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Atanassov introduced and studied the concept ofiitiobistic fuzzy sets.The
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Intuitionistic L-fuzzy metric space is introduceddasome theorems about Inuitionistic L-
fuzzy metric space are discussed.
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1. Introduction

Fuzzy sets are sets whose elements have degreewerobership. Fuzzy sets are
introduced by Zadeh [7] as an extension of thes@asnotion of sets. The concept of an
intuitionistic fuzzy set can be viewed as an aktiie approach to define a fuzzy set in
cases where available information is not sufficiéat the definition of an imprecise
concept by means of a conventional fuzzy set. Inegd, the theory of intuitionistic
fuzzy sets is the generalization of fuzzy sets.

In the year 1989 Atanassov[1] introduced Intenadled intuitionistic fuzzy sets
and many researchers have shown interest in thehe&@y and successfully applied in
many other fields.

This paper is organized as follows. The definitmihfuzzy metric space and
intuitionistic fuzzy metric space and are introéldén section 2. In section 3, we extend
the fuzzy metric space to L-fuzzy metric spacehht, the range of the function will be a
lattice. Also the definitions of intuitionistic LFuzzy metric space are introduced. In
section 4, we dicuss about the theorems on inhigtii L- Fuzzy metric space in weakly
compaitable.

2. Preliminaries

Definition 2.1. Let X be a nonempty set. A fuzzy set A in X is clwerized by its
membership functiorus : X — [0, 1] and pa(X) is interpreted as the degree of
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membership of element x in fuzzy set A for each X. It is clear that A is completely
determined by the set of tuples A = {(ufu))|lue X}.

Example 2.1. The membership function of the fuzzy set of real bera "close to 17, is
can be defined as A(t) = exdift — 1)2)wherep is a positive real number.

1

-1 1 5 z 4

Figure 1. A membership function for "x is close to 1”.

Definition 2.2. An L-fuzzy set¢ on U is a mapping:U— L, whereL is a ‘transitive
partially ordered set'. In this work, we assume {ha) is a preordered set. Notice that it
is natural to assume that the relatiois not antisymmetric; ik, y €L are synonyms, that
is, words or expressions that are used with theesaeaning, therm <y andx >y, but
still x andy are distinct words.

Example 2.2. Suppose that consists of a group of people. Thefuzzy set, whose
membership functiog , describes how well the personsurcan ski. For instance, there
exist people who can ski very well, some ski badhd some are moderate skiers.

Definition 2.3. Let a set E be fixed. An IFS A in E is an objectha# following . A = { (
X,;Ha( X)) ,0a(X ) ), XEE }, Where the functions Ji( x ) : E [0, 1] andv, (x ) : E =[O0,

1] determine the degree of membership and the dexfreon-membership of the element
X€EE, respectively, and for everyefe: 0 < pa( X )+ va (X ) <1 Whenva (X) = 1 - p (X)
for all xeE is ordinary fuzzy set. In addition, for each I&$ E, if ma(X)= 1- pa (X) — va

(xX) Thenza(X) is called the degree of indeterminacy of X tooAcalled the degree of
hesitancy of x to A. It is obvious thatlr, (X) <1, for eachxeE.

Example 2.3. An IF-set is a pair of mappings pu=* [0,1], v: X - [0,1] such that p (x) +
v (X) < 1 for any xeX. In our case X is the set of all pupils in thensidlered class. If
A(x) is the number of acceptation of the pupil erfbe A(x)€{0,1,...n} where n is the
number of pupils in the class), then we put p(8(x)/ n

Similarly u(x) =N(x) /n ,where N(x) is the number§ non-acceptation of the
pupil x. Since A(x) + N(xX n. We obtain p(x) v(x) =A(X)/n+N(x)/n< 1, hence the pair
(1,v) is an example of an IF-set.

Definition 2.4. A binary operation *; [0,1] x [0,3[0,1] is called at- norm if ([0,1],)
is anabelian topological monoid with unit 1 suchtth*b<c*d whenever @ c and b< d
for a, b, c, & [0,1].

Example 2.4. t- norm are a*b = ab and a*b = min{a, b}.
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Definition 2.5. A binary operation * : [0,1] x [0,1}> [0,1] is acontinuous t-norm if it
satisfies the following conditions

a) *is a associative and commutative

b) a*l =afor all & [0,1]

C) *is continuous

d) a*b<c*d whenever & c and k< d, for each a, b, c,d[0,1].

Example 2.5. a*b = ab and a*b =(a,b)

Definition 2.6. The 3-tuple(X,M,*) is said to befaizzy metric space if X be a non empty
set and * be a continuous t-norm. A fuzzy séixX0) is called a fuzzy metric on X if
X, Y, zeX and s, t >0, the following condition holds

a) M (x,y, t) =0

b) M (x,y, t) =1iff x=y

c) M(x,y, t) = M(y, x, t);

d My t+s)>M(Xy, t)*M(X,Y,S)

e) M(x,y, .): (0, o) = [0, 1] isleft continuous

The function M(x,y,t) denote the degree of nearrietsveen x and y with respect to t
respectively.

Definition 2.7. A 5-tuple(X, M, N, *,0) is said to be amtuitionistic fuzzy metric space
if Xis an arbitrary set, * is a continuotdsorm, ¢ is a continuous conorm and, M, Nare
fuzzy sets on®x [0, «) satisfying the conditions:
1) M(x,y, t) + N(x, y, )< 1 for all,x,y eXand ; t= 0
2) M(x,y, 0) =0 for all, x,yeX,
3) M(x,y, t) =1 for all, x,yeX, and t> 0 if and only if x = y;
4) M(x, y, t) = M(y, X, t) for all, x,yeX andt> O;
5) M(X, Yy, t)*M(y, z, s)< M(x, z, t+s), for all, X, y, z X and s,t >0;
6) M(X, VY, .):[000)—[0,x]is left continuous, for all, X,y X;
7) lim,,M(x,y,t) =1 forall, x,ye X andt> 0;
8) N(x,y, 0) = 1for all, x,y& X ;
9) N(x, y, t) =0, for all x,ye X and t > 0 if and only if x=y;
10) N(X,y, t) = N(y, x, t) for all, x,,¢ X, andt> 0;
11) N(X, Yy, ) O N(y, z, s) > N(x, z, t+s) for all x, y, z €X and s,t >0;
12) N(X, Y, .):[0s0)—[0,1]is right continuous, for all X, X;
13)lim;_,, N(x,y,t) = 0for all x,ye X.
The functions M(x, y, t)and N(X, y, t) denote thegcee of nearness
and the degree of non-nearness betwesmly w.r.t.t respectively.

Definition 2.8. Let X be a non-empty set and f:¢ X be a mappings . A pointX is
called afixed point of f if x remains invariant under f i.e. fx = xa graphical terms, a
fixed point means the point (x, fX) is on the lipe x, or in other words, the graph of f
has a point in common with line y = x.

Example 2.6. A mappings f : R>R defined by f(x)= 3x, for all x R, x = 0 is the unique
fixed point.
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3. Intuitionistic L-fuzzy metric space
Definition 3.1. A 5-tuple(X, M, N, * 0) is said to be amntuitionistic L-fuzzy metric
space if X is an arbitrary set, * is a continuottaorm, ¢ is a continuou$- conorm and,
M, N are L-fuzzy sets oi?x [0, «) satisfying the conditions:

1. M(X Yy, t)+ Ny t)<1forall,x,yeXand; t0

2. M(x,y, 0) =0 for all, x,yeX,

3. M(x,y, t) =1forall, x,yeX, and t> 0 if and only if x = y;

4. M(x,y, t) = M(y, x, t) for all, x,yeX andt> 0;

5. M(x, Yy, )*M(y, z, s)< M(X, z, t+s), for all, X, y, z X and s,t >0;

6. M(X, Y, .):;[000)—[0,00]is left continuous, for all, X,y X;

7. lim,,,M(xyt) =1 forall x,yeXandt>0;

8. N(x,y, 0) = 1forall, x,ye X ;

9. N(x, vy, t)=0, for all x,ye X and t> 0 if and only if x=y

10. N(x, v, t) = N(y, X, t) for all, x,y¢ X, andt> 0;

11. N(x, v, t) O N(y, z, s) > N(x, z, t+s) for all x, y, z €X and s,t >0;

12. N(X, v, .):[0p0)—[0,1]is right continuous, for all X,y X;

13. lim;_,, N(x,y,t) = 0 for all x,ye X.
The functions M(x, y, t) and N(x, y, t) denote tthegree of nearness and the degree of
non-nearness betwegrandy w.r.t. t respectively.

Definition 3.2. Let (X, M, N, *, 0) be an intuitionistic L-fuzzy metric space. ThenAlL
sequence {} in X is said to beCauchy sequence if, for all and +0 andp > 0,

limy, o M(Xp4p, Xn, ©) = 1 andim, N(Xp4p, Xp, t) =1

2) A sequence {} in X is said to be&onvergent to a point x X, if for all t > 0.

lim,,_,, M(x,,%,t) = 1andlim,_, N(x,,xt) =0

Definition 3.3. An intuitionistic L-fuzzy metric space (X, M, N, %) is said to be
complete if and only if every Cauchy sequenceXiis convergent.

Example 3.1. Let X = {% |n € N}U{O} and let * be the continuous t-norm atdoe the

continuoug- conorm defined by a*b = ab, antbe= min {1,a+b} respectively, for all a,b
€[0,1]. For each t (000) and x,ye X, defineM andN by
L _t>0 lx=y|

M(‘x’ y' t) = {t+|x—y|, } andN(X;y, t) = {t+|x—y|’t > 0}
O,t = 0 1,t — O

Clearly (X, M, N, *,0) is complete intuitionistic L- fuzzy metric space.

Definition 3.4. A pair of self mappings (A,S)of a intuitionisticfuzzy metric space (X,
M, N, *, 0)is said to becommuting if and M(ASx, SAX, t) =1 and N(ASx,SAXx, t) = 0 for
all x eX.

Definition 3.5. A pair of self mappings (A,S) of a intuitionisticfuzzy metric Space (X,

M, N, *, 0) is said to baveakly commuting if M(ASx, SAX, t) > M(ASX, Sx, t) and
N(ASX, SAX, 1)< N(AXx, Sx, t) for all xe X and t> 0.
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Definition 3.6. A pair of self mappings (A),of a intuitionistic Lfuzzy metric space (>
M, N, *, 0) is said to bepoint wise R-weakly commuting, if given xe X, there exist suc
that for all t>0. M(ASx, SAX, t> M(AX, Sx, 1/R), and N(ASx, SAX, B N(Ax, Sx, 1/R)
clearly, every pair of weaklyommuting mappings is point wideweakly commuting
with R=1.

Definition 3.7. Two mappings A and S of a Intuitionisti-fuzzy metric space (X, M, M
* ) are calledreciprocally continuou if ASu,—Az, SAu—Sz, whenever {} is a
sequence such that p#z, Su,—z, for some z irX. If A and S are both continuous, th
they are obviously reciprocally continuous but cense is not tru

Theorem 3.8. Let (X, M, N, *, 0) be a complete intuitionistic fuzzy metric space wit
continuoug-norm * and continuout-conorm¢ defined by t*t>t and (-t) ¢ (1-t) < (1-t)
for all t[0,1].Further, let (A,S)and (B,T) be point wiR-weakly commuting pairs of se
mappings of X satisfyini
A(X) < T(X), B(X) < S(X),..... @
there exists a constane (0,1) such that ...... (2)
M(AX, By, kt) > M(Ty, By, t)*M(Sx, Ax, t)*M(Sx, By, at)*M(Ty, Ax,(2-
a)t)*M(Ty, Sx, t)
N(AX, By, kt) < N(Ty, By, t)0 N(Sx, Ax, t0 N(Sx, By,at)ON(Ty, Ax,(2-
a)t)ON(Ty, Sx, t)
for all x,y e X, t>0 andu(0,2) . Then the continuity of one of the mappiimgcompatible
pair (A,S) or (B,T) on (X, M, N, *0) implies their reciprocal continuity.
Proof: First, assume théA andS are compatible an8 is continuous. We show thA
and S are reciprocally continuous. Let .} be a sequence such that,—z and Sy—z
for some zX as n—w.SinceSis continuous, we have SA#Sz and SS,—Sz as p»o
and SSp—Sz as oo and since (A,S) is compatible, we h
lim,,_,, M(ASU,,, SAU,, t) = 1,Jim,_, N(ASU,,,SAU,,t) = 0
=>lim,_,, M(ASU,,Sz,t) = 1,lim,,_,, M(ASU,,,Sz,t) = 0

That is ASy—Sz as r>w. By (1), for each n, there exists for ale X such that
ASu,= Tv,. Thus, we have, S;,—Sz, SAy—Sz, and Ty—Sz as r»o whenevel
ASu,=Tv,.Now we claim that B, —Sz as a»o.
Suppose not, then takinglin (2), we hav
M( ASun, Bvn, kf)>M (Tvn, Bvn t) * M (SSun ASungt) * M (SSun Bvr, at) * M (Tvn
, ASun, (2w)t) *M (Tvn, SSun,t) N ( ASun, Bvn, k) < N (Tvn, Bvn,
t)ON(SSun,ASun,hN(SSun,Bvn,at) ON(Tvn, ASun, (2e)t) ¢ N (Tvn, SSun t)
Taking n—oo, we get
M (Sz Bw,, kf) >M (Sz Bv, .t) * M (Sz Szt) * M (Sz Bv, ,t) * M (Sz Szt) * M (Sz Szt)
N (SZ Bv,, kt) <N (Sz Bw,, t) ¢ N(Sz, Sz, tf N(Sz, Bvn, tY)N(Sz, Sz, tP N(Sz, Sz, i
That is,
M(Sz, Bw, kt) > M(Sz, B\, 1),
N(Sz, By, kt) <N(Sz, By, t).
we have By—Sz as pro
Now, we claim thatAz=Sz. Again taken=1in (2), we have
M( Az Bv, , kb>M (Tv,,, Bv, t) * M (Sz Azt) * M (Sz Bv, t) * M (Tv,,, Azt) * M (Tv,,
Szt)
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N( Az BV, , k)< N (Tv,, Bv, ,t) 0 N (Sz Azt) O N (Sz Bv,, t) O N (Tv,, Azt) * N (Tv, ,
Szt)
AS n—w
M (Az Sz kt) > M (Sz Szt) * M (Sz Azt) * M (Sz Szt) * M (Sz Azt) * M (Sz Szt)
N(Az Sz k) < N(Sz Szt)0 N(Sz, Az, t)0 N(Sz, Sz, tPN(Sz, Az, t)0 N(Sz, Sz, t)
i.e.M(Az, Sz, kt}> M(Sz, Az, t)
N(Az, Sz, kt)< M(Sz, Az, t) Therefore, we have. Az = Sz
Hence, SAp— Sz, ASy—Sz = Az as pro

This proves thaA and S are reciprocally continuous of Similarly, it can be
proved thatB and T are reciprocally continuous if the pair (B,T)issasied to be
compatible and is continuous.

4. Intuitionistic L-fuzzy metric spacein weakly compatible
Theorem 4.1. Let (X, M, N, *, 0) be a complete intuitionistic L-fuzzy metric spagith
continuoug-norm * and continuousconorm¢ defined by t*t> t and (1-t)(1-t) <(1-t)for
all t[0,1]. Further, let (A, S) and (B, T) be point wiRenveakly commuting pairs of self
mappings oK satisfying (1), (2). If one of the mappings in quatible pair A,S)or B,T)
is continuous, theA, B, SandT have a unique common fixed point.
Proof: Let xeX. By (1), we define the sequenceg{and{y,} in X such that for allpn =
0,1,2...
Y 20=AXori=TXon+1,Yon+ = BXen=1Sx%n+1, We show that{y} is a Cauchy sequence Kk By
(2) takea=1-B, Be(0,1) ,we have
M( y2n+1: y2n+2 ) kt) =M (BX2n+l: AX2n+2 ’ kt) =M (AXZn+2 ’ BX2n+1: kt) > M (TX2n+1:
BX2n+1:t) *M (S)@n+2 ’ AX2n+2 -t)
M (S)@n+21 B)(2n+1, (l'ﬁ)t) *M (TX2n+1a AX2n+2 ’ (1'B)t) *M (TX2n+1, S)§2n+2 ,t)
=M(Yon, Yone1s £) ¥ M (Vonea, Yone2 5 1) * M (Yonsa, Yonez , (IP)E) *

M (Yzn, Yane2, (1B)1) *1% M ( Yan, Yone,t)
=M (y2n+1a Yon+2, ﬂ t) *M (y2n, y2n+1,t)
>M (Yo, Yonets ©) * M (Yane1, Yonszs O * M (Yane, Yonsz, (1))
Now, takingp —1, we have
M( Yans1 s Yons2, KE)>M (Yon s Yoner ) * M (Yone1, Yonez £) ¥ M(Yone \Yons2 f)
M (y2n+l, y2n+2, kt) > M (yZn, y2n+lat) *M ( y2n+1a y2n+2,t)2 M( yZn,y2n+1at)
M(Yzn+1 s Yonez KO > M (Yon , Yonea 1)
Similarly, we can show that
M(Yzns2 » Yon+3 K= M (Yansa s Yonez 1)
Also,
N ( Yo+, Yons2, KB =N (BXons1, AXons2, KO =N ( A¥onsz, BXons1, Kt) < N (TXons+1, BXon+1,8)0
N ( S)§n+21 AX2n+2,t) ON (S(2n+2,BX2n+la(1'B)t) 0 N(tx2n+1aAX2n+2, (1'B)t) ON (TX2n+1,S)§n+21t)
=N ( Yon, ))/2n+1, Kt) O N (Yan+1, Yone2it) O N (Yans1, Yonsz, (1B)1) O N (Yan, Yonsz, (1H3))0 N (
Yon, Yan+1, t
= N ( Yo Yons1, KD O N (Yanen, Yons2it) © 00 N ( Yoner, Yonezs 1) O N (Van, Yonez, YO N ( Yon,
Yon+1, 1)
SN (Yon, Yone1 ,8) O N (Yonez, Yone2 1) O N ((Yons1, Yons2, B 1)
Takingp—1, we get
N (Yons1s Yonsz s KOS N (Yons Yons1,8) O N(Yonsa, Yons2 1) O N(Yons, Yons2, B 1)
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N (Yonet, Yonez s K< N (¥ons Yonet 58) © N (Yonet, Yone2 ;1) = N (Yon, Yonet ot)
N (Yons1s Yonrz s K< N (Yon s Yonsa )
Similarly, it can be shown that
N ( Yons1, Yonez s KOS N (Yon, Yons1 )
Therefore, for any n and t, we
N (yn ’ yn+11 kt)f N (yn-l ) yn at)
Hence{y} is a Cauchy sequence in X. Since X is complatdys} converges to z in X.
Its subsequences {A},{TX 2n+1},{BX 2n+1} and {Sxn+2} @lso converge to z.
Now, suppose that (A, S) is a compatible pair anid ntinuous. Then A and S are
reciprocally continuous, then Sp%Sz, ASx—Az as R—oo.
As, (A, S) is a compatible pair. This implies
}lirg M(ASx,,Sz,t) = 1,N(Az,Sz,t) =0

This gives M(Az, Sz, t) = 1, N(Az, Sz, t) = 0 asst Hence, Sz = Az.

Since A(X)= T(X), therefore there exists a point X such that Sz = Az =Tp.

Now, again by taking. = 1 in (2), we have

M(AzBpkt)=M(Tp, Bpt)* M (SzAzt)*M (SzBpt) * M (Tp, Azt)*M (Tp, Szt)
M(AzBpkt) >M(Az, Bpt) * M (AzAzt)*M (AzBpt) * M (Az, Azt)*M (Az,Azt)

And

N(AzBpkt) <N(Tp, Bpit) © N (SzAzt) 0 N(Sz,Bp,t) ¢ N(Tp, Azt) O N(Tp, Szt)
N(AzBpkt) < N(Az, Bpt) ¢ N (AzAzt) O N(AzBpt) 0 N(Az, Azt) O N(Az, Azt)

Thus, Az=Bp=Sz=Tp

Since, A and S are point wise R-weakly commutingpiregs, therefore there exists R >
0 Such that,

M(ASz, SAz, t)> M(Az, Sz, t/R)=1

And N(ASz, SAz, txN(Az, Sz, t/R)= 0.

Hence, ASz = SAz and ASz = SAz = AAz = SSz.

Similarly B and T are point wise R- weakly commagtimappings, we have
BBp=BTp=TBp =TTp.

M (AAz Bp, kt) > M (Tp, Bpt) * M (SAz AAzt) * M (SAzBpt) * M (Tp, AAzt) * M (Tp,
SAzt)

M (AAz Az kt) > M (Tp,Tpt) * M (AAz AAzt) * M (AAz Azt) * M (Az AAzt) * M (Az
AAZzt)

And

N(AAz Bpkt) < N(Tp, Bpt)o N(SAz AAzt)O N(SAz Bpt)d N (Tp, AAzt)O N(Tp, SAZL)
N(AAz Az ki) < N(Tp,Tp,)0 N(AAZ AAzt)O N ( AAzZ Azt)O N (Az AAz)O N ( Az AAzY)
M(AAz, Az, kt) > M(AAz, Az, 1),

N(AAz, Az, t) < N(AAz, Az, t).

By theorem, we have SAz = AAz = Az. Hence Az is ooon fixed point of A and S.
Similarly by (2) Bp = Az is a common fixed point Bfand T. Hence Az is a common
fixed point of A, B, Sand T.

Uniqueness:

Suppose that Ap#Az) is another common fixed point of A, B, Sand T.

Then by (2), take =1

M(AAz, BAp, kt) > M(TAp, BAp, t)*M(SAz, AAz, t)*M(SAz, BAp, t)* M(TAp, AAz,
t)*M(TAp, SAz, t)

M(Az, Ap, kt)> M(Ap, Ap, t)*M(Az, Az, t)*M(Az, Ap, t)*M(Ap, Az, t)* M(Ap,Az, t)
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And

N(AAz, BAp, kt) < N(TAp, BAp, tPN(SAz, AAz, tPN(SAz, BAp, 1)

ON(TAp, AAz, tYON(TAp, SAz, t)

N(Az, Ap, kt) < N(Ap, Ap, tPN(Az, Az, tYON(Az, Ap, tON(Ap, Az, tON(Ap, Az, t)

This gives M(Az, Ap, ktx> M(Az, Ap, t) and N(Az, Ap, kt N(Az, Ap, t) By theorem,
Ap = Az Thus uniqueness follows.

Taking S =T = Ix in above theorem, we get follogviresult.

Corollary 4.1.1. Let (X, M, N, *, 0) be a complete intuitionistic L-fuzzy metric space
with continuous t- norm * and continuous t- conarrdefined by t*t> t and (1-t) (1-t)
< (1-t) for all te [0,1].

Further, let A and B are reciprocally continuousppiag on X satisfying M(AXx,
By, kt) > M(y, By, t)*M(x, Ax, t)*M(x, By, at)*M(y, Ax, (2-a)t)*M(y, X, t) N(AX, By,
kt) < N(y, By, t)0 N(x, Ax, t) 0 N(x, By, at) © N(y, Ax, (2-0)t) O N(y, x, t) For all u, «
X, t> 0 anda € (0,2) then pair A and B has a unique common figeoht We give now
example to illustrate the above theorem.

Example 4.1. Let X = [0] and let M and N be defined by M(u, v, ti—+|=i_—v| and

N(u,v,t) =1V Thep (X, M, N, *,0) is complete Intuitionistic L-fuzzy metric space.
t+|u—v|

Let A, B, S, and T be self maps on x defined as=Mx = 3x/4 and Sx = Tx = 2x for all
x € X. Clearly,

1) Either of pair (A,S) or (B,T) be continuous selfppiang on X.

2) A(X) € T(x), B(xX)c S(x);

3) {A, S} and {B, T} are R- weakly commuting pairs asoth pairs

commute at coincidence points.

4) {A, S} and {B, T} satisfies inequality (2), for alt, ye X, where ke (0,1)

Hence all conditions of theorem are satisfied ardOxis a unique common

fixed pointof A, B, S, T.

5. Conclusion

Last three decades were very productive for fuzaghematics and the recent literature
has observed the fuzzy application in almost ewdrgction of mathematics such as
arithmetic, topology, graph theory, probability ding logic etc. In this work a general

analysis has been done to reveal the links betwleerfixed point properties and the

fuzzy metric spaces. The analysis can be usednto $ome new fixed point theorems by
using different types.
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