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1. Introduction

The concept of ideals in topological spaces amerkin the standard text by Kuratowski
[8] and Vaidyanathaswamy [16]. Igeneral topology'Hamlett and Jankovic [2, 3, 4, 17,
18] introduced the application of topological idesl defined below : An idedl on a
topological space ( X ) is a non empty collection of subsets of X hawing following
properties : (i) Ae 7 and B<S A implies B J. (ii)) A € 7 and Be 7 implies AUB € 7.

An ideal topological space is a toplogical spac€, ¢ ) with an ideal7 on X and is
denoted by (Xz, 7). In addition K. Kuratowski[8] defined the localrfction for Ac X
with respect td andt as below A*(7, 7) orA*(7) ={x € X : An U ¢ 7 for any Ue
7(X) } wheret(x) ={ U €7 : x € U }. We simply writeA* instead ofA*(7). Arenas,
Dontchev and Puertas [5] introduced some weak aéparaxioms under the concept of
ideal. Swidi and Sada[10] introduced a new typ&leél for a single point denoted as
I, and is defined as belows, = {U < X : x € U¢ }, where U is a non-empty subset of
X. Swidi and Nafee [9] introduced a new set in fog@al space namely “Gem-set”
depending on thg, and defined a new separation axioms by usingdba of the “Gem-
set” namelyl*-T;-spaces and**-T;-spaces for i = 0, 1 and 2. They also defined two
mappings namelyl*-map” and T**-map” to carry properties of the “Gem-set” from one
space to another space and give more propertiesefgrseparation axioms. Swidi and
Ethary [12] introduced a new class of maps namalyiap”, “AO-map” and “Am-map”
under the idea of the Gem-set and studied somts difaisic properties and relations as
well as the properties of the separation axioms-@f-spaces anf"*-T;-spaces for i = 0,

1 and 2 with the functions and their effect upcenthare also establised.

133



R. Rathinam and C. Elango

Aim of this article is to introduce the separat@xioms to define Gem-regular
space (GF;), Gem-normal space(By), Gem-compleletely normal space{@;, Gem-
perfectly normal space(G;) andG *-T;-spaces for i = 3, 4, 5 and 6 and study some of its
basic properties. Also we study the relations alé agethe properties of G-spaces and
G*-T;-spaces for i = 3, 4, 5 and 6 in connection with finctions 7*-map”, “I**-map”
“A-map” and “AO-map” and the effect upon them.

Throughout this paper, spaces means topologicakspan which no separation
axioms are assumed unless otherwise mentioned.

2. Preliminaries

Definition 2.1. Let ( X, T ) be a topological space, for@ X and xe X we defined™
with respect to ( X7 ) as follows :

A*={yeX:GnA¢&7,, forevery Ge 7(y) }, wheret(y) ={ Ge t:y€ G }. The set
A is called “Gem-set”.

Definition 2.2. Consider the mapping f: ( X,) -» (Y, ¢ ), then fis called
. I*-map if and only if, for every subset A of XexX, f(A4™*) = (f(4)) ™,
. I"-map if and only if, for every subset A of Y, ye Y,

fHAY) = (FTH AT,

Definition 2.3.Consider the mapping f: ( X,) = (Y, 0), then fis an

. A-map at x X, ifand only ify BS Y, 3 A € X 3: f(A™) € B/,
. A-map on X if and only if it is an A-map at eachiqtoon X.
. AO-map ifandonlyiv Ac X,3BcY s:BY c f(A*f_l(Y)).

3. Gem-separ ation axioms

In this section we define Gem-regular space, Gemabspace, Gem-completely normal
space, Gem-perfectly normal space érid;-spaces for i = 3, 4, 5 and 6 and derive some
of its basic properties.

Definition 3.1. A topological space (X ) is a

. Gem-regular space or G-space if and only if for each disjoint pair cotisig a
point x and a set C in X, there exists subsets Af B such that ¢ B*Y and CZ A**.

. Gem-normal space or G-space if and only if for each pair C and D of diisj
sets in X, there exists subsets A, B of X such@tB*Y and DZ A**.

. Gem-completely normal space orTgspace if and only if for each pair of
separated sets C and D in X, there exists subseB @& X such that GZ B*Y and D
¢ A,

. Gem-perfectly normal space orTg-space if and only if for each pair C and D of
disjoint sets in X, there exists a continuous mapXf- [0, 1] such that** = f~1({1})
andD*Y # f~1({0}).

. G*-T5-space if and only if for each disjoint pair cotigig a point x and a set C in
X, there exists subset A of X such thag ¥*¥ and CZ A**.
. G*-T,-space if and only if for each pair C and D of diisf sets in X, there exists

subset A of X such that € A*Y and DZ A**.
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. G*-Ts-space if and only if for each pair of separated €2 and D in X, there
exists subset A of X such that€CA*Y and DZ A**.
. G*-Tg-space if and only if for each pair C and D of diisf sets in X, there exists

a continuous map f : % [0, 1] such that** # f~1({1}) andD*Y = f~1({1}orC** =
f71({0}) andD™ = f~1({0})

Theorem 3.2. For a topological space ( X,) the following properties hold good :
EveryT;-space is a G5-space.

EveryT,-space is a Gy-space.

EveryTs-space is a Gx-space.

EveryT,-space is a G%-space.

EveryT;-space is & *-T3-space.

EveryT,-space is & *-T,-space.

EveryTs-space is & *-Ts-space.

EveryTs-space is & *-Tg-space.

Proof: 1. Let x€ X and C be a closed set in X withéxC. Since ( X ) is aT;-space.
Then there exists disjoint open sets U, V suchxrmal) and Cc V. ThenU™* NV =

¢. Let A=U, B =V. It follows that there existstmets A, B of X such that& B*Y and

C £ A**. Hence ( Xz ) is a GT;-space.

2. Let C and D be the disjoint closed sets in X @Kdt ) is aT,-space. Then there exists
disjoint open sets U, V such thataCU and DS V. ThenU* NV = ¢. LetA=U, B

= V. It follows that there exists subsets A, B obdch that GZ B*Y and DZ A**. Hence
(X, 7)is a GT,-space.

3. Let C and D be the separated sets in XCireD=CNnD =¢ ) and ( X,7 ) is aTs-
space. Then there exists disjoint open sets U, 6h shat C< U and D<S V. Then
U*nV*Y =hi. Let A=U, B =V. It follows that there existstsets A, B of X such
that CZ B*Y and DZ A**. Hence ( Xz ) is a GTs-space.

4. Let C and D be the disjoint closed sets in X @Xdt ) is aT,-space. Then there exists
a continuous map f : % [0, 1] such that, C 51({0}) and D =f~1({1}). Then
C* N DY = ¢. It follows that there exists a continuous mapX = [0, 1] such that
C** # f~1({1}) andD*¥ # f~1({0}). Hence ( Xz ) is a GT4-space.

5. Let xe X and C be a closed set in X withéxC. Since ( X;t ) is aT;-space. Then
there exists disjoint open sets U, V such thatttand CS V. ThenU* n V™Y = ¢. Let

U =V = A. It follows that there exists a subsebAX such that x& A*Y and Cé& A**.
Hence ( X;7) is aG*-T3-space.

6. Let C and D be the disjoint closed sets in X @Kdz ) is aT,-space. Then there exists
disjoint open sets U, V such that@CU and D< V. ThenU™* NV = ¢. LetU =V =
A. It follows that there existssubsets A, B of XcBuhat CZ A*Y and DZ A**. Hence (
X, T)is aG*-T,-space.

7. Let C and D be the separated sets in X and Xis aTs-space. Then there exists
disjoint open sets U, V such thataCU and DS V. ThenU* NV = ¢. LetU = A =
V. It follows that there exists subsetA of X subattCZ A*Y and D& A**. Hence ( X1

) is aG*-Ts-space.

8. Let C and D be the disjoint closed sets in X @Kt ) is aT,-space. Then there exists
a continuous map f : % [0, 1] such that, C 5~1({0}) and D =f~1({1}). Then

o Ne o AN
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C** N DY = ¢. It follows that there exists a continuous mapX = [0, 1] such that
C** # f~1({1}) andD*Y = f~1({1}) or C** = f~1({0}) andD*¥ # f~1({0}) Hence ( X,
T ) is aG*-T4-space.

Remark : The converse of the above theorem need not be true

3.1. G-T3-space
In this section we proved some theorems in conmetith /*-map,/**-map, A-map and
AO-map for GT;-space.

Theorem 311 Iff: (X, t)— (Y, o) is one-ond*-map of a GF;-space X onto a
space Y, then Y is a G;-space.

Proof: Lety, andC, be a disjoint pair of Y. Since f is one-one andogithere exists
disjoint pairx; andC; of X such thaif(x;) =y, and fC;) = C,. Since ( X,;t ) is GT5-
space, there exists subsets A and B of X suchxthd&B**2 andC; € A**1, so that
fO) €f(B™2) = (FBNYE®D  and  f(C) £ f(A™) = (F(A)FE. Thus
y, € (f(B))®2)=y2 andC, bseteq(f (A))F ®D=Y1, Thus Y is a GF;-space.

Theorem 3.1.2. If f: (X, )= (Y, o) is one-ond™-map of a space X onto G-space
Y, then X is a GF;-space.

Proof: Let x; andC; be a disjoint pairs of X. Since f is one-one amtbpthere exists
disjoint pairsy; andC, of Y such thaff(x;) =y, andf(C,) =C,. Since (Y,0) is GT;-
space, there exists subsets A, B of Y such tha¢ B*Y2 and C, € A*”1, so that
FROD EfIBY) = (FB)TTOD  and UG €AY =
(F1(A)) 'O, This impliesx; € (F~1(B))*™2 andC; € (f~1(4))™*. Thus X is a G-
T5-space.

Theorem 3.1.3. If f: (X, t)—= (Y, o) is one-one A-map of a G;-space X onto a
space Y, then Y is a G;s-space.

Proof: Lety; andC, be a disjoint pair of Y. Since f is one-one andopthere exists a
disjoint pairx; andC; of X such thaff (x,) =y, andf(C;) =C,. Since ( Xt ) is GT;-
space, there exists subsets, 4, of X such thatx, ¢ A;*? and C; € A7, so that
f(x1) € F(A52) € B O andf(C,) ¢ F(A7) € B, This impliesy; € B;>* and
C, € B;”*. Thus Y is a GF;-space.

Theorem 3.1.4. If f: (X, t) - (Y, 0) is one-one AO-map of a space X ontd'(s-
space Y, then X is a G;-space.

Proof: Let x; andC; be a disjoint pair of X. Since f is one-one andogithere exists a
disjoint pairy, andC, of Y such thaf (x;) =y, andf(C,) =C,. Since (Y0 ) is GT5-

space, there exists subsdls, B, of Y such thaty, € B,” gf(A;f_l(yZ)) and
GEBY CFAY O, so that  Fiem) €@y 9?) and

FHEHAF (P O)). This impliesx, € A7 andC, ¢ A7 Thus X is a G-
space.
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3.2. G-T4-space
In this section we proved some theorems in conoeetith I*-map,/**-map, A-map and
AO-map for GT,-space.

Theorem 3.2.L. If f: (X, ) - (Y, o) is one-ond*-map of a GF,-space X onto a
space Y, then Y is a Gspace.

Proof: Let C, andD, be two disjoint sets in Y. Since f is one-one antb, there exists
disjoint setsC; andD; of X such thaif (C;) = C, and f(0;) = D,. Since ( X;t ) is GT,-
space, there exists subsets A and B of X such@hgt B**2 andD; £ A**1, so that
f(C1) € f(B™2) = (f(B)) 2 andf (D) £ f(A™) = (f(4))T).

ThusC, € (f(B))/*2)=Y2 andD, € (f(A))*/*)=Y1, Thus Y is a GE,-space.

Theorem 3.2.2. If f: (X, ) — (Y, o) is one-ond**-map of a space X onto G-space
Y, then X is a GE,-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint set<, andD, of Y such thaf (C;) = C, andf(D;) =D,. Since ( Y,0 ) is GT,-
space, there exists subsets A, B of Y such tha& B*2 and D, £ A*1, so that
fFUCHEFA B2 = (FIB)NYTOD and  fTID) EfTIAYY) =
(F~1(A))* 'O, This impliesC; ¢ (f~1(B))**2 andD; € (f~1(4))**+. Thus X is a G-
T,-space.

Theorem 3.23. If f: (X, 7)— (Y, 0 ) is one-one A-map of B- T,-space X onto a
space Y, then Y is a G,-space.

Proof: Let C, andD, be two disjoint sets in Y. Since f is one-one antb, there exists a
disjoint setx’; andD; of X such thaff (C,) =C, andf(D,) = D,. Since ( X,;t ) is GT,-
space, there exists subsets, 4, of X such thatC; € A" and D; € A}, so that
£(C) € F(AS?) € B andf (D) € F(AY) € B™Y). This impliesC, ¢ B;”? and
D, € B;”*. Thus Y is a GF,-space.

Theorem 3.24. If f: (X, 1) —= (Y, o) is one-one AO-map of a space X ontdfs-
space Y, then X is a G-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists a
disjoint set<’, andD, of Y such thaf (C;) = C, andf(D;) =D,. Since ( Y,0 ) is GT,-
space, there exists subse®s, B, of Y such thatC, ¢ B,”? ¢ f(A;f_l("Z)) and
D, £BY cFAYTOY), so that NG € AP 9P) and
FHD,) € FHFAYTO)). This impliesc, £ A3 andD, ¢ A™. Thus X is a G-
space.

3.3. G-T'5-space

In this section we proved some theorems in conmeetith /*-map,/**-map, A-map and
AO-map for GTs-space.
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Theorem 331 Iff: (X, t)—- (Y, o) is one-ond*-map of a GFs-space X onto a
space Y, then Y is a Gs-space.

Proof: Let C, andD, be separated sets in Y. Since f is one-one ang timtre exists
separated set§ andD; of X such thaff (C;) =C, and fD,) =D,. Since ( X;t ) is GTs-
space, there exists subsets A and B of X such@hgt B**2 andD; € A**1, so that
f(C) € f(B™2)=(fBNY™?D and  f(Dy) & f(A™) = (f(A)T™).  Thus
C, & (f(B)) T *2)=¥2 andD, & (f(A))/*V=Y1, Thus Y is a GFs-space.

Theorem 3.3.2. Iff: (X, 7)— (Y, ¢) is one-onéd**-map of a space X onto G-space
Y, then X is a GFs-space.

Proof: Let C; andD; be separated sets in X. Since f is one-one arm timre exists
separated sets, andD, of Y such thaff (C,) = C, andf(D,) = D,. Since ( Y,0 ) is G-
Ts-space, there exists subsets A, B of Y such ¢hat B*2 and D, € A*1, so that
fFUCHEFI B2 = (FIB)YTOD and  fTID) & fTIAYY) =
(f~1(A)) 'O, This impliesC; € (f~1(B))**2 andD, € (f~1(4))**+. Thus X is a G-
Ts-space.

Theorem 3.33. If f: (X, ) > (Y, g) is one-one A-map of an G-space X onto a
space Y, then Y is a Gs-space.

Proof: Let C, andD, be separated sets in Y. Since f is one-one angl tmére exists
separated set§ andD, of X such thaff (C;) =C, andf(D,) = D,. Since ( X,t ) is G-

Ts-space, there exists subsdts A, of X such thatC; € A2 andD; € A;™*, so that
F(C) € F(AS?) € BY ) andf(D,) € f(AY) € B™Y), This impliesC, ¢ B;”? and

D, € B;”*. Thus Y is a GFs-space.

Theorem 3.34. If f: (X, t) - (Y, 0) is one-one AO-map of a space X ontd'$-
space Y, then X is a Gs-space.

Proof: Let C; andD; be separated sets in X. Since f is one-one angl timére exists
separated set$, andD, of Y such thaif (C,) = C, andf(D;) = D,. Since (Y,0) is G-

Ts-space, there exists subsdlg, B, of Y such thatC, € B, gf(A’;f_l(yZ)) and
D, £ B c F(AYTOY), so that F1(C,) £ FA(FAYT 0P and F(Dy)ot ©
f‘l(f(A;f_l(yl))). This impliesC; € A;*? andD; € A}™*. Thus X is a GF;-space.

3.4. G-T4-space
In this section we proved some theorems in conoeetith I*-map,/**-map, A-map and
AO-map for GT,-space.

Theorem 34.1. Iff: (X, t)— (Y, 0)is one-ond*-map of a space X onto G-space
Y, then X is a GF,-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsC, andD, of Y such thatf(C,) = C, andf(D;) = D,. Since fis ai*-map,
so that fC,;™*) = (f(C))*V = ¢,”* and f0;?) = (f (D,))*2) = D,”? Since (Y,0) is
G-Te-space, there exists a continuous map g 10, 1] such that‘z*y1 # g7 1({1}) and
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D,”? # g71({0}). This implies ;) # g *({1}) and fD;*?) # g~*({0}). Now
g(f(C;™)) # ({1}) and g(f(D;*?)) # ({0}). This implies hC,™*) # ({1}) and h(D;*?) #
(O}). ThusC;™ # h~1({1}) and D;** # h~1({0}) where h = gf : X > [0, 1] is a
continuous map. Hence by definition we have ¢ Xis a GT¢-space.

Theorem 3.4.2. If f: (X, )= (Y, o) is one-ond™-map of a space X onto G-space
Y, then X is a GF4-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsC, andD, of Y such thatf(C;) = C, andf(D,) = D,. Since (Y,0) is GT,-
space, there exists a continuous map g --Y[0, 1] such thatC;y1 + g 1({1}) and
D;”* # g~1({0}). So that f7( ¢;”* ) #f71( g7}({1) ) and f71 (D}?) =
£~ (g1 ({0})). This impliesf~1( C,”* ) # h=1({1}) andf~* (D,”?) = h1({0}). Since
f is an I**-map, we have(f 1(C,))” 00 %= h~1({1}) and (f~1(D,))* 02 %
R71({0}). ThuL; ™ = h~1({1}) andD;** = h=1({0}) where h = gf : X > [0, 1] is a
continuous map. Hence by definition we haveiXis a GT,-space.

Theorem 3.4.3. Iff: (X, 7)—> (Y, o) is one-one A-map of a space X ontd@§sspace
Y, then X is a GF,-space.

Proof: Let C; andD, be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsl, andD, of Y such thatf(C;) = C, andf(D,) = D,. Since f is an A-map,
so that f¢;™) c ¢,/ = ¢ and 10*?) c D;/*? = D;** Since (Y,0) is GT¢-
space, there exists a continuous map g +Y0, 1] such thatc,”* # g~1({1}) and
D,”? # g71({0}).This implies fC;™*) € C;”* # g *({1}) and fD,?) <D,”* +
g71({0}). This implies f€,;**) # g~*({1}) and fD;*?) # g1 ({0}). Now g(f(C,;™*)) #
({1} and g(f(D;*?)) # ({0}). This implies h¢;**) # ({1}) and h(D;*?) # ({0}). Thus
¢ # h™1({1}) andD;** # h~1({0}) where h =g o f :X - [0, 1] is a continuous map.
Hence by definition we have ( X,) is a GT¢-space.

Theorem 3.44. If f: (X, 7)— (Y, o0 ) is one-one AO-map of a space X ontd’§>-
space Y, then X is a Gz-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsC, andD, of Y such thaf (C,) = C, andf(D,) = D,. Since (Y,0) is GT¢-
space, there exists a continuous map g - Y0, 1] such thaic,”* # g='({1}) and
D,”? # g=1({0}). Since f is an AO-map, so th&f”* c f(C;f_l(yl)) # g~ 1({1})) and
D2 c f(D 0Py % g7L({0}). This implies f¢;*) = g 1({1}) and fp;*?) =
g7 ({0}). Now g(f(c; ™)) # ({1}) and g(f(D;**)) # ({0}). This implies h€;™) # ({1})
and hp;*?) # ({0}). Thus ¢,;** # h~1({1}) andD;™* # h"*({0}) where h=@ f : X -
[0, 1] is a continuous map. Hence by definitiontvesre ( X, ) is a GT,-space.

3.5. G*-T3-space

In this section we proved some theorems in conoeetith I*-map,/**-map, A-map and
AO-map forG *-T;-space.
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Theorem 35.1L. Iff: (X, ) - (Y, 0 ) is one-ond*-map of aG*-T;-space X onto a
space Y, then Y is &*-T3-space.

Proof: Let y; andC, be a disjoint pair of Y. Since f is one-one andopnhere exists
disjoint pairx; andc; of X such thaff (x;) =y, and f(C;) = C,. Since ( X,;t ) isG*-T;-
space, there exists subset A of X such thatt A**2 and C; € A**1, so that
fl) € f(A™2) = (F(A)TCD and  f(C) £ f(A™) = (F(A))TED.  Thus
y; & (f(A)*2)=y2 andC, € (f(A))*V=Y1, Thus Y is &G *-T;-space.

Theorem 352 If f: (X, t)— (Y, d) is one-ond**-map of a space X ont@*-T;-
space Y, then X is &*-T3-space.

Proof: Let x; andC; be a disjoint pairs of X. Since f is one-one amtbpthere exists
disjoint pairsy; andC, of Y such thaff (x;) =y, andf(C;) = C,. Since (Y,0 ) isG*-
T;-space, there exists subset A of Y such tha# A*Y2 and C, € A*1, so that
o) €71 @) = (FA)NTTOD and UG €AY =
(f"1(A)) 'O This impiesy; & (f~1(4))™*z andC; € (f~1(4))**+. Thus X is aG*-
Ts-space.

Theorem 353. Iff: (X, 7)— (Y, o) is one-one A-map of af*-T;-space X onto a
space Y, then Y is &*-T3-space.

Proof: Lety, andC, be a disjoint pair of Y. Since f is one-one andlopthere exists a
disjoint pairx; andC; of X such thaif (x;) =y, andf(C;) =C,. Since ( X,;t ) iSG*-T;-
space, there exists subsets A of X such tha# A**2 and C; € A**1, so that
f(x1) € f(A*2) € B *2) andf(C;) € f(A™*) € B ™1 This impliesy, ¢ B*Y2 and
C, € B, Thus Y is & *-T;-space.

Theorem 354. If f: (X, ) — (Y, g ) is one-one AO-map of a space X oRtBT;-
space Y, then X is &*-T5-space.

Proof: Let x; andC; be a disjoint pair of X. Since f is one-one andooithere exists a
disjoint pairy; andC, of Y such thaf (x,) =y, andf(C;) =C,. Since (Y0 ) isG*-T;-
space, there exists subset B of Y such jhat B*2 € f(A*/'02)) andC, & B
fATTI00), so thatf =1 (y,) € fH(F(AY02)) and f71(Cp) € fH(F(AY T OD)).
This impliesx;  A**2 andC; € A**1. Thus X is & *-T;-space.

3.6. G*-T 4-space
In this section we proved some theorems in conoeetith I*-map,/**-map, A-map and
AO-map forG*-T,-space.

Theorem 3.6.1L. If f: (X, 7)— (Y, o) is one-ond*-map of aG*-T,-space X onto a
space Y, then Y is &*-T,-space.

Proof: Let C, andD, be two disjoint sets in Y. Since f is one-one antb, there exists
disjoint setx; andD; of X such thaif (C;) = C, and f0,) = D,. Since ( X,t ) iSG*-T,-
space, there exists a subset A of X suchCihgtA**2 and D, € A**1, so that
f(C) € f(A™2) = (F(A)TCD and  f(Dy) € F(A™) = (F(A)TED. Thus
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C, & (f(A)fF)=y2andD, & (f(A)) 7 *1D)=¥1, Thus Y is & *-T,-space.

Theorem 3.6.2. If f: ( X, T)— (Y, g ) is one-ond**-map of a space X ont@®*-T,-
space Y, then X is &*-T,-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsC, andD, of Y such thaif (C;) =C, andf(D;) =D,. Since ( Y,0 ) isG*-
T,-space, there exists a subset A of Y such tha€ A*Y2 and D, € A*1, so that
fUCH LA = (FTL@ANYTOD  and  fTID) £ fI@AYY) =
(F~1(A) 70D, This impliesC; € (f~1(4))*2 andD; € (f~1(4))*. Thus X is a
G*-T,-space.

Theorem 3.6.3. If f: (X, ) - (Y, o) is one-one A-map of &*-T,-space X onto a
space Y, then Y is &*-T,-space.

Proof: Let C, andD, be two disjoint sets in Y. Since f is one-one antb, there exists a
disjoint set<’; andD, of X such tha{f (C,) =C, andf(D,) =D,. Since ( X;t ) iSG*-T,-
space, there exists a subset A of X such thaZ A**2 and D; € A**1, so that
f(C) € f(A™*2) € B/*2) and f(D,) € f(A4**1) € B*/*1), This implies C, € B*2
andD, € B*Y1, Thus Y is & *-T,-space.

Theorem 3.6.4. Iff: (X, 7)—> (Y, o) is one-one AO-map of a space X oR6T,-
space Y, then X is &*-T,-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists a
disjoint setsC, andD, of Y such thaif (C;) =C, andf(D;) =D,. Since ( Y,0 ) isG*-
T,-space, there exists subsets B of Y such tBaf Bz c f(A*  02) and
D, £ B c f(AYTI0),  so  that (G € F(FAYT02))  and
F7YD,) € fF(fF (A O)). This impliesC; € A**2 andD, ¢ A**+. Thus X is aG*-
T,-space.

3.7. G*-T5-space
In this section we proved some theorems in conoeetith I*-map,/**-map, A-map and
AO-map forG*-Ts-space.

Theorem 3.7.1. If f: (X, ) —= (Y, o) is one-ond*-map of aG*-Ts-space X onto a
space Y, then Y is &*-Ts-space.

Proof: Let C, andD, be separated sets in Y. Since f is one-one angl tmtre exists
separated set§ andD; of X such tha{f(C;) = C, and f;) = D,. Since ( X,t ) isG*-
Ts-space, there exists subset A of X such tBaZ A*2 and D, € A*™1, so that
f(C) € f(A™2) = (F(A)TC2 and  f(Dy) € F(A™) = (F(A)TED. Thus
C, & (f(A)TFD=v2 and, & (f(A))F*D=Y1, Thus Y is & *-Ts-space.

Theorem 3.7.2. If f: ( X, )= (Y, ) is one-ond**-map of a space X ont@®"*-Ts-
space Y, then X is &*-Ts-space.

Proof: Let C; andD; be separated sets in X. Since f is one-one arm timre exists
separated set3, andD, of Y such thaif (C;) = C, andf(D;) = D,. Since (Y0 ) isG*-
Ts-space, there exists subset A of Y such tha& A*Y2 and D, € A*1, so that

141



R. Rathinam and C. Elango

f—l(CZ) ¢ f‘l(A*YZ) = (f—l(A))*f—l((YZ)) and f—l(DZ) A f_l(A*yl) —
(f_l(A))*f_l(yl)- Th|S imp“eSC1 g (f_l(A))*XZ and D1 ¢ (f—l(A))*xl ThUS X iS a
G*-Ts-space.

Theorem 3.7.3. If f: (X, t) - (Y, ¢ ) is one-one A-map of afi*-T5-space X onto a
space Y, then Y is &*-Ts-space.

Proof: Let C, andD, be separated sets in Y. Since f is one-one ang timtre exists
separated set§ andD, of X such thaif (C;) =C, andf(D,) =D,. Since ( X,t ) isG"-
Ts-space, there exists subset A of X such tGaZ A**2 and D; £ A**1, so that
f(C) & f(A™*2) € BS™2) and f(D,) & f(A**1) € B**1), This implies C, £ B*>2
andD, € B*Y1, Thus Y is & *-Ts-space.

Theorem 3.74. If f: (X, ) — (Y, ¢ ) is one-one AO-map of a space X oftbTs-
space Y, then X is &*-Ts-space.

Proof: Let C; andD; be separated sets in X. Since f is one-one amul timére exists
separated set$, andD, of Y such thaif (C;) = C, andf(D;) = D,. Since (Y0 ) isG*-
Ts-space, there exists subset B of Y such that¢ B*z < (47 ®2)) and
D, & B*1 c f(AY ' 0), so thatf ~1(C,) € f(f(A ' 02))) and

FYD,) € FL(F(AY T OD)). This impliesC; € A**2 andD, ¢ A**+. Thus X is aG*-
Ts-space.

3.8. G*-T,-space
In this section we proved some theorems in conoeetith I*-map,/**-map, A-map and
AO-map forG *-T4-space.

Theorem 3.8.1L. Iff: (X, 7)— (Y, o) is one-ond*-map of a space X ont®*-T,-space
Y, then X is aG*-T,-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsC, andD, of Y such thatf(C,) = C, andf(D;) = D,. Since fis ai*-map,
so that fC,;™*) = (f(C))*V = ¢,”* and f0;?) = (f (D,))*2) = D,”? Since (Y,0) is
G*-Tg-space, there exists a continuous map g+ |0, 1] such thatﬁ‘z*y1 # g 1({1}) and
D;”* = g7i({1}). This implies fC;") # g~1({1}) and f0O;*?) = g~1({1}). Now
g(f(c;™)) = ({1}) and g(f(D;*?)) = ({1}). This implies h¢;™*) # ({1}) and h(D;™?) =
({1}). Thus €;** = h=1({1}) andD;™ = h=*({1}) where h =g f : X - [0, 1] is a
continuous map. Hence by definition we have ¢ Xjs aG*-Ts-space.

Theorem 3.82. If f: (X, ) — (Y, ¢ ) is one-ond*-map of a space X ont@*-T,-
space Y, then X is &*-T¢-space.

Proof: Let C; andD, be two disjoint sets in X. Since f is one-one antb, there exists
disjoint set<C, andD, of Y such thaff (C,) = C, andf(D;) = D,. Since (Y,0) is G*-T,-
space, there exists a continuous map g~ 10, 1] such that,”* = g=*({1}) andD,”?
= g7"({1)). So thatf ~1(¢;) = fM (g7 ({1) ) andf " (%) = fH (g7 ({1 )
This impliesf~1(C,>* ) # h=*({1}) and f~1(D,”?) = h=1({1}). Since f is an**-map,
we have(f ~1(C,))* ™ O = h=1({1}) and(f~1(D,))* 02 = =1 ({1}). This implies
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C;™ # h~1({1}) andD;* = h~1({1}) where h =@ f : X - [0, 1] is a continuous map.
Thus by definition we have ( X) is aG*-T¢-space.

Theorem 3.83. If f: (X, t)— (Y, 0 ) is one-one A-map of a space X ot T,-space
Y, then X is aG*-Tx-space.

Proof: Let C; andD, be two disjoint sets in X. Since f is one-one antb, there exists
disjoint setsC, andD, of Y such thaff(C;) = C, andf(D,) = D,. Since f is an A-map,
so that f¢;*) € ¢/ = ¢;** and p;*?) < D;/*? = D}”* Since (Y,0) is G*-Ts-
space, there exists a continuous map g— 10, 1] such that:‘;y1 + g ({1} andD;y2
= g~1({1}). This implies fC;™*) € C,>* # g~*({1}) and fD;*?) € D,”? = g~*({1}).
This implies f€;™*) # g~*({1}) and f0;?) = g~*({1}). Now g(fC;™*)) # ({1}) and
g(f(D;™?)) = ({1})). This implies hC;™) # ({1}) and hQ;*?) = ({1}). Thus
C;* ¢ h~1({1}) andD,;™ < h™1({1}) where h=g f : X - [0, 1] is a continuous map.
Hence by definition we have ( X,) is aG*-T¢-space.

Theorem 3.84. Iff: (X, t)—> (Y, o0) is one-one AO-map of a space X ofteT-
space Y, then X is &*-T¢-space.

Proof: Let C; andD; be two disjoint sets in X. Since f is one-one antb, there exists
disjoint set<C, andD, of Y such tha{f (C,) = C, andf(D;) =D,. Since (Y,0) is G*-T,-
space, there exists a continuous map g— 10, 1] such that:‘;“y1 + g ({1} andD;y2
= g~1({1}). Since f is an AO-map, so thaj”* c f(CIf_l(yl)) #+ g *({1}) andD,”*
£ 70Dy = g=1({1}). This implies f¢*) # g~1({1}) and f0;*?) = g~1({1}). Now
g(f(c;™)) = ({1}) and g(f(D;*?)) = ({1}). This implies h€;™*) # ({1}) and h(D;™?) =
({1}). Thus ¢;™* # h~1({1}) andD;** = h=*({1}) where h = gf : X > [0, 1] is a
continuous map. Hence by definition we have ¢ Xjs aG*-T4-space.

4. Conclusion

In this article, we studied some basic conceptsratations involving Gem-separation
axioms. We also renamgE-T,-space,l*-T;-space,l*-T,-space by Gem-Kolmogorov

space(GF,-space), Gem-accessible space or Gem-Frechlet(§pd@icespace) and Gem-

Hausdorff space(@,-space) and**-T;-spaces by *-T;-spaces. In future the concepts
used in nano-topology can be adopted to proveGkat-set in nano topological space.
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