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1. Introduction
The concept of fuzzy sets introduced by Zadeh (L¥&Ffame active in the field of
research. Kramosil and Michalek [5] in 1975 coirfedzy metric space which was
further modified by George and Veeramani [2] ustrgorm. Singh and Chauhan [3]
introduced the concepts of compatibility of fuzzgtnic and proved fixed point theorems
in fuzzy metric space.

In this paper fixed point theorems are establisloedelf mappings and the pair
of weakly compatible mappings on 2- fuzzy metriacsp

2. Preliminaries
Definition 2.1. A binary operation+: [0,1] x [0,1] — [0,1] is called at-norm if for all
a,b,c,d € [0,1] the following conditions are satisfied

® ax*x1l=a

(i) a*b=Db=xa

(i) a*b<cxdwheneven <cb<d

(iv) ax(bxc)=(axb)*c

Definition 2.2. The 3 tuple(X, M,*) is called a fuzzy metric spaceXfis an arbitrary set,
* is a continuoust-norm andM is a fuzzy set iX? x [0, o] satisfying the conditions.

(MIM(x,y,t) =0

(M2) M(x,y,t) =1, Vt>0 ifandonlyif x=y

(M3) M(x,y,t) = M(y,x,t)

(M4) M(x,y,t) * M(y,2,5) < M(x,z,t+5s)

(M5) M(x,y,): [0, ] — [0,1] is left continuous.

(M6) tlLrgM(x,y, =1
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Definition 2.3. The 3 tuple(X, M,*) is called a 2- fuzzy metric spaceXifis an arbitrary
set, * is a continuous t-norm andM is a fuzzy set inX? x [0,] satisfying the
conditions.

(2-M1M(f, g t) =0

(2-M2)M(f,g,t) =1, vt>0 ifandonlyiff=g

(2-M3) M(f, g, t) = M(g, f, t)

(2-M4) M(f, g, t) * M(g,h,s) < M(f, h,t+s)

(2-M5) M(f, g ,): [0, ] — [0,1] is left continuous.

(2-M6) tli_)rgM(f, gt)=1

3. Fixed point theoremsin 2-fuzzy metric space
Lemma 3.1. LetM be a 2-fuzzy metric off (X) thenM(f,g, -) is nondecreasing for all
f,ge FX)
Proof: Lets,t > 0 and for allf,g € F(X).
By (2-M4), M(f,g,t+s)) > M(f h,t) * M(h, g, s)
we haveM(f, g, t +s) > M(f, h,t) * M(h, g 5s)
If we seh = g then M(f, h,t +s) = M(f, h,t) * M(h, h, s)
(i.e) M(fh,t+s) = M(f h, t)

Theorem 3.1. Let (X, M,*) be a 2-fuzzy metric space. If there exigts (0,1) such that
M(f, g qt) = M(f, g, t) for allf,g € F(X) andt > Othenf =g.
Proof: SinceM(f, g, t) = M(f, g, qt)
> M(f, g, t)for allt > 0,
impliesM(f, g, t) is constant
Sinc%irg M(f,gt) =1 we getM(f,g,t) =1forallt > 1

And hence = g.

Definition 3.1. Let (X, M,*) be a 2-fuzzy metric space
0] A sequencéf,,} is said to be convergent f& F(X) if for anyr € (0,1) and
t > 0 there exista, € N such that for ath > ny, M(f,,f,t) > 1 —r.
That isgi_)r?O M(f,, f,t) = 1 forallt > 0.

(i) A sequencef,} is said to be a Cauchy sequence if for amy(0,1) and
t > 0 there exists, € N such that for alin,n > ny, M(f,, f,,t) > 1 —71.

(i) A 2-fuzzy metric space in which every Cauchy seggeis convergent is
said to be complete.

Definition 3.2. A function M is continuous in the 2-fuzzy metric space if amdlydf
wheneveflf, — f, g, — gthenlim,_,, M(f,, g, t) = M(f, g, t).

Definition 3.3. Two mappingsA andB on 2-fuzzy metric space are weekly commuting if

and only if
M(ABf, BAf, t) = M(Af, Bf, t)for all f € F(X) andt > 0.
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Definition 3.4. Self mapping& andB of a 2-fuzzy metric spacg, M,*) is said to be
compatible if lim._,., M(ABf,, BAf,,t) = 1 for all t > 0 whenever{f,} is a sequence in
F(X) such that

lim,_,, Af, = lim,_,., Bf, = gfor someg € F(X).

Definition 3.5. Supposeé\ andB be self mappings of 2-fuzzy met(ig, M,*). A pointf in
F(X) is called the coincidence point AfandB if and only ifAf = Bf. Theng = Af = Bf
is called the point of coincidence AandB.

Definition 3.6. Self mapsA andB are said to be weakly compatible if they commute a
their coincidence points that isAf = Bf for somef € F(X)thenABf = BAf.

Theorem 3.2. Let (X, M,*) be a 2-fuzzy metric space. L&tB be weakly commuting
mappings ofF (X). Let{f,} in F(X). converge td, such tha#f, — fandBf, — f thenA
andB has a coincidence point which is unigque.
Proof: Given{f,} in F(X).such thaf, — f andAf, —» fandBf, - f
Since[A, B] is weakly commuting.
M(ABf,, BAf,,t) > M(Af,, Bf,, t)for allt > 0
ThenM(Af,Bf,t) = M(f,f,t) forallt >0 ...............cooe. Q)
ImpliesBf = Af = g thus we have a coincidence point foandB.
For uniqueness lét be another common fixed point &fB.
Then for allt > 0, M(f h,t) = M(Af,Bh,t) > M(f,h,t) by (1)
which implies thaf = g.This completes the proof of the theorem.

Theorem 3.3. Let A, B, P, Q be self maps of a 2-fuzzy metric spd&eM,«). If the pairs
(AB,P) and (PQ,B) are compatible maps having the same point of @snce and
AB = BA,BP = PB,AP = PA,PQ = QP,PB = BP,QB = BQ then for allf,g € F(X),q €
o,1,t>0
M(Pf, Bf, qt) = M(Pf, PQg, t) * M(Pf, ABf, t) » M(PQg, Bg, t) * M(ABf, PQg, t) *
M(ABf,Bg,t)............ (1)

ThenA, B, P, Q have a uniqgue common fixed pointH(X).
Proof: Given the pairs(AB,P) and (PQ,B) are compatible(AB, P)is compatible iff
lim_,., M(ABPf,,, PABf,,,t) = 1 wheneve(f,} is a sequence (X) such that

lim ABf, = u and limPf, = u
Therefordim,,_,., M(ABu, Pu,t) = 1
(PQ, B) is compatible if and only itim,,_,,, M(PQBg,, BPQg,,t) = 1 whenevefg,} is
a sequence iA(X) such that linBg,, = lim PQg, = v. Therefore
lim,,, M(PQv,Bv,t) =1

HenceABu = Pu andPQv = Bv
Thus '’ is the coincidence point &B&P and V' is the coincidence point dfQ&B. If
asserts to prove that=v.
Takef = f, andg = g, in (1)

M(Pfy,, Bgy, qt) = M(Pfy, PQgp, t) * M(Pfy, ABfy, t) x M(PQgp, Bgy, t)

* M(ABf,, PQg,,t) * M(ABf,, Bg,,t)
M(u, v, kt) = M(u,v,t) * M(u, u,t) * M(v,v,t) * M(u,v,t) * M(u,v,t)
= M(u,v,t)
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Thus by theorem (2 = v which implies thatAB, P, PQ, B have the same coincidence
point.
Finally it is to prove thaAu = Bu = Pu = Qu.
Takef=u,g=g,.
M(Pu, Bg,, qt) = M(Pu, PQg,,t) * M(Pu, ABu,t) * M(PQg,,Bg,,t) * M(ABu, PQg,,t)
* M(ABu,Bg,,t)
Taking a limit asn —» c we get
M(Pu, v, qt) = M(Pu,v,t) * M(Pu,u,t) * M(v,v,t) * M(u,v,t) * M(u,v,t)
Asu = v itimplies M(Puy,u, qt) = M(Pu, u, t)
ThereforePu = u. Takef = f, andg =u
M(Pf,, Bu, qt) = M(Pf,,, PQu, t) * M(Pf,, ABf,, t) * M(PQu, By, t)
* M(ABf,, PQu, t) * M(ABf,, Bu, t)
Taking a limit am - o
M(u, Bu, qt) = M(u, PQu, t) * M(u, u, t) * M(PQu, Bu, t) * M(u,u,t) * M(u, Bu,t)
> M(u, By, t) * M(u, u,t) * M(Bu, Bu,t) * M(u, u,t) * M(u,Bu,t)
Thereford(u, Bu, qt) > M(u, Bu, t) which givesBu = u. Takef = Bu andg = g,
M(PBu, Bg,, qt) = M(PBu, PQg,, t) * M(PBu, ABBu, t) * M(ABBu, PQg,, t)
* M(ABBu, Bg,,, t)
As A, B andP commutesABBu = BABu = BPu = Bu andPBu = BPu = Bu
M(Bu, u, qt) = M(Bu, u, t) * M(Bu, Bu, t) * M(Bu, u, t)
* M(Bu, u, t)
M(Bu,u, qt) = M(Bu,u,t)
ThereforeBu = u
Putf = Au andg = g,
M(Pau, Bg,,, qt) = M(PAu, PQg,, t) * M(PAu, ABAu, t)
* M(PQgpn, Bgn, t) * M(ABAu, Bg,,, t) * M(ABAu, PQg,,, t)
As A, B, P commutesABAu = APu = Au and PAu = APu = Au
M(Au,u, qt) = M(Au,u,t) * M(Au, Au,t) * M(u,u, t) * M(Au,u,t) * M(Au,u,t)
Hence M(Au, u, qt) = M(Au, u, t)
Therefore Au = uHence Au = Bu=Pu=uOn taking f=f, and g = Qf, We get
Qu =uThusAu =Bu=Pu=Qu=u.

Theorem 34. Let (X,M,*) be a complete 2-fuzzy metric space andAg®,S, T be
mappings fron¥ (X) into itself such that the following conditions tsl
® AY c TY, BY c SY. whereY = F(X)
(i) A or B orS orT is continuous
(i) The pair[A,S] and [B,T] are weakly compatible. TheA,B,S, T have a
unique common fixed point Xi
(iv) M(Af, Bg. qt) = min{M(sf, Tg, t), M(Af, Tg, t), M(Sf,Bg, 2t)} ..... (1)

Proof: Let f, be an arbitrary point irf(X) as AYc TY and BY c SY. there exists
f;,f, € Y such thatAf, = Tf;, Bf; = Sf,

Construct a sequenég,} inY such thag,,,,; = Tf,,., = Af,, and

g.n = S, = Bf,,,_,forn = 1,2,..To prove{g,} is a Cauchy sequence it is enough to
show that

M(g2n+1,82n+2,Kt) = M(82n, 82041, 1), V1> 0
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Assume as a Contrary
M(g2n+1,82n+2,kt) < M(g2n,82n+1,0), V>0

Consider
M(g2n+1,82n+2, kt) = M(Afyy, Bfyp41, kt)

= mll’l{M(szH, Tf2n+1l t), M(AfZHI Tf2n+1l t), M(Sf2nl Bf2n+1l Zt)}
= mm{M(anz_anﬂ' ), M(82n+1,82n+1, ), M(82n, 82n+2, 20}
= min{M(g2n, 82n+1, ), M(82n, 82n+2, 20}

iR . > M(82n+1,82n+2, Kt
which is a contradiction.

Hence{g,} is a Cauchy sequence by completenes® (). It converges to somein
F(X).
So the subsequen€af,,}, {Bf,n_1}, {Sfon}, {Tfon41} Of {gn} @lso converges toin F(X).
SinceAf,, — u andsf,, - u, andASf,,, - Su, S is continuousSAf,,, —» Su andSSf,, —
Su.
Putf = Sf,, andg = f,,,_, in (1) then
M(ASf,p, Bfyn_1,qt) = min{M(SSf,y, Tfon_1,t), M(ASfon_1, Tfon_1,t), M(SSfp, Bfop, )}
Asn — oM(Su, u, qt) = min {M(Su, u,t), M(Su, u,t), M(Su, u, t)}
= M(Su, u,t)
which impliesSu = u
Again putf = u andg = f,,_; then (1) implies
M(Au, Bfy,_1, qt) = min{M(Su, Tf,,_4,t), M(Au, Tf,,_4,t), M(Su, Bf;,_1, )}
Allow n = oo thenM(Au, u, qt) = M(Au, u,t)
ThereforeAu = u.
SinceA(F (X)) c T(F(X)) there existh € F(X)
such thatt = Au = Th Putf = u andg = h in (1) then
M(Au, Bh, qt) = min {M(Su, Th, t), M(Au, Th, t), M(Su, Bh, t)}
therM(f, Bh, qt) = M(u, Bh, t) which impliesu = Bh

SinceB andT are weakly compatible they commute at their caiecce points that if
Bh = Th for someP € F(X) thenBTh = TBh.
ThereforeBg = BTh = TBh = Tu. Finally putf = u andg = uin (1)
ThenM(Au, By, qt) = min {M(Su, Tu, t), M(Au, Ty, t), M(Su, Bu, t)}
Allow n — oo then M(u, Bu, qt) = M(u, By, t)
ThereforeBu = u henceAu = Bu = Su = Tu = u.

Thus u’ is a common fixed point of, B, S, T similarly we can prove whef is
continuous andA, S) is weakly compatible.
Similarly we can prove wheB is continuous.

Now to prove the uniqueness of the fixed point mmsithat ' is another
common fixed point oA\, B, S, T
Thenl = Al =Bl =Sl =Tl Putf=uandg=10in (1) then

M(Au, B, qt) = min {M(Su, T/, t), M(Au, T, t), M(Su, B, 1)}

M(u, L, qt) = M(u, [, t) which impliesu = L.
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