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Abstract. An implication functionl on u:L—][0,1] is defined on the finite chain
L={0,1,2,...,n} a method for extendingto the set of discrete fuzzy numbers whose
support is a set of consecutive natural numbertagwed inL (denoted byg[L]) is given
The resulting extension is in the fact a fuzzy liogiion on &[L] preserving some
boundary properties.
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1. Introduction

As a generalization of implications in a classicgjic, they are used not only to model
fuzzy conditionals, but also in the inference pesc¢hrough the modus ponens and
tollens rules [1, 8]. Recently, another approacalsiaith the possibility of extending
monotonic operations dnto operations on the set discrete fuzzy numbessaisupport

is asset of consecutive natural numbers contaiméd More specifically, the concept of
discrete fuzzy number was introduced in[13] aszzysubset off with discrete support
and analogous properties to a fuzzy number.

It is well known that arithmetic and lattice opévat between fuzzy numbers are
defined using the Zadeh'’s extension principle [@]particular, it is proved in [4] the set
&[L] of discrete fuzzy numbers whose support is aofatonsecutive natural numbers
contained inL, is a distributive lattice. Following with thised to study this paper the
possibility of extending discrete implications anto the implications defined on [7].
Moreover some boundary properties on fuzzy implicest are preserved under this
extension.

2. Preiminaries
2.1. Discreteimplications
Let (P, <) be a bounded ordered set with smallest elemantd@reatest element 1.

Definition 2.2. An implication functionl on (P, <) is a binary operatdr PxP—P that
is decreasing in the first variable, increasinthie second one and satisfies the conditions
1(0,0)=1)(1,1)=1 and(1,0)=0.
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Definition 2.4. [6] A border implicationl on P, < ) is a implication function that
satisfies the neutrality principlél,5)=gfor all S P

Definition 2.5. Letl be an implication function orP( <),thenl satisfies

()  The exchange principle (EP)I,I(y,2)=1(y,1(x,2)) for all x,y,zeP

(i)  The contraposition law (CL) with respect to th@sg negation N oP, if
[(N(Y),N(X)) = I(x,y) for all x,yeP

(i) The ordering property (OP)/itx,y)=1<x<y for all x,yeP.

A particular case of bounded ordered setwken consider the finite chain
L={0,1,...,n}c N. Operations defined dnare usually called discrete operations and they
have been studied by many authors(see[6,9,11})dset studies the following condition,
generally used as discrete counterpart of coninisitusually considered.

2.6. Discrete fuzzy number
In this section, we recall some definitions andnmaisults about discrete fuzzy numbers

which will be used later. By a fuzzy subset®fwe mean a functiolA: R - [0,1]For
each fuzzy subsé,

Let “A={x0OR: A'X =a} for anya [1(0,1]be its a -cut by supp(A)

Definition 2.7. A fuzzy subset A ofR with membership mappind: R - [0,1]is called
discrete fuzzy number if its support is finite (fBgre exisk;, X,,......ccccvvvnns x, UR

with X, < X, <...< X,such thasupp(A)= { X, X5, cceeeeeeerinnnne X, and there are natural

numbersst with 1< s<t < n such that

(Du(x;) = 1 for any natural number i withs <i <t

(iDulx;) < u(xj)for each natural numbersi,jwith 1<i<j<s
(iidu(x;) = u(xj)for each natural number i,jwitht <i <j<n.

Remark 2.8. If the fuzzy subset A is a discrete fuzzy numthemtthe support of A co
insides with its closure(iesupp(A)= A’.From now on ,we will denote the set of

discrete fuzzy numbers by DFN and the abbreviationwill denote a discrete fuzzy
numbers.

Theorem 2.9. [14] (Representation of discrete fuzzy number) Let Alaliscrete fuzzy
number. Then following statements (1)-(4) hold.

i) “Ais anon empty finite subset of , R for any a [1(0,1]

i) “AD™ A gor any 092 00, 0s a1 =a,=1
i) Foranya,,a,(0,1withO<a, <a, <1if xO“*A-" Awe havex<y for all

y (2 Aor x>y for all yre A
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a,0(0,1] a, a, _a

iv) Forany there exist some real numbers ~0 with 0< < 70 such

/ a /
that ™ A= Afie) “A=" A forany 9 D00 0]

Theorem 2.10. [14] Conversely, if for anya O[0,1]there exists” AL R satisfying
analogous condition to the (1)-(4) of theorem 2th@n there exists a uniqueeBFN
such that itsa -cuts are exactly the setd for anya U[0,1]

2.11. Maximum and minimum of discrete fuzzy numbers

a a

Let u,v be two dfn antiu ={“ x,............ X, Yand'v={"y,......c Y, ftheira -cuts
respectively. For eactr J[0,1], we consider the following sets

min® (u,v) ={zOsupp(u)J supp(vsuch thatmin(“x,," y,)< z< min(' x, " y, )}
and

max’ (U ,v)= {zOsupp(u)d supp(vsuch thamax( x, ;" y; )< z< max{(x, Ty, )]

wheresupp(u) supp(v={z=min(x, y)/ xOsuppl ), y£I supp(v)
andsupp(u)d supp(v={z =max(x,y)/ xOsupp@ ),y supp(v)

Proposition 2.12. [3] There exists two unique discrete fuzzy numberst tha will
denote byMIN(u,v) an MAX(uy), such that they have the set®in”(u,v)and
max’ (U ,v)as a -cuts respectively.

The following result holds folL] but is not true for the set of discrete fuzzy
numbers in general (See[4]).

Theorem 2.13. [4] The triplet ( L],MIN,MAX )is a bounded distributive lattice where
Neg[L] (the unique discrete fuzzy number whose supp®rthe singleton{n}) and
0eg[L] (the unique discrete fuzzy number whose supporé isingleton{0}) are the
maximum and minimum respectively.

Remark 2.14. [4] Using these operations, define a partial om@{L] in the usual way:
usV if and only ifMIN(u,v)= u, or equivalentlyusv if and only ifMAX (u,v)=v for any
u,veg[L]. Equivalently, also define the partial orderimgterms ofa -cuts

u<v if and only if (“u,” v) =" u
u<v if and only if (“u,” v) =7 v

3. Implication functions on [L]

Implication function on the bounded set] [constructed from a discrete implication
functionl defined on a the discrete finite chain

fO:LxL - L

(X, ¥) - O(x,y)is a binary discrete function dn denoted by O, the binary operation

0:2"x2" o 2 (X,Y) = O(X,Y)whereO(X,Y)={Q(x y)/ xO X, yOY}
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3.1. Notation
For Ac Rdenotemax A = max { x: X € A}, andmin A=min{ x: X €A}. Let u be a

fuzzy set oR, andu]” be finite u =[u(r), u(r)]

“u(r) ={x0[u]’/ 1) <&

ur) ={xOud% (1) =g witha 0[0,1Jandr O A
Let“u =[(“u(r) 07 u(r))] ,“v =[("W(r) 07 W(r))]
Define minl (“u(r),” v(r))=1(maxX u ¢ ), mirfv ()
minl Cu(r)2v{r))=1(max u¢),mfu¢)
maxl (u )" v ))=1(mifug) magy()
max! Cu)?ve))=1 (mirfu¢) mafui )

Lemma 3.2. Let us consideu,veF[L] and letl be a discrete implication function on the
finite chainL. Then the following results hold.

minl ("u(r),” v(r))=1(max u¢) mifv ()
minl Cu@)fv{))=1(mafug),mifve)
maxl Cu )" ve))=1(mirfu¢) magv()
max| Cu)?ve))=1 (mifu¢), magvi)
It is obvious that
[(min“u(r),maxX v ¢ ))<max| (u@);v())is clear

To prove the converse inequality. Sinde decreasing in the first variable and increasing
in the second one we get

L(x,y)< I (Min“u(r),maxX v ¢ ))for all X[ u(r) and for all y (" v(r)

Thusmax! Cu), ve )< (mifuf),mafv()
Similarly I (x, y)< 1(min? u(r), max v ¢ )) for all X[ u(r) and for all y [F v(r)
s>max| Cu)ve))<! (mifug) magvi)
andl (x,y)< I(max' u ), mirf v ¢ ))for all x(O* u(r) and for all y (" v(r)
=minl (“ur), vr)<!(maxu¢) mifyc)
And 1 (x,y) < [ (max' u (), mirf v ¢ ))for all X u(r) and for all y CF v(r)

>minl Cur)Zvi) <t maf ug),mif ve)

Proposition 3.3. Let us consideun,v €F[L] and letl be a discrete implication function on
the finite chainL. There exists a unique discrete fuzzy number wh@seuts are the
TC(ryHZUmin 1[9U(r), T szsmax 1 [T u(r), T W(r)]

exactly the sets
Denoted byZ (u, v)moreoveg (U, V) €[L].
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Proof: To prove that the set‘éC(r) satisfy the four conditions of the Wange’s theorem
(theorem 2.12 and 2.13)
(i) For eacha [J[0,1],“C,,, is a non empty finite set ,becaus€ vaind “v are both

non empty finite sets(the discrete fuzzy numbeesnarmal fuzzy subsets)

£ a
i) Coc Co foranya, O[O, 1]with 0< o < B < 1Because if u.eF[L] then

Pucuimpliesmin(®u(r)) < min(u(r)) (1)

min(“u(r)) < minCu()) )
Andmax€u ))< maxfu ¢ ) (3)
maxCu ¢ ))< maxfu ¢ ) (4)
minCv(r)) < minCv(r)) (5)
maxC v ))< maxfv ¢ ) (6)

Moreover, as | is decreasing in the fitiable using relation(3),(4) to get

Ima u@)2)<! malfu )z

(7)
Imax@ u(),z)< 1 (maf u ¢ )z forallzOL @®
By relation(5),(6)
imax® u(e), mind v )< 1 [mad u ¢ ), mirf v ¢ )] ©)
Imax? ur), mir? v )< 1 [mad u ¢ ), milf v ¢ ) 10
Thus, from lemma(3.2)
min 11 u(),% v )1 < min 1P u(n),? v (11)
min 1 [9u(r),% v(r)] < min 112 u(r),B v(r)] (12)
Similarly
max! 7 u) vl maxt Pu@)P v (13)
max! Fu@)? v )< maxt Pue)Pve)] (14)

Comparing (11),(12)and(13),(14)

FC={ zOL/minl ['Bg(r),'g\_/(r)] <z < max| ['Bg(r),'g\_/(r ),

min 1 [Pu@),Zviry <z < maxi Pue)P ve)lref zOL/ min i ["u(r).® v(r)] <z <
max! [Fu(r),” v()l,

min | [“u(r),” v(r)] <z < maxI [u( )’ v)l }=°C,,

Therefore’C,,<“C,,
() If xO*C

“C, , thenxe L andx does not belong f6C,., hence either

(r)y (r) (r)
X< I[max'gg(r),min'g\_/(r )], X< I[max'ga(r), mirﬁ\_/(r Ywhich is minimum of’ C

(or)

()
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X> I[max'gg(r), min’g\_/(r )], X> I[max'ga(r), mirﬁ\_/(r )]which is maximum ofBC(r)

(i) As u,veg[L], according to theorem 2.11for ea@ﬁD [0’1]there exists real numbers
/

I ! / Ol a/,a
A and?2 with 0<® <@ ando<L"2 <a such that for eacﬂ [ 1 ]

“u(r) =" u(r)and ”G(r) =' G(r) moreover
“Y(r) =" v(r)and"v(r) =" v(r)for eacha O] a,’,a |
Thus ifa’ =a, Da,'to get
min("u(r)) = min("u(r ))and max(u ¢ )= max{u ( )
min(u(r)) = minCu( ))and max{u ¢ )= max{u ()
min( v(r)) = min("v(r))and max(v ¢ )= max{v ( )
min( v(r)) = min€v(r ))and max{v ¢ )= max{v ( )for eacha O[a’, d]
I[max' u(r),min v ¢ )]=1[max u ¢ ),mirfv )
I[max u(r), mid v )]=1[maxX u¢),mifv¢)
I[min" u(r), max v ¢ )]=1 [min“u @), maxv ¢ )

Hence by lemma 3.1,

min 1 ["u(r)," v(r)] =min 1 [“u(r),” v(r)]

min [ u(r),” v(r)] = min [[7u(r),” v(r)]

maxI [u(r), v()l=maxl fug)’ve)l

max| [u(r), v({)]=maxl Fu )7 ve)]

And so

"'C={zOL/minI["u(r)," v(r)]<z<maxI[u(), v({)],

min [ u(r)," v(r)]<z< maxi [u()/ v(i)l} ={ zOL/minl[“u(r),” v(r)]<z<

max! ["u(r),” v{)l,

min 1 [7u(r),“ v(r)] <z < maxI ['u(r) V()] }=“Cfor eactor O[ @', |

As the set§C fulfill for eacha 0[0,1] the conditions stated in theorem 2.11 by
theorem2.12 there exits a unique discrete numhat, will be denoted byl (u, v)such
that itsa-cuts are exactly these sets.

Further, from the construction of the sét€ for eachy D[O,]] it is straight forward to

see that are sets of consecutive natural numbéosdieg to the finite chaih. Thus
[ (u,Vv)€[L].

The previous proposition will allow us to definebenary operatiod on §[L] from an
implication functionl defined on the finite chaib.

248



Fuzzy Implication on the New Representation of Bate Fuzzy Numbers

Definition 3.4. Let us consider an implication functidron the finite chairL. The
binary operation onl]] defined as followks: [L]x &[L]— &[L]
(u,v) > 1 (u,v) will be called the extension of the discrete imalion | toF[L], being

[ (u, v)the discrete fuzzy number whoseuts are the sets
{zOL/minI["u(r),” v(n)]<z< max! [“u() v({)],
min 1 [7u(r),” v(r)] < z < maxI [u () v )]}for each

Theorem 3.5. Letl be an implication function oh. Then the extension of the discrete
implication functionl,l is an implication function org[L].

Proof: To show this result, prove all the conditionstesdain definition 2.1.Let us
consider thai,veF[L].To see that is decreasing in the first variable,(ie) ilkuthenZ

(u, W) =T (v, w) for all weg[L].

According to remark 2.13 is equivalent to prove than(Z “ (v, w), T 7 (u,w)) =%
“(v,w)for alla D[O,]]

As u<v thenmin’ u(r)< min® v(r), min" u(r)< min® v(r Jand

max’ u()s maX v ()

max u ()< maxv ()

Thus ad is an implication function oh. it is a decreasing function in the first variable
then byL emma3.2.

min 1 ["u(r),” w(r)] = Ifmax® u(r), min w )]
>[max” v(r), mirf w )]
in | [7(r),” w(r)] (15)
Analogously,max| ["u(r),” w( )]=1[min” u(r), max w ¢ )]
2[min y(r), max’ w ()]
= max| ['v(r)," w()] (16)
Finally using the relations (15) and (16)
17 (u(r), w(r)) ={zOL/min 1(“u(r),” W(r)) < zsmax| Cu ()" w( )}
>{zOL/ min 1(“Mr)," Wr)) < zsmax!| (v(),” w())}
= 17(v(r),w(r)) for eacha D[O,]] The increasing ness with the second variable fallow

similarly.
With respect to the boundary conditions

17(O(r),0F )={zOL/minl (“O(r),” Of ))<z<maxd { Of ¥, O())
={n}= "N

Because ofinl (“O(), O¢ ))= max { Of , O( )y tor eachor 0[0,1]
Then 1 (O(r),O(@ ))=N

The other two condition$ (N, N) = N andl (N, O) = Ofollows similarly.
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Example 3.6. Let us consider the chir andA—{E, E’ —1 18_0

1'2 3" 47
B :{0—2'6, %3 %9—51—% belonging to [¢]consider the function
'(X’y):{oy_ff l’;iix
%3y ={0}, “2u={1,2,3,4}, °%v ={},
u={0,1,4}, *u={2,3, *v={,
“u={0,14}, °u={2,3, *v={2},
g:{0134} 08y ={2} °8y ={2,3, 6}
u={0,1,3,4}, %°u={2}, %%y ={2,3, 6},
'u={0,1,2,3,4}'u={, 'v={2,3,4,5,6},
v={2,3,4,5,6}
v={2,3,4,5,6}
v={3,4,5,6}
v={4,5}
v={3},
'u={,

19(u(r),v(r)) ={zO L/ min 1(“u(r),” (r)) < zsmax! (u@),” v())}
1%%u(r),v(r)) =0 1°°(u(r),v(r)) =1< z< 2
1°°u(r),v(r)) =0,1,41%u(r),v(r)) =0< z< 3&5<z< 6
I*(u(r),v(r))=0<z< 41%°((r),v(r)) =0< z< 6
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