Annals of Pure and Applied Mathematics
Vol. 15, No. 2, 2017, 253-269

Annals of
ISSN: 2279-087X (P), 2279-0888(online) .
Published on 11 December 2017 Pure and Applied
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v15n2al2 Mathe—n‘atlcs

Bipolar Anti L-Fuzzy Sub €-HX Group and its L ower
Level Sub €-HX Groups

R. Muthuraj* and G. Santha Meena®

! PG & Research Department of Mathematics, H.H. Ra@h’s College
Pudukkottai — 622 001, Tamilnadu, Indianr1973@yahoo.co.in
’Department of Mathematics, PSNA College of Engiimgeand Technology

Dindigul — 624 622, Tamilnadu, Indig.santhameena@gmail.com

Received 18 October 2017; accepted 10 December 2017

Abstract. In this paper, we discussed some properties ofdmigmti L - fuzzy suld - HX
group of & - HX group. The purpose of this study is to impésinthe fuzzy set theory
and graph theory in bipolar anti L - fuzzy stib HX group. Characterizations of lower
level subsets of a bipolar anti L - fuzzy sub HX group are given. We also discussed
the relation between a bipolar anti L - fuzzy $ubHX group and its lower level stib
HX groups and investigate the conditions under ttdcgiven sult - HX group has a
properly inclusive chain of sub - HX groups. In particular, we formulate how to
structure a bipolar anti L - fuzzy séib HX group by a given chain of siéb HX groups.
We also establish the relation between bipolarflizzy subf - HX group and bipolar
anti L - fuzzy sukt - HX group.
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1. Introduction

The concept of fuzzy sets was initiated by Zadefj.[Then it has become a vigorous
area of research in engineering, medical scienceials science, graph theory etc.
Rosenfeld [11] gave the idea of fuzzy subgroupsuzzy sets the membership degree of
elements range over the interval [0,1]. The mentitierdegree expresses the degree of
belongingness of elements to a fuzzy set. The meshipedegree 1 indicates that an
element completely belongs to its correspondingyuget and membership degree 0
indicates that an element does not belong to feety The membership degrees on the
interval (0, 1) indicate the partial membership ttee fuzzy set. Sometimes, the
membership degree means the satisfaction degreslenfents to some property or
constraint corresponding to a fuzzy set. Hongxidp iftroduced the concept of HX
group and the authors Chengzhong, Honghai, Hong&hgintroduced the concept of
fuzzy HX group. The author Zhang [15] commenceaxidbncept of bipolar fuzzy sets as
a generalization of fuzzy sets in 1994. Lee [3lddticed Bipolar-valued fuzzy sets and
their operations. In case of Bipolar-valued fuzatssmembership degree range is
enlarged from the interval [0, 1] to [-1, 1]. Irbgpolar-valued fuzzy set, the membership
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degree 0 means that the elements are irrelevarthetocorresponding property, the
membership degree (0,1] indicates that elementewthiat satisfy the property and the
membership degree [-1,0) indicates that elememewhat satisfy the implicit counter-
property. Satya Saibaba [12] initiated the study.offuzzy lattice ordered groups and
introduced the notions of L - fuzzy sub- HX group. Goguen [2] replaced the
valuation set [0,1] by means of a complete latiican attempt to make a generalized
study of fuzzy set theory by studying L - Fuzzyssetuthuraj and Sridharan [9]
introduced Bipolar Anti Fuzzy HX Group and its Lawéevel sub HX groups.
Sunderrajan and Senthilkumar [13] introduced Alntfuzzy sub group and its lower
level subt groups.

2. Preliminaries

In this section, we site the fundamental defingiciat will be used in the sequel.
Throughout this paper, G = (G, .) is a group, thésidentity element of G, and xy, we
mean X .y.

Definition 2.1. A Bipolar L - fuzzy setu in G is a bipolar L - fuzsubgroup of G if for

all x,yDG.

i) H(xy)

i) W (xy )

i) p )
K ()

iv)

Definition 2.2. A bipolar anti L - fuzzy sety in G is a bipolar iat- fuzzy subgroup of
G if for all x,ydG.

i) B (xy )< (" () Vv (y)
i) H(xy) = (x) Ap(y)
i) () = W(x)
iv) W (X)) = W (x).

Definition 2.3. A bipolar L-fuzzy subset n of G is said to be tépd_-fuzzy subt group
of G if for any x,y1G.

) K (xy) Zp (x)Ap (y)
i) W xy) < wx)vi(y)
i) iy (X) = W (x)
V) w7 = W (x)

V) W (xQy) > (x) AR (y)
vi) HOxOy)s H(x)vVi(y)
vi)  pt(xOy) =t (x) AR (Y)
vii) i (xOy )< H(x) V()

Definition 2.4. A bipolar anti L-fuzzy subsetu of G is said toldgolar anti L-fuzzy sub
¢ group of G if for any x,WG

i) B (xy ) <" (x) Vi (y)

i) Wxy) 2 (x)Aw(y)
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i) p() = W (x)
iv) () = ()
v) W (xOy )< (x) Vi (y)
vi)  (xQy) 2 (x)AR(Y)
vi)  pt(xOy) St (x) VT (y)
viil) i (xQy) 2 (x)AR(y)

Definition 2.5. Letpbe a bipolar L - fuzzy subset defined on G. Bet 2° — {¢} be at-
HX group on G. A bipolar L - fuzzy sat' defined on#9 is said to be a bipolar L - fuzzy
sub ¢ - HX group ong if for all A,B9.

) ()" (AB) =(\")" (A) O\)" (B)

i) (AY) (AB) <(AY) (A) DY) (B)

i) (A\)7(A) = QM (AT

iv) () (&) = QY (A

V) (A)" (ADB) = (A")" (A) DAY (B)

vi) (\Y) (ADB) = (A") (A) OA\Y) (B)

vii) (A")" (ADB) > (A")" (A) D(AY)" (B)

Vii)(A")" (ADB) < (A¥)" (A) OAY)" (B)
wherep")" (A) = max{ i (x ) / for all xJA =G}

and

A" (A) = min{ u (x)/forall XIAC G }

Example 2.1. Let G={Z;¢-{0}, .10} be a group and define a bipolar L- fuzzy set p3as
1'(1)=0.7, {(3)=0.4, |i(7)=0.4, 11(9)=0.3 and (1)=- 0.8, i3)=- 0.3, (7)=- 0.3, u
(9)=-0.2.

By routine computations, it is easy to see that @ lbipolar L-fuzzy sub group of G.
Letd = {{3, 7}, {1, 9}} be at - HX group of G.

Let us consider A ={3, 7}, B ={1, 9}.

.10 A B A A B v A B
A B A A A B A
B A B B B B B A B
Define Q")" (A) = max{u’ (x )/ for all XxJA G }
And

2 (A) = min{u (x )/ for all XIAC G }

Now QM*(A)= (\")'(3,7)) = max{u’(3), i’ (7)} = max{0.4,0.4} = 0.4
N (B)= A\M)'({1,9) = max{u*(1), i (9)} = max{0.7,0.3} = 0.7
(A\")"(AB) = (\")"(A) = 0.4
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(\")"(AAB) = A")"(B) = 0.7
(\")"(AVB) = A")'(A) = 0.4
AN (A)= A"({3,7}) = min{u(3), L (7)} =min{- 0.3,-0.3} =- 0.3
AY(B)= A" ({1,9}) = min{u (1), K (9)} = min{ -0.8, - 0.2} = - 0.8
() (AB)=(\)(A)=-0.3
A" (AAB)= \")(B) =-0.8
A" (AvB)= A\")(A)=-0.3
By routine computations, it is easy to see Mais a bipolar L-fuzzy sulp - HX group of
9.
Definition 2.6. Let u be a bipolar L - fuzzy subset defined on ét9.c 2° — {¢} be al -
HX group on G. A bipolar L - fuzzy sat' defined on$ is said to be a bipolar anti L -
fuzzy subt - HX group ond if for all A,BOS.
i) (A")" (AB) < (") (A) v (A\")" (B)
i) (Y)Y (AB) = (") (A) AAY) (B)
i) TR = a9 (AY
v) YA = (A
v) (A")" (AVB) = (A")" (A) v (\")" (B)
vi) (M) (AVB) = () (A) A (AY) (B)
vii) ()T (AAB) < (W) (A) vV (A" (B)
viii)  (AY) (AAB) = (A" (A) A(AY) (B)
where A¥)" (A) = min{ u* (x ) / for all XJA cG }
and
A (A) = max{ u (x)/forall XJAC G}
Example 2.2. Let G={Z;¢-{0}, .1} be a group and define a bipolar L- fuzzy set p3as
1 (1)=0.3, H(3)=0.7, {(7)=0.7, H(9)=0.8 and [{1)= - 0.4, (3)= - 0.6, |(7)= - 0.6,
n(9)=-0.7.
By routine computations, it is easy to see that a lbipolar anti L-fuzzy sub group of G.
Letd = {{3, 7}, {1, 9}} be at - HX group of G.
Let us consider A ={3, 7}, B ={1, 9}.

o | A B A ] A B vV | A B
A B | A A | A | B A | A
B | A B B | B | B B | A | B
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Define@")" (A) = min{u* (x ) / for all XxJA cG }
and

A" (A) = max{y (x )/ for all XJAc G }
Now QM)*(A)= AM'({3,7}) = min{u*(3), ¥ (7)} = min{0.7,0.7} = 0.7

AM*(B)= A\({1,9}) = min{u*(1), U (9)} = min{0.3,0.8} = 0.3

(\")(AB) = (\")'(A) = 0.7

(A")'(AAB) = A\")*(B) = 0.3

A(AVB) = A\ (A) = 0.7

A" (A)= A ({3,7}) = max{u'(3), U (7)} = max{- 0.6, - 0.6} =- 0.6

A" (B)= A\ ({1,9}) = max{u (1), ¥ (9)} = max{-0.4,-0.7} = -0.4

() (AB)= (A")(A)=-0.6

A"Y(AAB)= \")(B) =-0.4

A" (AVB)= \")(A) =-0.6
By routine computations, it is easy to see fktats a bipolar anti L-fuzzy sulbb - HX
group ofg .

3. Properties of bipolar anti L-fuzzy sub £ - HX group
In this section, we discuss some of the propeuieipolar anti L-fuzzy sulbt - HX

group.
Theorem 3.1. Let G be a group. If p is a bipolar anti L-fuzaypgd group of G then the
bipolar L-fuzzy sei"is a bipolar anti L-fuzzy sub- HX group ofg .
Proof: Let 4 be a bipolar anti L-fuzzy sulb group of G and\" be a bipolar L-fuzzy
subset on G for any AB8cG
) (AN (A) v AHT (B)=min{u” (x) / for all XJA cG}v min{u* (y)/for all yIBcG}
=1 (%) V U (Yo), some ¥A, yo[0B and A,B=G
> 1" (Xo Yo), M is a bipolar anti L-fuzzy subgroup on G
=min { fi(xy )/ for all XJA, yOB and A,B=G}
20" (AB).
So, R)"(AB) =AY (A) v (A (B)
iNAY(A) A A (B) =max{ 1 (x)/for all XIA cG } A max{ i (y) / for all yIBcG }
= [1(Xo) A W (Yo), some xOA, yo[1B and A,B=G
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<H (X Yo), M is a bipolar anti L-fuzzy sub group on G
= max { fi(xy ) / for all XJA, yOB and A,B=G}

=X") (AB)
So, ") (AB) > ()" (A) AN (B)
iii) AN (A) = min{ u* (x) / for all XJACG}

= min{"(x™) / for all x'DAcG}
= min{"/(x™") / for all x'OA'cG}
So, A)" (A) = (AM)" (A7)
iv) A" (A) =max{ | (x)/for all XJAcCG}
= max{ (x") / for all X'OAcG}
= max{ (x") / for all X'OA'cG}
So, X) (A) =" (AY)
v) AT (A) VAT (B) =min{ u* (x ) / for all XIA cG } Vv min{ u* (y) / for all yOIBcG}
= (%) V U (Yo), some ¥A, yo[B and A,B=G
> ' (XoV Yo), W is a bipolar anti L-fuzzy sub group on G
=min { fi(xvy )/ for all XxJA, yOB and A,B=G}
=x")" (AvB)
So, &) (AVB) < (") (A)V (A" (B)
VI)(A)Y (A)AAY) (B) =max{ 1 (x )/ for all XIA cG } A max{ | (y) / for all yJBcG}
= U(xo) A W (Yo), some ¥0A, yo[1B and A,BcG
<H (XoV Yo), U is a bipolar anti L-fuzzy sul group on G
= max { u(xvy )/ for all xdA, yOOB and A,B=G}
=§" (AvB)
So, &) (AVB) =A%) (A) A (A¥) (B)
Vi) (MM (A)VAH)" (B)=min{ u* (x ) / for all XJA <G } v min{ u* (y) / for all yyIBcG}
= (X)) V U (Yo), some ¥OA, yo(0B and A,B=G
> U (XoAYo), M is a bipolar anti L-fuzzy sub group on G
=min { fi (xAy ) / for all XxJA, yOB and A,B=G}
=X")" (AAB)
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So, &%) (AAB) <(A")" (A)V (A" (B)
Viil)(AY) (A)AY) (B) =max{ W (x ) / for all xIA cG } A max{ i (y) / for all yIBcG}
= U(X0) A W (Yo), some ¥OA, yo[1B and A,B=G
<U (XoA Yo), M is a bipolar anti L-fuzzy sub group on G
= max { u(xAy )/ for all xdA, yOOB and A,B=G}
=§") (AAB)
So, Q%) (AAB) =) (A) A (W) (B)
Hencel"is a bipolar anti L-fuzzy sub- HX group of9 .

Theorem 3.2. Let A*=((\")",(A")) be a bipolar anti L-fuzzy sub- HX group of al - HX
groupy then
i) A(A) = AH(E) and ¥ (A) < () (E) for all A$ and E is the identity
element of.
ii) The subset H={A13 / \")"(A) =(A\")"(E) and A*)(A) =(A¥)(E)} is a subt -
HX group of3.
Proof i) Let ACIS
MMTE) =E)T(AAY
<" (A) V(AT (AT
=" (A) vV M) (A)
=QN'(A)
Therefore, X*)* (A) > \*)*(E), for all A9
Similarly, for all A19
() (E) =X") (AA™)
> (A (A) A () (A7)
20 (A A ) (A
=®)
Therefore, X) (A) < \")(E), for all A9
iiLet H={A OY/AHN)*(A)=(A\")"(E) and A¥)(A)=(A")(E)}clearly, H is non-empty as
EOH Let A,B OH, then ¥ (A)= AH)*(B)=A¥)"(E) and A*) (A)= (\")(B)=(\") (E)
Now, (") (AB™) < (\")"(A) v (\")*(B™)
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=A"(A) v A'(B)
=A"(E)V A)(E)
= (\"'(E)
)" (AB™) < A\)'(E)
Thatis, F)'(AB™") < (A"'(E) and obviouslyX*)"(AB™) > A\")*(E)
Hence, X")'(AB™) =@")'(E)then AB'CH
Now, XY (AB™)= (M) (A)A (W) (B™Y)
= Q") (AN () (B)
=) EN A)(E)
=) (E)
XY (AB™) = A\ (E)
Thatis, X")(AB™) > (A")(E) and obviouslyX") (AB™) < A" (E)
Hence, X")(AB™) = Q") (E)
Hence, X")(AB™) = (A")(E) then AB'OH
Now,  Q)"(A Vv B)<@A")'(A) v A")(B)
=§"(A) v (W) (B)
=A)'(E) v A\")'(E)
A0°(E)
)(AvB) <(\)'(E)
Thatis, X*)"(A Vv B) <@")"(E) and obviouslyX")"(A v B) > A")*(E)
Hence, X")'(A v B)=Q@""(E)then Av B OH
Now,  R¥)(AVB) =@A"(A) A QA (B)
) (A) A ) (B)
M) (E) A ) (E)
=) (E)
)Y (AVB) =) (E)
Thatis, X*)Y(AVB) =>@A"(E)and obviouslyX*)(A v B)< (\*)(E)
Hence, X")(AVvB) =Q"(E)thenAv B OH
Now,  &")"(AAB)<(\)'(A) v (A")'(B)
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="' (A) v AY'(B)
=K)'(E) v A (E)
=X)'(E)
X)'(A AB) <(A)'(E)
Thatis, K*)'(AA B) <(\")(E) and obviouslyX")*(A AB) > \")*(E)
Hence, X")'(A AB) =Q"'(E) then AA B OH
Now, A (A AB) =AY (A) A A (B)
=K(A) A A (B)
=K (E) A W) (E)
=K (E)
X (A A B)= W) (E)
Thatis, X")(A AB) > (A")(E) and obviouslyX") (A A B)< (A\Y)(E)
Hence, X")(A AB) =Q@")(E)then AA B OH
Clearly, H is a suli - HX group ofS.

Theorem 3.3. Let A*=((\")",(A¥)) be a bipolar anti L-fuzzy sub- HX group of al - HX
groupdwith identity E. Then
i) A (AB™Y) = AN (E) = AW (A) = AM)*(B), for all AB in9
i) A" (AB™ = A (E) = A" (A) = \W)(B), for all A,B in9
Proof: i) LetA" =((A\")",(\¥))be a bipolar anti L — fuzzy sub- HX group of at - HX
group$ with identity E andX*)*(AB™)= (\")*(E) Then, for all A,B irB.
Q") (A) =)' (A(B™B))
) (A(B™B)
< \W)(ABY) vV (\*)'(B)
=Q")"(E) v (A\")"(B)
=Q")"(B)
That is, §*)"(A) < A\")*(B)
That is, §*)"(AB™)=(\")'(E) >(\")"(A) < (\")"(B)
Since, ¥)(BA™) = A")"(BA™)")
=N)"(AB™)
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='(E)
)" (BA™) = A")(E)
Thatis, £")"(BA™) = A")(E) =(\")"(B) < (\")(A)
Hence, X)'(A) = (\)'(B)
Therefore, X*)*(AB™) = A" (E) = A" (A) = A¥)*(B), for all A,B in9.
iijLet A =((A")*,(\")) be a bipolar anti L-fuzzy sub- HX group of at - HX group$
withidentity E and X*)'(AB )= (\*)(E) Then, for all A,B in
2 (A) = W) (A(B™B))
=X") (A(B™)B)
> (W) (AB™) A () (B)

=K (E) A (W) (B)

=x)(B)
That is, X)(A) =) (B)
Thatis,  X")(AB™) = A")(E) >(\")(A) = (\")(B)
Since, XY (BA™) = Q") ((BA)Y)

=X) (AB™)

=K (E)

XY (BA™) = ") (E)

Thatis, X")(BA™) = A" (E)=>(\")(B) = (\')(A)
Hence, N)Y(A) =Y (B)
Therefore, X*) (AB™) = Q") (E) = A" (A) = A*)(B), for all A,B in9.

4. Properties of lower level subsets of a bipolar anti |-fuzzy sub € - HX group
In this section, We introduce the concept of lovesel subsets of a bipolar ani L-fuzzy
subt - HX group and discuss some of its properties.

Definition 4.1. Let A" be a bipolar anti L-fuzzy sub- HX group of al - HX groupd.
For any «.,$>0[0,1] x[-1,0], We define the set'., s = { AD3/ (\*)*(A) < o and p")°
(B) > B }is called the <u , B > lower level subset of*.

Theorem 4.1. Let A" be a bipolar anti L-fuzzy sub- HX group of at - HX groupd
then for <o, B >0[0,1] X[-1,0] such thatX")"(E) <« , A¥)(E) > B andA\", g-is a sub

¢ - HX group of 3.

Proof: For all A,BOAY,, s> we have X*)"(A) <o, A\*)(A) > and d¥)'(B) <a.,
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(A (B) B

Now Q)" (AB™) < (\")"(A) V(AM)'(B)
<a Va
=

=AM (AB™Y) <a

(") (AB™)= (A") (A) AYY(B)

> AR

=p

=>(\)(AB™) =B

Hence, AB'OAY,, ;-

Now \")" (ALB) <(A")" (A) v (A\*)" (B)

<aVa

=a

SOWWYAB <a

() (ADB) = (V) (A) A ) (B)
>pAB
P

=>(A\")Y(AB) >B

Hence, AB DA, p-

Now \")" (ALB) < (A")" (A) v (A\")" (B)

<a Va
=0

>\ (AB) <a

() (ADB)= (V) (A) A (W) (B)
>BAB
=B

=>(\")(AB) >B

Hence, AB DAY, p-

Hence\'., - is a sukl - HX group of 9.

Definition 4.2. Let A\ is a bipolar anti L-fuzzy sub - HX group of & - HX group 9.
The subt - HX groupsA’, 4> for <a , B >0[0,1] x[-1,0] and §*)*(E) < a, A¥)(E) >B
are called lower level sub- HX groups of\".

Theorem 4.2. Let 3 be al - HX group and\* be a bipolar anti L-fuzzy subset®fsuch
thatA", s> is @ sult - HX group of 8 for <a,3>0[0,1] x[-1,0] such thatX*)"(E) < a,
(AYY(E) >B .Ther\" is a bipolar anti L-fuzzy sub- HX group of 9.

Proof: Let ABO9, let ADMN: ps=>(A) (A) = a, A¥)(A) = B1 and BIAY,,,
2= () (B) = a2, AY)(B) =B 2 SUPPOSE\" 1, p1><A" iz, o> then A BIN i po> AS Agp,
s> IS @ subl - HX group of9, AB™ A5 425, ATB DA 2 po> and ATB DAY,z pos,

Now A" (AB™) <a,

= aVop

=) (A) vV (\")" (B)

Hence, §)"(AB™) < (\")" (A) v A\")" (B)
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Now A"Y(AB?) >B,

=B1B2

=) (A) A ) (B)

Hence, §*)(AB™) > (\") (A) A (") (B)
Hence, AB'CA¥

Now Q¥ (ADB) <a,
=0oq Voo
=" (A) v A\ (B)
Hence, )" (A0B) <A")" (A) v (\")" (B)
Now Q¥ (AOB) >,
BB 2
) (A A () (B)
Hence, ) (AB) > (A\") (A) A (A\") (B)
Hence, ABB O\
Now Q¥ (ALB) <oy
=0V oy
=" (A) VA (B)
Hence, i) (ADB) <\ (A) v (A" (B)
Now QY)Y (AOB) >B,
=B1\B2
=\ (A) A AY) (B)
Hence, §*)(ADB) > (A\*)" (A) A (\*) (B)
Hence, AB O\
Hencel" is a bipolar anti L-fuzzy sub- HX group of 9.

Theorem 4.3. Let 3 be at - HX group and\* be a bipolar anti L-fuzzy sub- HX group
of 9. If two bipolar lower level sulf - HX groupsAs, ,» A' 5> with o<p andd<y of
Aare equal if and only if there is ndJ& such thati< (A\¥)* (A) < B andd < (A¥)" (A)<y.
Proof: Let A, ,» = A" 5. Suppose that there exist&18 such thate < A*)" (A) <B and
8 < (AY) (A)<y.Then\", ,~cA" g 5> since ADN"g s but not i\, ,» which contradicts
the hypothesis. Hence there exists riadAsuch that. < A\¥)* (A) <B andd< (A*) (A)< .
Conversely, let there be nd & such that. < A*)* (A) <p andé< (A\¥)" (A)<y. Sincea <
B andd < y,we haveN"., ,-cA'g s Let ADN sthen Q' (A) <B and AY) (A) > 3.
since there exists no9 such thata < (\*)" (A) <p andé< (A\¥)" (A)<y, we have X*)*
(A) <aand Q") (A) =y which implies AIAY., .- that isA' s-CA"., > Hence, AV, > =
)\u<[5Y 5>,

Theorem 4.4. A L-fuzzy subsef\"of 9 is a bipolar anti L-fuzzy sub - HX group of &
if and only if the lower level subsetsA",, p. ,< a, p>0 ImageA" are sult - HX group
of 9.

Proof. It is clear.
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Theorem 4.5.Any sub{ - HX group H of al - HX groupd can be realized as a lower
level subt - HX group of some bipolar anti L-fuzzy s@b HX group of 3.
Proof: Let A\* = (AY)*, ")) be a bipolar L-fuzzy subset and&,

Define (\")" (A)= 35 if AOH
if AgH and

B (A)= {) if AOH
| if @H

we shall proveA* be a bipolar anti L-fuzzy sub- HX group of 3.
Let A, BO9.

i) Suppose A, BOH then ABOH, AB™0H, ADBOH and AOBOH
A" (A)= (")’ (B)= 0 and §*) (A)= (\*) (B)=B
Now QW (ABH =0
<0do
)" (A) DAY (B)
Hence, §*)" (AB™)< (\")" (A) O(A")" (B)
Now Q" (AB™) =8
=pA B
=\ (A) A ) (B)
Hence k") (AB™) = (") (A) A\Y) (B)
Now Q") (ACB) =0
<000
=(\")" (A) DAY (B)
Hence, §*)" (ADB)< (\")* (A) OAY)" (B)
Now Q") (ACB) =8
2B AP
=) (A) AV (B)
Hence, X") (AIB)=AY) (A) AAY) (B)
Now Q"' (ADB)=0
<000
=(\")" (A) DAY (B)
Hence, §)" (ADB)< (\")" (A) O (\")" (B)
Now Q") (ACB) =p
2B AP
=) (A) A A (B)
Hence, X") (ALB)>M\") (A) A A\Y) (B).

i) Suppose AOH, BgH then ABgH, AB'¢H, ACBOH or AOBgH and ACBOH or
AB¢H.

A" (A)=0, Q)" (B)=cand d*) (A)=B, A*) (B)=0

Define
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AM* (ADB)={O, if ACB OH
if ACB ¢H and

) (ADB) = B, if ACBOH
0, if BB ¢H

A" (ADB)= (o0, if ALB OH
Lif ACB ¢H and

) (ADB) =, if ADB OH
0, if BB ¢H

Let AOBOH and AOBOH
Now Q" (AB™) =a
<0
*)" (A) O (B)
Hence, }*)" (ABH)< A\W* (A) O\W)" (B)
Now Q% (AB") =0
> B0
X)) (A) DAY (B)
Hence &) (AB™) > (\") (A) O\ (B)
Now QM) (AB) =0
<00a
=(A\")" (A) 0" (B)
Hence, A*)* (ADB)< (\")" (A) OAY* (B)
Now Q%) (ACB)=p
> pLo
=(A\") (A) OAY) (B)
Hence, X") (ACB)> (A" (A) O (\") (B)

Now Q%" (AB)=0

<0 Ua

*)" (A) D\ (B)

Hence, k)" (ACB) < (\Y)* (A) O (\Y)* (B)
Now Q" (ACB) =B
> B0
=(\")" (A) OAY) (B)
Hence, X") (ADB)>(AY) (A) OAY) (B).

Let AOB¢H and AOB¢H
Now Q" (ABY) =«
<00
&))" (A) 0" (B)
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Hence, })" (ABH< A"* (A) OAY* (B)
Now Q") (ABH) =0
> B0
*) (A) O@Y) (B)
Hence &) (AB™) > (\") (A) O\ (B)
Now ) (ATB) =
<00a
=(A\")" (A) OAM)" (B).
Hence, k)" (ADB)< A" (A) O (\")* (B)
Now Q") (ACB) =0
> B0
*)" (A) OAM (B)
Hence, %) (AB)> (") (A) O\ (B)
Now Q") (ACB)=a
<0 O
)" (A) OAY)" (B)
Hence, }*)" (ALB) < A\M)* (A) O\Y)* (B)
Now 0" (AB) =0
> BLO
=(A\") (A) OAY) (B)
Hence, ") (AB)>(\") (A) O\ (B).

i) Suppose A,B¢H then AB'0OH or AB™¢H, ADB¢H and ADBgH
A" (A) = A" (B)=a, A*) (A= A") (B)=0, A")" (A[B)= (A\)" (ADB)=a and d*)’
(ACB)= (\") (ACB)=0
Define
A" (AB™H=]0, if AB'OH
, if AB¢H and

) (AB™) = { if AB*OH
0, if ABgH
Let AB'¢H
Now QH"(AB™)=a
<ol
X" (A) OA")" (B)
Hence, })" (AB™) < A" (A) O\M)* (B)
Now @4 (AB") =0
>0[0
x) (A) O (B)
Hence k") (AB™?) > (\") (A) O (B)
Now (AW*(AB) =a
<ala
®)" (A) O (B)
Hence, §)* (ADB)< \")* (A) OQAY* (B)
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Now Q%) (AB)=0
>000
=) (A) YY) (B)
Hence, X") (ACB)> (A*)" (A) O\ (B)
Now QM) (AB)=a

<alo

®)" (A) 0" (B)

Hence, k)" (ALB) < (\")" (A) DAY (B)
Now Q") (ACB) =0
> 000
=) (A) OVY) (B)
Hence, ") (ADB)= (A") (A) OAY) (B)
Thus in all cases\" be a bipolar anti L-fuzzy sub- HX group of 9. For this bipolar
anti L-fuzzy subt - HX groupA"., g-=H

Remark. As a Consequence of the Theorem 4.3, Theorerihd.lbwer level sulf - HX
groups of a bipolar anti L-fuzzy sub- HX groupA" of al - HX group & form a chain.
Since )" (E) < (A\M)" (A) and Q") (E) = (\Y)" (A) for all Ain 9. ThereforeA\"<,0 o> ,
aJ[0,1] andpO[-1,0]. Where X" (E)=o0o, A") (E)=Po is the smallest sub - HX

group and we have the chain {E3A\" 0 po>SA"c1 p1sCEA"<2 p25S.oeee... A n pn> =
9,whereay< 01< ap<...... <a, andpo>p1>Ppo>....> P
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