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1. Introduction

In 1965, Zadeh [1] initiated the concept of bipdiazy sets as a generalization of fuzzy
sets. Bipolar fuzzy sets are an extension of fleetg whose membership degree range is
[-1,1]. In a bipolar fuzzy set, the membership @egp of an element means that the
element is irrelevant to the corresponding propettg membership degree (0,1] of an
element indicates that the element somewhat sitffie property, and the membership
degree [-1,0) of an element indicates that the efensomewhat satisfies the implicit
counter-property. Although bipolar fuzzy sets amitionistic fuzzy sets look similar to
each other, they are essentially different setsndmy domains, it is important to be able
to deal with bipolar fuzzy information. It is notédat positive information represents
what is granted to be possible, while negativermfttion represents what is considered
to be impossible. This domain has recently motivatew research in several directions.
Akram[2] introduced the concept of bipolar fuzzyaghs and defined different operations
on it. Narayanamoorthy and Tamilselvi [3] introdddbe concept of bipolar fuzzy line
graph of a bipolar fuzzy hypergraph. Mathew, Sumitdnd Anjali [4] introduced the
concept of complement bipolar fuzzy graphs in 2Gd@d discussed about some
connectivity concepts in bipolar fuzzy graphs. Gagtivity has important role in the area
of applications of fuzzy graphs such as fuzzy neoetworks and clustering. In this
paper criterion for connectivity of a bipolar fuzgyaph and its complement is analyzed.
The structure of the complement of a bipolar fuzggle is also discussed.
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2. Preliminaries
In this section, some basic definitions and preiamy ideas are given which is useful for
proving theorems.

Definition 2.1. [1] By a bipolar fuzzy graph, we mean a pair G = (Av)ere A =
(uh, 1) is a bipolar fuzzy set in V anl = (uk,ul) is a bipolar fuzzy relation on E
such that ug(xy) < min (uﬁ(x).uﬁ(y)) and ug (xy) = max (uﬁ O, (y)) for
all(x,y) € E.

Definition 2.2. [1] Let A be the bipolar fuzzy vertex set of V, B thpdiar fuzzy edge
set of E respectively. Note that B is symmetricobdp fuzzy relation on A. we use the
notation xy for an element of E. Thus, G = (A,Bpibipolar fuzzy graph af* = (V,E)
if

ub(xy) < min (uf (x), ph (v))andll (xy) > max (uf (x), u (v)) for all xy €
E.H = (a,p) (Wherex = (uf, ul)) is a bipolar fuzzy subset of a set A ghet (uf, ul)
is a bipolar fuzzy relation on B) is called a partipolar fuzzy subgraph of Gif < A
andg < B. We callH = («, 8)a spanning bipolar fuzzy subgraphtot (4, B)if a = A.

Definition 2.3. [2] A path p of length n is a sequence of distinctasod
(1 0D, 4 Ca0D) (k) 2 202 ) (2D Y 02 ) - (k). 1 () ) ) s

that (ub(ui—1uy), ud (ui—1u;)) > 0 and degree of membership of a weakest arc is
defined as its strength. (mﬁ(uo),uﬁ’(uo)) = (uﬁ(un),,uﬁ’(un)) andn > 3, then p is
called a cycle and it is a bipolar fuzzy cyclehiéte is more than one weak arc.

Definition 2.4. [3] The strength of connectedness between 2 nodes
(,uﬁ(x),,uﬁ(x)),(uﬁ(y),uﬁ(y)) is defined as the maximum of strengths of all gath
between x and y and is denotedCOWN; (x, y).

Definition 2.5. [3] An arc((uﬁ(x),,uﬁ’ @), (1Kh )Y (y))) is called a fuzzy bridge in

G if the removal of((uﬁ(x),u’g’(x)),(yﬁ(y),u’g’(y))) reduces the strength of

connectedness between some pair of nodes in G.nAected bipolar fuzzy graph is
called a bipolar fuzzy tree if it contains a spagnsubgraph F which is a tree such that

for al arcs((ug i ), (1), Y (y))) notin F,

(b oy, 1 () < CONN ((ih 0, 1Y @)), (K30, S ) )

Definition 2.6. [4] An arc((ufl(u),uﬁ(u)),(uZ(v),,uﬁ(v))) of G is called m-strong if

pp(u,v) = min (uf (W), uf (v))and g (u, v) = max (u) (w), u) (v)). Suppose G : (A,B)
be a bipolar fuzzy graph. The complement of G isotled a<: : (4, B) whered = A and

5 (ey) = min (1 (), 15 (7)) — ub ()&
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8 (y) = max (u (), 1y (7)) = 1 (x9).
In all the examples of this paper we assume thaimbmbership value of each
node is [-1,1] unless otherwise specified.

3. Connectivity in G¢
In this section, we propose a criterion by whidbifolar fuzzy graph and its complement
will be connected simultaneously.

Example 3.1. A bipolar fuzzy graph on 3 vertices and its comppem

(-0.8,0 (-0.7,0,
0304 (-0.2,0.5)

(-0.9,0.3)
Figure 1: Bipolar fuzzy graph and its complement

Proposition 3.2. Let G = (4, B) be a connected bipolar fuzzy graph with no m-gfron
arcs therG ¢ is connected.
Proof: The bipolar fuzzy graph G is connected and comaim-strong arcs. Suppose

(,uA(u) U (u)) (,uA(v) U (v)) be two arbitrary nodes 6f¢. Then they are also nodes

of G. Since G is connected there exist a path tm’[‘éﬂfl(u),uﬁl(u)) (uA(v) U (v))

in G. Let this path be P.
Then

[(MA(uO) Ha (UO)) (‘uA(ul) Ha (ul))] [(HA(UO Ha (u1)) (HA(uz) Ha (uz))]
[(MA (u"—l)’”A (un—l)) (HA (un)uuA (un))]

where (ug (ui—1w;), ug (Wi—11;)) > 0.
Since G contains no m-strong ar(sye (u;_1u;), tye (Wi_1%;)) >0 for every i

Hence P will be a(yA(u) Ua (u)) (HA(U) Ua (v)) path inG¢ also. Thereforez € is
connected.

Remark 3.3. There are bipolar fuzzy graphs which contain mrgjrarcs such that G
andG¢ are connected (Figure 2)

a (11) b (-1,1)
(-0.7,08 (-0.3,0.7 2)
(-0.5,0.5) (-0.6,0.8) 4
(-0.50.3) ¢d (:0.5.0.7) d

Figure2: (,uA(a) Ua (a)) (HA(b) Ua (b)) is an m-strong arc in G arif is connected
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Theorem 3.4. Let G = (4, B) be a bipolar fuzzy graph. G aiGd are connected if and
only if G contains atleast one connected spannipgldr fuzzy subgraph with no m-
strong arcs.
Proof: Suppose that G contains a spanning bipolar fuzbgraph H that is connected,
having no m- strong arcs. Since H contains no wnstrarcs and is connected using
proposition-1,H¢ will be a connected spanning bipolar fuzzy sublgrafz¢ and thus:¢
is also connected.

Conversely assume that G afifl are connected. We have to find a connected
spanning bipolar fuzzy subgraph of G that contaimmstrong arcs.

Let H be an arbitrary connected spanning bipolazyusubgraph of G. If H
contain no m-strong arcs then H is required bip@laey subgraph. Suppose H contain

one m-strong arc sa(;aA(u) U (u)) (uA(v) U (v)) . Then arc
(uA(u) U (u)) (uA(v) U (v)) will not be present inG¢. Since G° is

connected there will exist (alA(u) Ua (u)) (ﬂA(U) Ua (v)) path inG€. Let this path

bePp;.
Let

Py = [(1h ) ) (1 ), ) )| [ (1 ) 1 ) ) (1 ), 1 ) .
(12 o), o)) (5 ), )|

wherd (4 (o), i () = (kG @), 1w} @) [& [(uA(un) uA<un>) AOAO))

If all the arcs ofP; are present in G thdh — (uf (uv), uY (uv)) together withP; will be
the required bipolar fuzzy spanning subgraph. If, bere exist atleast one arc say

[(HA(U1) Ua (ul)) (HA(V1) Ua (V1))] in P; which is not in G. since G is connected we
can replace

[ (13 Gua), 1 au2)), ( (w2), 1 (v )| by another
(1), 1 @) = (i o), 1 (v1) )|

path in G. Let this path beP,. If P, contain no m-strong arcs then

H-— [(MB(uv) s (uv)) (ug(ulvl), ul (ulvl))] together withP, and P, will be the
required spanning bipolar fuzzy subgraphP,lfcontain an m-strong arc then this arc will
not be present iG¢. Then replace this arc by a path connecting theesponding
vertices inG ¢ and proceed as above and since G contain ontg fiwimber of arcs finally
we will get a spanning bipolar fuzzy subgraph @itttontain no m-strong arcs.

If more than one m-strong arc is present in Hntthee above procedure can be
repeated for all other m-strong arcs of H to get thquired spanning bipolar fuzzy
subgraph of G.

Corollary 3.5. Let G = (4, B) be a bipolar fuzzy grapld. and G€are connected if and
only if G contains atleast one spanning bipolazfuzee having no m-strong arcs.
Proof: Using previous theorem we will get a connected spanbipolar fuzzy subgraph
of G which contain no m-strong arcs. The maximumnsying bipolar fuzzy tree of this
subgraph will be a spanning bipolar fuzzy treeobfs that contain no m-strong arcs.
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4. Complement of bipolar fuzzy cycles

Next we examine the case of the complement of aiffalzzy cycles. By choosing the
membership values of arcs and nodes suitably weaastruct the complement of
bipolar fuzzy cycles on 3, 4, 5 vertices as bip&laey cycles.

Example4.1. N=3, G and5 ¢ are both bipolar fuzzy cycles. (figure 3)
a a

(-0.8,05 A (-0.7,0.6) (-0.2,0.5) @ (-0.3,0.4)
(-0.9,0.3) m01o7) c

Figure3: ¢c3 , ¢3¢
Example4.2. N=4, G and:¢ are both bipolar fuzzy cycles. (figure 4)
(-0.6,0.8) (-0.4,0.2)

('111)
('1!1) ('1!1)

(-0.2,0.9) (-0.8,0.1)

Figure4: c, ,c,€
Example 4.3. N=5, G and5 ¢ are both bipolar fuzzy cycles. (figure 5)

(-1.1)

(-1,1) 1) A

('111)
('111)

(-1,
Figure5: ¢ , cs€

Theorem 4.4. Let G: (4, B) be a bipolar fuzzy graph such tht is a cycle with more
than 5 vertices Th€ *)¢ cannot be a cycle.
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Proof: GivenG* is a cycle having n nodes whete> 6. ThenG* will have exactly n
arcs. Since all the nodes of G are also preseff inumber of nodes di¢ is n. Let the
nodes of G anG ¢ be

(0 D), () 1 @) (@D ) o (B Y ) ) )
ThenG € must contain atleast the following
edges] (1 (v1vs), 1§ W109) ), (1 1ve), KE W192) ) .. (Wb (V1) 1 (wav) )}
{(Hg(vzth).ﬂg(vzﬂh));(Hg(vztk);ﬂg(vzvs)).-u-(ﬂg(vzﬂh).ﬂg(vzﬂh))};
(

{(1E 3v6), 14 (W3v4)), (HE W3 v7), 1l (W3v7)) ... (1 (W3, 1 (w3 )}
Sincen = 6 the total number of edges@f will be greater than n. Thug® will not be a
cycle.

Corollary 4.5. Let G be a bipolar fuzzy cycle with 6 or more nodgsenG¢ will not be
a bipolar fuzzy cycle.

5. Conclusion

In this paper, we have found some criterion formaativity of a bipolar fuzzy graph and
its complement and also studied some structurdn@fcbmplement of a bipolar fuzzy
cycle. The results discussed may be useful foh&urtesearch in domination properties
of bipolar fuzzy graphs.
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