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Abstract. Connectivity has important role in the area of applications of fuzzy graphs such 
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1. Introduction 
In 1965, Zadeh [1] initiated the concept of bipolar fuzzy sets as a generalization of fuzzy 
sets. Bipolar fuzzy sets are an extension of fuzzy sets whose membership degree range is 
[-1,1]. In a bipolar fuzzy set, the membership degree 0 of an element means that the 
element is irrelevant to the corresponding property, the membership degree (0,1] of an 
element indicates that the element somewhat satisfies the property, and the membership 
degree [-1,0) of an element indicates that the element somewhat satisfies the implicit 
counter-property. Although bipolar fuzzy sets and intuitionistic fuzzy sets look similar to 
each other, they are essentially different sets. In many domains, it is important to be able 
to deal with bipolar fuzzy information. It is noted that positive information represents 
what is granted to be possible, while negative information represents what is considered 
to be impossible. This domain has recently motivated new research in several directions. 
Akram[2] introduced the concept of bipolar fuzzy graphs and defined different operations 
on it. Narayanamoorthy and Tamilselvi [3] introduced the concept of bipolar fuzzy line 
graph of a bipolar fuzzy hypergraph. Mathew, Sunitha and Anjali [4] introduced the 
concept of complement bipolar fuzzy graphs in 2014 and discussed about some 
connectivity concepts in bipolar fuzzy graphs. Connectivity has important role in the area 
of applications of fuzzy graphs such as fuzzy neural networks and clustering. In this 
paper criterion for connectivity of a bipolar fuzzy graph and its complement is analyzed. 
The structure of the complement of a bipolar fuzzy cycle is also discussed.  
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2. Preliminaries 
In this section, some basic definitions and preliminary ideas are given which is useful for 
proving theorems. 
 
Definition 2.1. [1] By a bipolar fuzzy graph, we mean a pair G = (A,B) where � =
	���� , ��	
 is a bipolar fuzzy set in V and � =	 ����, ��	
 is a bipolar fuzzy relation on E 

such that ����
�
 ≤ min�����

, �����
� and ��	�
�
 ≥ max���	�

, ��	��
� for 

all�
, �
 ∈ �.	 
 
Definition 2.2. [1] Let A be the bipolar fuzzy vertex set of V, B the bipolar fuzzy edge 
set of E respectively. Note that B is symmetric bipolar fuzzy relation on A. we use the 
notation xy for an element of E. Thus, G = (A,B) is a bipolar fuzzy graph of �∗ =	 ��, �
 
if  

����
�
 ≤ min	�����

, �����

and��	�
�
 ≥ max	���	�

, ��	��

 for all 
� ∈
�. � = ��,  
 (where� = 	���� , ��	
 is a bipolar fuzzy subset of a set A and  =	 ���� , ��	
 
is a bipolar fuzzy relation on B) is called a partial bipolar fuzzy subgraph of G if � ≤ � 
and  ≤ �. We call � = ��,  
a spanning bipolar fuzzy subgraph of � = ��, �
if � = �. 
 
Definition 2.3. [2] A path p of length n is a sequence of distinct nodes  

!���"�#$
, ��	�#$
� ���"�#%
, ��	�#%
� ���"�#&
, ��	�#&
�… . . ���"�#(
, ��	�#(
�) such  

that �����#*+%#*
, ��	�#*+%#*

 > 0 and degree of membership of a weakest arc is 

defined as its strength. If ���"�#$
, ��	�#$
� = 	 ���"�#(
, ��	�#(
� and . ≥ 3, then p is 

called a cycle and it is a bipolar fuzzy cycle if there is more than one weak arc. 
 
Definition 2.4. [3] The strength of connectedness between 2 nodes  

���"�

, ��	�

� , ���"��
, ��	��
� is defined as the maximum of strengths of all paths 

between x and y and is denoted  by01223�
, �
. 
 

Definition 2.5. [3]  An arc !���"�

, ��	�

� , ���"��
, ��	��
�) is called a fuzzy bridge in 

G if the removal of !���"�

, ��	�

� , ���"��
, ��	��
�) reduces the strength of 

connectedness between some pair of nodes in G. A connected bipolar fuzzy graph is 
called a bipolar fuzzy tree if it contains a spanning subgraph F which is a tree such that 

for all arcs !���"�

, ��	�

� , ���"��
, ��	��
�) not in F,  

�����
�
, ��	�
�

 < 01225 !���"�

, ��	�

� , ���"��
, ��	��
�). 
 

Definition 2.6. [4] An arc !���"�#
, ��	�#
� , ���"�6
, ��	�6
�) of G is called m-strong if 

����#, 6
 = min	�����#
, ����6

and ��	�#, 6
 = max	���	�#
, ��	�6

. Suppose G : (A,B) 
be a bipolar fuzzy graph. The complement of G is denoted as �	7 :	��̅, �:
 where �̅ = � and 

�̅���
�
 = min �����

, �����
� − ����
�
& 
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�̅�	�
�
 = max���	�

, ��	��
� − ��	�
�
. 
In all the examples of this paper we assume that the membership value of each 

node is [-1,1] unless otherwise specified. 
 

3. Connectivity in <= 
In this section, we propose a criterion by which a bipolar fuzzy graph and its complement 
will be connected simultaneously.  
 
Example 3.1. A bipolar fuzzy graph on 3 vertices and its complement 
 
                             (-0.8,0.5)                                                 (-0.7,0.6) 
                      (-0.2,0.5)               
                                                          (-0.3,0.4) 
  
                                     (-0.9,0.3)                                                  (-0.1,0.7) 

 
Figure 1: Bipolar fuzzy graph and its complement 

 
Proposition 3.2. Let � = ��, �
 be a connected bipolar fuzzy graph with no m-strong 
arcs then �> is connected. 
Proof: The bipolar fuzzy graph G is connected and contain no m-strong arcs. Suppose 

���"�#
, ��	�#
� , ���"�6
, ��	�6
� be two arbitrary nodes of �>. Then they are also nodes 

of G. Since G is connected there exist a path between ���"�#
, ��	�#
�& ���"�6
, ��	�6
� 
in G. Let this path be P. 
Then  

P= @���"�#$
, ��	�#$
� ���"�#%
, ��	�#%
�A , @���"�#%
, ��	�#%
� ���"�#&
, ��	�#&
�A… 

@���"�#(+%
, ��	�#(+%
� ���"�#(
, ��	�#(
�A 
BℎDED	�����#*+%#*
, ��	�#*+%#*

 > 0. 
Since G contains no m-strong arcs, F��G� �#*+%#*
, ��G	 �#*+%#*
H > 0			IJE	D6DE�	K 
Hence P will be a ���"�#
, ��	�#
� , ���"�6
, ��	�6
� path in �> also. Therefore �> is 

connected. 

Remark 3.3. There are bipolar fuzzy graphs which contain m-strong arcs such that G  
and �> are connected (Figure 2) 
 
 a                 (-1,1)      b                                       a                (-1,1) b 
 
           (-0.7,0.3)                 (-0.3,0.7)                           (-0.4,0.2) 
 
             (-0.5,0.5)                  (-0.6,0.8)                                           (-1,1) 
 
                         c (-0.5,0.3)        d c (-0.5,0.7) d    

Figure 2: ���"�L
, ��	�L
� , ���"�M
, ��	�M
� is an m-strong arc in G and �> is connected 
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Theorem 3.4. Let � = ��, �
 be a bipolar fuzzy graph. G and �> are connected if and 
only if G contains atleast one connected spanning bipolar fuzzy subgraph with no m-
strong arcs. 
Proof: Suppose that G contains a spanning bipolar fuzzy subgraph H that is connected, 
having no m- strong arcs. Since H contains no m-strong arcs and is connected using 
proposition-1, �> will be a connected spanning bipolar fuzzy subgraph of �> and thus �> 
is also connected. 

Conversely assume that G and �> are connected. We have to find a connected 
spanning bipolar fuzzy subgraph of G that contain no m-strong arcs. 

Let H be an arbitrary connected spanning bipolar fuzzy subgraph of G. If H 
contain no m-strong arcs then H is required bipolar fuzzy subgraph. Suppose H contain 

one m-strong arc say ���"�#
, ��	�#
� , ���"�6
, ��	�6
� . Then arc  

���"�#
, ��	�#
� , ���"�6
, ��	�6
�  will not be present in �>. Since �> is 

connected there will exist a ���"�#
, ��	�#
� − ���"�6
, ��	�6
� path in �>. Let this path 

be N%. 
Let 

N% = @���"�#%
, ��	�#%
� ���"�#&
, ��	�#&
�A , @���"�#&
, ��	�#&
� ���"�#O
, ��	�#O
�A… 

@���"�#(+%
, ��	�#(+%
� ���"�#(
, ��	�#(
�A 
where@���"�#%
, ��	�#%
� =���"�#
, ��	�#
�A&@���"�#(
, ��	�#(
� = ���"�6
, ��	�6
�A 
If all the arcs of N% are present in G then � − �����#6
, ��	�#6

 together with N% will be 
the required bipolar fuzzy spanning subgraph. If not, there exist atleast one arc say 

@���"�#%
, ��	�#%
� ���"�6%
, ��	�6%
�A in N% which is not in G. since G is connected we 

can replace  

@���"�#%
, ��	�#%
� , ���"�6%
, ��	�6%
�A by another  

@���"�#%
, ��	�#%
�− ���"�6%
, ��	�6%
�A  
path in G. Let this path be N&. If N& contain no m-strong arcs then 

� − @���"�#6
, ��	�#6
� − ���"�#%6%
, ��	�#%6%
�A together with N%	L.P	N& will be the 

required spanning bipolar fuzzy subgraph. If N& contain an m-strong arc then this arc will 
not be present in �>. Then replace this arc by a path connecting the corresponding 
vertices in �> and proceed as above and since G contain only finite number of arcs finally 
we will get a spanning bipolar fuzzy subgraph of that contain no m-strong arcs. 
 If more than one m-strong arc is present in H, then the above procedure can be 
repeated for all other m-strong arcs of H to get the required spanning bipolar fuzzy 
subgraph of G. 
 
Corollary 3.5. Let � = ��, �
 be a bipolar fuzzy graph. �	L.P	�>are connected if and 
only if G contains atleast one spanning bipolar fuzzy tree having no m-strong arcs. 
Proof:  Using previous theorem we will get a connected spanning bipolar fuzzy subgraph 
of G which contain no m-strong arcs. The maximum spanning bipolar fuzzy tree of this 
subgraph will be a spanning bipolar fuzzy tree of  of G that contain no m-strong arcs. 
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4. Complement of bipolar fuzzy cycles  
Next we examine the case of the complement of bipolar fuzzy cycles. By choosing the 
membership values of arcs and nodes suitably we can construct the complement of 
bipolar fuzzy cycles on 3, 4, 5 vertices as bipolar fuzzy cycles. 
 
Example 4.1. N=3, G and �> are both bipolar fuzzy cycles. (figure 3) 
                              a                                                               a  
   (-0.8,0.5)                  (-0.7,0.6)                        (-0.2,0.5)                 (-0.3,0.4) 
 
 
 
 
              b             (-0.9,0.3)        b    (-0.1,0.7)       c                 

Figure 3: QO		, QO> 
Example 4.2. N=4, G and �> are both bipolar fuzzy cycles. (figure 4) 
                                   (-0.6,0.8)                                                                    (-0.4,0.2) 
 
 

                                                        (-1,1) 
          (-1,1)                                               (-1,1)         
                                                      (-1,1)               
 
  
 (-0.2,0.9)                                                (-0.8,0.1) 
 

Figure 4: QR		, QR> 
Example 4.3. N=5, G and �> are both bipolar fuzzy cycles. (figure 5) 

 
 
 

                              (-1,1)     
 

 
(-1,1)     (-1,1)  (-1,1) 
 

     (-1,1) 
 (-1,1)                                      (-1,1) 
     (-1,1) 
 
                                                                      (-1,1)               (-1,1) 

 
Figure 5: QS		, QS> 

Theorem 4.4. Let �: ��, �
 be a bipolar fuzzy graph such that �∗ is a cycle with more 
than 5 vertices Then��∗
> cannot be a cycle. 
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Proof: Given �∗ is a cycle having n nodes where . ≥ 6. Then �∗ will have exactly n 
arcs. Since all the nodes of G are also present in �> number of nodes of �> is n. Let the 
nodes of G and �> be 

!���"�6%
, ��	�6%
� , ���"�6&
, ��	�6&
� , ���"�6O
, ��	�6O
� , … . . ���"�6(
, ��	�6(
�). 
Then �> must contain atleast the following 

edges.U�����6%6O
, ��	�6%6O
� , �����6%6R
, ��	�6%6R
� , … . �����6%6(
, ��	�6%6(
�V ; 
U�����6&6R
, ��	�6&6R
� , �����6&6S
, ��	�6&6S
� , … . �����6&6(
, ��	�6&6(
�V ; 

U�����6O6X
, ��	�6O6X
� , �����6O6Y
, ��	�6O6Y
� , … . �����6O6(
, ��	�6O6(
�V. 
Since . ≥ 6 the total number of edges in �> will be greater than n. Thus �> will not be a 
cycle. 
 
Corollary 4.5. Let G be a bipolar fuzzy cycle with 6 or more nodes. Then �> will not be 
a bipolar fuzzy cycle. 
 
5. Conclusion 
In this paper, we have found some criterion for connectivity of a bipolar fuzzy graph and 
its complement and also studied some structure of the complement of a bipolar fuzzy 
cycle. The results discussed may be useful for further research in domination properties 
of bipolar fuzzy graphs. 
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