
Proof: The ordinary labeling is  

 
 
 
 

 
H 

 
Figure 5: 

Here we consider two cases 
Case (i): If n is even 
Define a function 
: ��*����	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 
 
� �#;!� = � + 7�' − 1�	,			
78	1 ≤ ' ≤ (/2 
 
� �#� = � + 7' − 5	,										
78	1 ≤ ' ≤ (/2 
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834 
 816 
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815 
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 823 
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 �  <  A  V  �;�  �;!  � 
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�$#� = � + 7' − 2	,												
78	1 ≤ ' ≤ �;�
� . 

Then the induced edge labels are 
 
∗� �#;! �#� = � + 7' − 6	,			
78	1 ≤ ' ≤ (/2 

 
∗� �# �#�!� 				= � + 7' − 3	,				
78	1 ≤ ' ≤ �;�
�  

 
∗� �#$#� = � + 7' − 4	,			
78	1 ≤ ' ≤ �;�
� . 

 
∗� �#�!$#� = � + 7' − 1	,			
78	1 ≤ ' ≤ �;�
� . 

Case (ii) : If n is odd 
Define a function 
: ��*����	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 

 
� �#;!� = � + 7�' − 1�	,			
78	1 ≤ ' ≤ ��!
�  

 
� �#� = � + 7' − 5	,			
78	1 ≤ ' ≤ �;!
�  

 
�$#� = � + 7' − 2	,			
78	1 ≤ ' ≤ �;!
� . 

Then the induced edge labels are 

 
∗� �#;! �#� = � + 7' − 6	,			
78	1 ≤ ' ≤ �;!
�  

 
∗� �# �#�!� 				= � + 7' − 3	,				
78	1 ≤ ' ≤ �;!
�  

 
∗� �#$#� = � + 7' − 4	,			
78	1 ≤ ' ≤ �;!
�  

 
∗� �#�!$#� = � + 7' − 1	,			
78	1 ≤ ' ≤ �;!
�  

Thus 
��� ∪ /
∗���: �=����1 = /�, � + 1, � + 2,… , � + � + 	 − 11. 
Hence *���� is a k -Super harmonic mean graph for all � ≥ 1 , if the triangle starts from 
the second vertex of *����. 

 
Example 3.3. 

Figure 6: 100 − N ��8	ℎP8Q7('R	Q�P(	SPT�S'(U	7
	*��W� 
Theorem 3.4. A Quadrilateral snake	+�	�( ≥ 2� is k - super harmonic mean graph for all 
� ≥ 2. 
Proof: Let  ��+�� = X # 	; 1 ≤ ' ≤ (	, 		$#	,,#	,	; 1 ≤ ' ≤ ( − 1	Y 

							��+�� 	= / # #�!	,  #$# 	, $#,# 	, ,# #�!	; 1 ≤ ' ≤ ( − 11 
be denoted as in the following figure 

 

Figure7: 

122 108 115 
114 109 107 102 100 116 121 123 128 104 111 125 118 

101 

105 126 119 112 

124 127 110 106 113 103 117 120 

$! ,! 

 ! 

$�;! ,�;! 

 �;! 

$� ,� 

 �  <  � 
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First we label the vertices as follows  
Define a function 
: ��+�	� → /�	, � + 1	, � + 2	, …� + � + 	 − 11 by 

 
� !� = Z� + 5		'
� = 2
� + 4		'
	� ≥ 3[ 

 
� #� = � + 7' − 7	,			
78	2 ≤ ' ≤ ( 
 
�$!� = � 
 
�$#� = � + 7' − 5	,			
78	2 ≤ ' ≤ ( − 1 
 
�,!� = � + 3 
 
�,#� = � + 7' − 2	,			
78	2 ≤ ' ≤ ( − 1. 
Then the induced edge labels are 
 
∗� ! �� = � + 6 
 
∗� # #�!� = � + 7' − 4	,			
78	2 ≤ ' ≤ ( − 1 
 
∗� !$!� = � + 2 
 
∗� #$#� 				= � + 7' − 6	,				
78	2 ≤ ' ≤ ( − 1 

 
∗�,! �� = Z� + 4		'
� = 2
� + 5		'
	� ≥ 3[ 

 
∗�,# #�!� = � + 7' − 1	,			
78	2 ≤ ' ≤ ( − 1 
 
∗�$!,!� = � + 1 
 
∗�$#,#� = � + 7' − 3	,			
78	2 ≤ ' ≤ ( − 1. 
Thus 
��� ∪ /
∗���: �=����1 = /�, � + 1, � + 2,… , � + � + 	 − 11. 
Hence +� is a k -Super harmonic mean graph for all � ≥ 2. 
 
Example 3.4. 

                       Figure 8: 200 − \ ��8	ℎP8Q7('R	Q�P(	SPT�S'(U	7
	+] 
Theorem 3.5.An alternate Quadrilateral  snake*�+��	�( ≥ 3� is k - super harmonic 
mean graph for all � ≥ 2, if the quadrilateral starts from the first vertex of *�+�� . 
Proof: Consider a path  !	,  �	, … ,  �. 
To construct alternate quadrilateral  snake join  #  and  #�!	alternatively to  new vertices         
$# 	, ,# respectively and then joining $#  and ,# 
The ordinary labeling is  

 
 
 
 
 
 

 
Figure 9: 

,! $! ,� $� 

 �  !  A  �;!  <  � 

,�/� $�/� 

200 203 

204 206 

205 202 

201 209 212 

207 210 

213 208 

211 216 219 

214 217 

220 215 

218 223 226 

221 224 

227 222 

225 230 233 

228 231 

234 229 

232 237 240 

235 238 

241 236 

239 

242 
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Here we consider two cases 
Case (i): If n is even 
Define a function 
: ��*�+��	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 

 
� !� = Z� + 5		'
� = 2
� + 4		'
	� ≥ 3[ 

 
� �#� 			= � + 9' − 2	,			
78	1 ≤ ' ≤ (/2 
 
� �#;!� = � + 9' − 9	,			
78	2 ≤ ' ≤ (/2 
 
�$!� = � 
 
�$#� = � + 9' − 7	,			
78	2 ≤ ' ≤ (/2 
 
�,!� = � + 3 
 
�,#� = � + 9' − 4	,			
78	2 ≤ ' ≤ (/2. 
Then the induced edge labels are 
 
∗� ! �� = � + 6 
 
∗� �# �#�!� = � + 9' − 1	,			
78	1 ≤ ' ≤ �

� − 1 

 
∗� �#;! �#� = � + 9' − 6	,			
78	2 ≤ ' ≤ �
� 

 
∗� !$!� = � + 2 
 
∗� �#;!$#� 				= � + 9' − 6	,				
78	2 ≤ ' ≤ (/2 

 
∗�,! �� = Z� + 4		'
� = 2
� + 5		'
	� ≥ 3[ 

 
∗�,# �#� = � + 9' − 3	,			
78	2 ≤ ' ≤ (/2 
 
∗�$!,!� = � + 1 
 
∗�$#,#� = � + 9' − 5	,			
78	2 ≤ ' ≤ ( − 1. 
Case (ii) :If n is odd 

 
� !� = Z� + 5		'
� = 2
� + 4		'
	� ≥ 3[ 

 
� �#� 			= � + 9' − 2	,			
78	1 ≤ ' ≤ �;!
�  

 
� �#;!� = � + 9' − 9	,			
78	2 ≤ ' ≤ ��!
�  

 
�$!� = � 

 
�$#� = � + 9' − 7	,			
78	2 ≤ ' ≤ �;!
�  

 
�,!� = �+3 

 
�,#� = � + 9' − 4	,			
78	2 ≤ ' ≤ �;!
�  

Then the induced edge labels are 
 
∗� ! �� = � + 6 

 
∗� �# �#�!� = � + 9' − 1	,			
78	1 ≤ ' ≤ �;!
�  

 
∗� �#;! �#� = � + 9' − 6	,			
78	2 ≤ ' ≤ �;!
�  

 
∗� !$!� = � + 2 

 
∗� �#;!$#� 				= � + 9' − 8	,				
78	2 ≤ ' ≤ �;!
�  

 
∗�,! �� = Z� + 4		'
� = 2
� + 5		'
	� ≥ 3[ 

 
∗�,# �#� = � + 9' − 3	,			
78	2 ≤ ' ≤ �;!
�  

 
∗�$!,!� = � + 1 
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∗�$#,#� = � + 9' − 5	,			
78	2 ≤ ' ≤ �;!
� . 

Thus 
��� ∪ /
∗���: �=����1 = /�, � + 1, � + 2,… , � + � + 	 − 11. 
Hence A(+�) is a k -Super harmonic mean graph for all � ≥ 2 , if the quadrilateral starts 
from the first vertex of *�+�� 

 
Example 3.5. 

 
Figure 10: 600-Super harmonic mean labeling of A(Q8)  

 
Theorem 3.6. An alternate Quadrilateral  snake	*�+��	�( ≥ 3� is k - super harmonic 
mean graph for all � ≥ 2, if the quadrilateral starts from the second vertex of *�+�� . 
Proof: The ordinary labeling is  

 Figure 11: 
 
Here we consider two cases 
Case (i): If n is even 
Define a function 
: ��*+��	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 
 
� �#� 			= � + 9' − 7	,			
78	1 ≤ ' ≤ (/2 
 
� �#;!� = � + 9' − 9	,			
78	1 ≤ ' ≤ (/2 

 
�$!� = Z� + 5			'
	� = 2
� + 4		'
	� ≥ 3 [ 

 
�$#� = � + 9' − 5	,			
78	2 ≤ ' ≤ �
� − 1 

 
�,#� = � + 9' − 2	,			
78	1 ≤ ' ≤ �
� − 1. 

Then the induced edge labels are 

 
∗� � <� = Z� + 4			'
	� = 2
� + 5		'
	� ≥ 3 [ 

 
∗� �# �#�!� = � + 9' − 4	,			
78	2 ≤ ' ≤ �
� − 1 

 
∗� �#;! �#� = � + 9' − 8	,			
78	1 ≤ ' ≤ �
� 

 
∗� �#$#� 				= � + 9' − 6	,				
78	1 ≤ ' ≤ �
� − 1 

,! $! ,� $� 

 <  �  V  �;!  A  � 

,�;!/�$�;!/�

 ! 

634 
 

625 
 

616 
 

607 
7 

608 
 

600 603 

604 606 

605 602 

601 

617 
 

611 614 

609 612 

615 610 

613 

626 
 

620 623 

618 621 

624 619 

622 629 632 

627 630 

633 628 

631 



k–Super Harmonic Mean Labeling Of Certain snake Graphs 

113 
 

 
∗�$#,#� = � + 9' − 3	,			
78	1 ≤ ' ≤ �
� − 1. 

 
∗�,# �#�!� = � + 9' − 1	,			
78	1 ≤ ' ≤ �
� − 1 

Case (ii) : If n is odd 
Define a function 
: ��*+��	� → /�	, � + 1	, � + 2	,… � + � + 	 − 11 by 

 
� �#� 			= � + 9' − 7	,			
78	1 ≤ ' ≤ �;!
�  

 
� �#;!� = � + 9' − 9	,			
78	1 ≤ ' ≤ ��!
�  

 
�$!� = Z� + 5			'
	� = 2
� + 4		'
	� ≥ 3 [ 

 
�$#� = � + 9' − 5	,			
78	2 ≤ ' ≤ �;!
�  

 
�,#� = � + 9' − 2	,			
78	1 ≤ ' ≤ �;!
� . 

Then the induced edge labels are 

 
∗� � <� = Z� + 4			'
	� = 2
� + 5		'
	� ≥ 3 [ 

 
∗� �# �#�!� = � + 9' − 4	,			
78	2 ≤ ' ≤ �;!
�  

 
∗� �#;! �#� = � + 9' − 8	,			
78	1 ≤ ' ≤ �;!
�  

 
∗� �#$#� 				= � + 9' − 6	,				
78	1 ≤ ' ≤ �;!
�  

 
∗�$#,#� = � + 9' − 3	,			
78	1 ≤ ' ≤ �;!
� . 

 
∗�,# �#�!� = � + 9' − 1	,			
78	1 ≤ ' ≤ �;!
�  

Thus 
��� ∪ /
∗���: �=����1 = /�, � + 1, � + 2,… , � + � + 	 − 11. 
Hence A(+�) is a k -Super harmonic mean graph for all � ≥ 2, , if the quadrilateral starts 
from the second vertex of *�+�� 
 
Example 3.6. 

 

Figure 12: 500-Super harmonic mean labeling of A(Q9) 
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