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Abstract. In this paper, the authors investigate the general solution and generalized Ulam 
- Hyers stability of a new type of n-dimensional additive functional equation 
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1. Introduction 
The stability problem of functional equations originated from a question of Ulam [41] 
concerning the stability of group homomorphisms. Hyers [25] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers' theorem was 
generalized by Aoki [2] for additive mappings and by Rassias [34] for linear mappings by 
considering an un-bounded Cauchy difference. The paper of Rassias [34] has provided a 
lot of influence in the development of what we call generalized Ulam stability of 
functional equations. In 1982, Rassias [17] followed the innovative approach of the 

Rassias theorem [34] in which he replaced the factor p p
x y+  by p q

x y  for ,p q R∈  
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with 1.p q+ =  A generalization of the Rassias theorem was obtained by Gavruta [21] by 
replacing the unbounded Cauchy difference by a general control function in the spirit of 
Rassias approach. In 2008, a special case of Gavruta's theorem for the unbounded Cauchy 
difference was obtained by Ravi et.al., [38] by considering the summation of both the 
sum and the product of two p −  norms in the sprit of Rassias approach. The stability 
problems of several functional equations have been extensively investigated by a number 
of authors and there are many interesting results concerning this problem (see [3, 7, 8, 9, 
10, 30, 20, 38]). 

The solution and stability of the following additive functional equations 
( ) ( ) ( )f x y f x f y+ = +                               

 (1.1) 

( )0 0
1 1

,
n n

i i
i i

f nx x f x x
= =

 + = + 
 

∑ ∑                       
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n i n
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i j i

g x n i g x n
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= =
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∑ ∑       (1.4) 

were discussed in (see [4, 5, 39]) 
In this paper, the authors investigate the general solution and generalized Ulam-

Hyers stability of a new type of n −  dimensional additive functional equation of the form 
 
  
 
 
         (1.5) 

 
With 3n > in Banach space and Banach Algebra using direct and fixed point methods. 

Now we will recall the fundamental results in fixed point theory. 
 

Theorem 1.1. [16] (The alternative of fixed point) Suppose that for a complete 
generalized metric space ( ),X d  and a strictly contractive mapping :T X X→  with 

Lipschitz constant L . Then, for each given element ,x X∈  either 

(A1)     ( )1,T 0,n nd T x x n+ = ∞ ∀ ≥   

or 
(A2) there exists a natural number 0n such that: 

(i) ( )1,n nd T x T x+ < ∞  for all 0;n n≥   

(ii)The sequence ( )nT x  is convergent to a fixed point *y  of T   

(iii) *y  is the unique fixed point of T  in the set ( ){ }0: , ;nY y X d T x y= ∈ < ∞   
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2. General solution 
In this section, the authors discuss the general solution of the functional equation (1.5) by 
considering X and Y  are real vector spaces. 

 
Theorem 2.1.  If :f X y→  satisfies the functional equation (1.1) for all ,x y X∈  if and 
only if f satisfies the functional equation (1.5) for all 1 2 3, , ,..., .nx x x x X∈   
Proof: Let :f X Y→  satisfy the functional equation (1.1). Setting 0x y= =  in (1.1), we 

have ( )0 0.f =  Set x y= −  in (1.1), we get ( ) ( )f y f y− = −  for all .y X∈  Therefore f   is 

an odd function. Replacing y  by x and y by 2x in (1.1), we obtain 

( ) ( )2 2f x f x=      and      ( ) ( )3 3f x f x=                                 (2.1) 

 
for all .x X∈  In general for any positive integer a, we have 

( ) ( )f ax af x=                          (2.2) 

for all .x X∈  Replacing x by 
x

a
 in (2.2), we get

   

               
( )1x

f f x
a a
  = 
 

                         (2.3) 

 
for all .x X∈  It is easy to verify from (1.1) that 

                 
( ) ( ) ( ) ( )1 2 1 2... ...n nf x x x f x f x f x+ + + = + + +                                   (2.4) 

 
for all 1 2 3, , ,..., .nx x x x X∈ Replacing ( )1 2, ,..., nx x x in ( )1 2,2 ,...,n nx x x  in (2.4) we arrive

        
( ) ( ) ( ) ( ) ( )1 2 3 1 2 3, 2 ,3 ,...,n 2 3 ...n nf x x x x f x f x f x f nx= + + + +                                           (2.5) 

for all 1 2, ,..., .nx x x X∈  Replacing 2x  by 2 32 ,x x−   by 33 ,...,x−  and nx   by nnx−  
respectively in (2.4) and using the oddness of ,f   we get the following equations 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

2 3 ... 2 3 ...

2 3 ... 2 3 ...

2 3 ... 2 3 ...

n n

n n

n n

f x x x nx f x f x f x f nx

f x x x nx f x f x f x f nx

f x x x nx f x f x f x f nx

− + + + = − + + +


+ − + + = + − + +
 + + + − = + + + −

                                 (2.6) 

for all 1 2, ,..., .nx x x X∈ Replacing  ( )1 2, ,..., nx x x  in ( )1 2, 2 ,..., n nx x x− −  in (2.4), we have  

( ) ( ) ( ) ( ) ( )1 2 3 1 2 32 3 ... 2 3 ...n nf x x x nx f x f x f x f nx− + + + = − − + −                                   (2.7) 

for all 1 2, ,..., .nx x x X∈ Adding (2.5),(2.6), (2.7) and using (2.1) (2.2), we have 
demonstrated our result. 
Conversely, Let :f X Y→ satisfy the functional equation (1.5). Setting 1 2, ,..., .nx x x X∈  

by ( )0,0,...,0  in (1.5), we get ( )0 0.f =  Replacing ( )1 2, ,..., nx x x  by ( )0, ,...,0x  and 

( ), ,...,0x x in (1.5), we obtain 

( ) ( )2 2f x f x=      and       ( ) ( )3 3f x f x=                                    (2.8) 

for all .x X∈ Replacing ( )1 2, ,..., nx x x by ( )0, x,...,0− and using (2.8) in (1.5), we get 
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( ) ( )f x f x− = −  for all .x X∈  Therefore f is an odd function. Replacing ( )1 2, ,..., nx x x  by

2
1, ,...,0

2

x
x
 
 
 

and using (2.8) in (1.5), we have 

                        
( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 21 2 1 3n f x x f x x n f x n f x− + + − = + + −                      (2.9) 

for all 1 2, ,..., .nx x x X∈  Replacing 1x  by 2 2,x x  by 1x  in (2.9) and using the oddness of ,f  
we get 

                         
( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 21 2 3 1n f x x f x x n f x n f x− + − − = − + +                   (2.10) 

for all 1 2, , .x x X∈ Adding (2.9) (2.10) and replacing 1x  by 2,x x  by ,y   and since 3,n >  we 
arrive our result. Hence the proof is completed. 
 
3. Generalized ulam-hyers stability in Banach space 
In this section, let 1Y  be a normed space and 2Y  be a Banach space. The authors 
investigate the generalized Ulam-Hyers stability of the n −  Dimensional Additive 
Functional equation (1.5). Define a mapping : nD f X Y→  by 
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for all 1 2, ,..., nx x x X∈ with 3n >  
 
3.1. Direct method 
Theorem 3.1. Let 1.j ±  Let [ ): 0,nXψ → ∞  be a function such that 

   
( )1 2, ,...,

lim 0
lj lj lj

n

ljl

n x n x n x

n

ψ
→∞

=                                                          (3.1) 

for all 1 2, ,..., nx x x X∈ with 3n > let :f X Y→ be a function satisfying the inequality 

                                      ( ) ( )1 2 1 2, ,..., , ,...,n nD f x x x x x xψ≤                                               (3.2)             

for all 1 2, ,..., .nx x x X∈ Then there exists a unique function A : X Y→ such that 
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n x n xψ
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�����

for all .x X∈  The mapping  ( )A x is defined by 

                                                                                ( ) ( )
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A x
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=                             (3.4) 

 for all .x X∈  
Proof. Assume 1.j = Replacing ( )1 2, ,..., nx x x by 
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in (3.2) and using oddness of ,f  
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for all .x X∈  Dividing the above inequality by ( )3n n − we obtain 

                                           
( ) ( ) ( ) �1

1
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f x x

n n n
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for all .x X∈  Now replacing x  by nx  and dividing by n  in (3.7), we obtain 
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for all .x X∈  In general for any positive integer l  , we obtain that  
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for all .x X∈  In order to prove the convergence of the sequence 
( )l
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mn x  and divided by mn  in (3.10), for any , 0,m l >  we arrive 

                                                 

( ) ( ) ( ) ( )

( )
( )

0

1

1

3

0

l m m l m

m
l m m m l m

l m

l m
k

f n x f n x f n x
f n x

n n n n

n x

n n n

as m

+ +

+ +

+∞

+
=

− = −

Ψ
≤

−
→ → ∞

∑           (3.11) 

For all .x X∈ Hence the sequence 
( )l

l

f n x

n

  
 
  

 is a chauchy sequence. Since Y  is complete, 

there exists a mapping :A X Y→  such that 

                                                  ( ) ( )
lim .

l

ll

f n x
A x x X

n→∞
= ∀ ∈  

Letting l → ∞  in (3.10), we see that (3.3) holds for all .x X∈  Now we need to prove A  
satisfies (1.5), replacing ( )1 2, ,..., nx x x  by ( )1 2, ,...,l l l

nn x n x n x  and divide by ln  in (3.2), we 

arrive 
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                                                  ( ) ( )1 2 1 2
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n n
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for all 1 2, ,..., .nx x x X∈  Letting l → ∞   in the above inequality, we see that 
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Hence A  satisfies (1.5) for all 1 2, ,..., nx x x X∈ with 3.n >  To prove A  is unique, let ( )R x  

be another additive mapping satisfying (1.5) and (3.3). Then 

                                               

( ) ( ) ( ) ( ) ( ) ( ){ }
( )

0

1

2

( 3)

0

l l l l
l

k l

k l
k

A x R x A n x f n x f n x R n x
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+
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− ≤ − + −

Ψ
≤

−
→ → ∞

∑  

for all .x X∈  Hence A is unique. 
For 1j = − , we can prove the similar stability result. This completes the proof of the 
theorem. 
The following corollary is a immediate consequence of Theorem 3.1 concerning the 
stability of (1.5). 
 
Corollary 3.2.  Let λ and s  be nonnegative real numbers. If a function :f X Y→  
satisfies the inequality 

                                            ( )1 2
1

1 1

,

, ,..., , s 1;

1
, s ;

n
s
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D f x x x x
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for all 1 2, ,..., .nx x x X∈  Then there exists a unique additive function :A X Y→ such that 
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for all .x X∈  
EQUATION CHAPTER 4 SECTION 1 
3.2. Fixed Point Method 
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In this section, the authors present the generalized Ulam-Hyers stability of the functional 
equation (1.5) in Banach space using fixed point method. 

Here after through out this section, let V  be a vector space and B Banach space 
respectively. Define a mapping   

                       

( ) ( ) ( ) ( )

1 2 1, 1

1 1

2

2

1

2

( ), ,.. ,
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∑ ∑
 

for all 1 2, ,..., .nx x x X∈ with 3.n >   
 
For to prove the stability result we define the following:  

iµ  is a constant such that 

                                       
, if 0,

1
, if 1

k
i

n i

i
n

µ
=

=  =

 

and Ω  is the set such that 
                                         ( ){ }: , 0 0g g X Y gΩ = → =   

 
Theorem 3.3. Let :f V B→ be a mapping for which there exist a function 

[ ), , : 0,nVψ Ψ ϒ → ∞   with the condition 

                ( )1 2

1
lim , ,..., , 0k k k

i i i nkk
i

x x xψ µ µ µ
µ→∞

=                                                                            (3.1) 

Such that the functiona inequality with  
                                          ( ) ( )1 2 1 2, ,..., , ,...,n nD f x x x x x xψ≤                                             (3.2) 

for all 1 2, ,..., .nx x x V∈ If there exists ( ) 1L L i= < . Such that the function 

                                                
1

( )
( 3)

x
x x

n n
 → ϒ = Ψ  −  

         (3.3) 

has the property 

                                                ( ) i
i

x
x Lµ

µ
 

ϒ = ϒ 
 

                                                       (3.4) 

for all .x V∈  Then there exists a unique additive mapping :A V B→  satisfying the 
functional equation (1.5) and 

                                                
1

( ) ( ) ( )
1

iL
f x A x x

L

−

− ≤ ϒ
−

                                                   (3.5) 

for all .x V∈  
Proof. Consider the set { }/ : X , (0) 0p p Y pΩ = → =  and introduce the generalized metric 

on ,Ω  

                                               ( ) { }( , ) , inf (0, ) : ( ) ( ) ( ),d p q d p q K p x q x K x x V= = ∈ ∞ − ≤ ϒ ∈  

It is easy to see that ( , )dΩ  is complete. 
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Define :T Ω → Ω  by 

                                                
1

( ) ( ),i
i

Tp x p xµ
µ

=  

For all .x V∈ Now, , ,p q ∈Ω we have 

                                            

( , )

( ) ( ) ( ),

1 1 1
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1 1
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( , ) .

i i i
i i i

i i
i i

d p q K

p x q x K x x V

p x q x K x x V

p x q x LK x x V

Tp x Tq x LK x x V

d p q LK

µ µ µ
µ µ µ

µ µ
µ µ

≤
⇒ − ≤ ϒ ∈

⇒ − ≤ ϒ ∈

⇒ − ≤ ϒ ∈

⇒ − ≤ ϒ ∈
⇒ ≤

 

This implies ( , ) ( , ),d Tp Tq Ld p q≤ for all , .p q ∈ Ω i.e., T  is a strictly contractive mapping 
on Ω  with Lipschitz constant L .  From (3.6), we arrive 
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f nx
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− �����

                                    (3.6) 

for all .x V∈  Using (3.4) for the case 0i =  it reduces to 

    1
( ) ( )  ( )f n xx f x

n
− ≤ ϒ  

for all .x V∈  

                                  i.e.,      1 0 11
( , ) id Tf f L L L

n
− −≤ = = = < ∞  

Again replacing 
x

x
n

=  in (3.6), we get 

                                                  
1
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1

0,( )  
( 3)

n times

x
f x nf

n

x

nn n
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−

  
 − ≤  −    ���

                             (3.7) 

for all .x V∈  Using (3.4) for the case 1i = it reduces to 

                                                 ( )( ) x
x

f x nf
n
 − ≤ ϒ 
 

 

for all .x V∈  
                                i.e.,         0 1 1 1( , ) 1 id f Tf L L L− −≤ = = = < ∞  
in both cases, we arrive 
                                               1( , ) id f Tf L −≤  
 
Therefore (A1) holds. 
By (A2), it follows that there exists a fixed point A  of T  in Ω  such that 

                                            ( ) ( )1
lim k

a ikk
i

A x f xµ
µ→∞

=                                     (3.8) 

 For all .x V∈  
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To prove :A V B→  is additive. Replacing ( )1 2, ,..., nx x x by ( )1 2, ,..., ,k k k
i i i nx x xµ µ µ in (3.2) and 

dividing by k
iµ , it follows from (3.1) that 

                                            
( )

( )

( )

1 2

1 2

1 2
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, ,..., lim

, ,...,
lim 0
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A x x x

x x x
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For all 1 2, ,..., .nx x x V∈ i.e., A satisfies the functional equation (1.5) 

By (A3), A is the unique fixed point of T  in the set ( ){ }: , ,y A d f A A= ∈ Ω < ∞  is the 

unique function such that  
    ( ) ( ) ( )f x A x K x− ≤ ϒ  

for all x V∈  and 0.K > Finally by (A4), we obtain 
1
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1

d f A d f T F
L

≤
−

 

this implies 
1

( , )
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d f A
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Which yields 
1

( ) ( ) ( )
1

iL
f x A x x

L

−

− ≤ ϒ
−

 

for all x V∈ . This completes the proof of the theorem. 
The following Corollary is an immediate consequence of Theorem (3.3) concerning the 
stability of (1.5) 
 
Corollary 3.4.     Let :f V B→ be a mapping and there exists real numbers λ and s  such 
that 

   ( )1, 2
1

11

,

,..., , s 1;

1
, s ;

n
s

n i
i

n n
s ns

i i
ii

D f x x x x

x x
n

λ

λ

λ

=

==




  ≤ ≠  

 
  
 + ≠ 
  

∑

∑∏

                  (3.9) 
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for all 1 2, ,..., .nx x x V∈  Then there exists a unique additive function :A V B→  such that 
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Thus, (3.1) is holds. 

But, we have ( )
1

1 1
0,...,0,

( 3) ( 3)
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x x
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n n n n
φ

−
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Now from (3.5), we prove the following cases for condition (i). 
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Hence the proof is complete. 
 
4.  Basic results in Banach algebra 
Here after, through out this paper, let us consider 1B  and 2B to be a normed Algebra and a 
Banach Algebra, respectively. 
 
Definition 4.1. A  C-linear mapping :A X X→  is called Additive Derivation on X  if 
A  satisfies. 

( ) ( ) ( )A xy A x y xA y= +                           (4.1) 

For all , .x y X∈   
 
Definition 4.2. A  C-linear mapping :A X X→  is called Generalized Additive 
Derivation on X  if A  satisfies. 

( ) ( )( ) ( ) ( )1 2 1 2 1 2 1... ... ...... ...n n n nA x x x A x x x x x x A x−= + +                       (4.2) 

For all 1 2... .nx x x X∈   
 
5. Stability results: a direct method 
In this section, we investigate the generalized Ulam-Hyers stability of the functional 
equation (4.1) 
 
Theorem 5.1. Let 1.j ±  Let [ ): X 0,nψ → ∞  be a function such that  

( ) ( )1 2 1 2,n ,..., n ,n ,...,n
lim 0, lim 0,
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lj nljl l

n x x x n x x x

n n

ψ ψ
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= =         (5.1) 

For all 1 2... .nx x x X∈ let f : X Y→  be a function satisfies the inequality 

   ( ) ( )1 2 1 2, ,..., , ,...,n nD f x x x x x xψ≤                  (5.2) 
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For all 1 2... .nx x x X∈ Then there exists a unique function A : X Y→  such that  
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−
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�����

 for all .x X∈  The mapping ( )A x  is defined by  

( ) ( )
lim

lj

nljl

f n x
A x

n→∞
                                          (5.5) 
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for all .x X∈  
 
Corollary 5.2. Letλ  and s be a nonnegative real numbers. If a function :f V B→ satisfies 
the inequality   
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for all 1 2, ,..., .nx x x V∈  Then there exists a unique additive function : XA Y→  such that 
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− ≤ 

− −
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        (5.8) 

for all .x X∈  
 
6. Stability results: a fixed point method 
Theorem 6.1. Let :f V B→ be a mapping for which there exist a function 

[ ), , : 0,nVψ γΨ → ∞  with the condition  

( ) ( )1 2 1 2

1 1
lim , ,..., 0, lim , ,..., 0k k k k k k

i i i n i i i nk kk k
i i

x x x x x xψ µ µ µ ψ µ µ µ
µ µ→∞ →∞

= =                        (6.1) 

Such that the functional inequality with 

( ) ( )1 2 1 2, ,..., , ,...,n nD f x x x x x xψ≤                        (6.2) 

and  



M.Arunkumar,  P.Agilan and S.Ramamoorthy 

38 
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For all .x X∈ Then there exists a unique additive mapping A : V B→  satisfying the 
functional equation (1.5) and      

( ) ( ) ( )
1

1

iL
f x A x x

L
γ

−

− ≤
−

 for all .x X∈  

Corollary 6.2.     Letλ  and s be a nonnegative real numbers. If a function : Xf Y→
satisfies the inequality  

( )1, 2
1

11

,

,..., , s 1;

1
, s ;

n
s

n i
i

n n
s ns

i i
ii

D f x x x x

x x
n

λ

λ

λ

=

==




≤ ≠

  + ≠  
  

∑

∑∏

                                           

( ) ( )( ) ( ) ( )1 1 1 2 1 1 1,..., , ,..., , ... ,...,n n n n n nf x x x f x x x x x x f x− − −− − −  

1

11

,

, s 1;

1
, s ;

n
s

i
i

n n
s ns

i i
ii

x

x x
n

λ

λ

λ

=

==




≤ ≠

  + ≠  
  

∑

∑∏
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