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Abgtract. In this article we treat a simple lot-size invegtsystem without shortage by a
finite horizon dynamic programming technique.A dan$ discount factor is assumed
throughout the time horizon and the problem isewlio get optimal lot size.A numerical
example is provided to illustrate the model progose
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1. Introduction

Stochastic inventory control system is a vastlydistd model in which system
performance measures are obtained in steady-sate But steady state conditions are
not satisfied by most of the problems in the reatlek The essential characteristic of all
economic management system is that they are cantityichanging with time. However
the changes occur slowly enough so that one can tine system in steady state and
model them. In other instances, however the chaagesr more rapidly and cannot be
accounted explicitly.In inventory systems, the pgsthat generate demands are more
important so in this article we study a realistymamic inventory model treating demand
as a stochastic variable whose mean is time depéende

2. Model formulation and notations

Inventory is maintained for a single item at a Enépcation.The time period for
maintaining the inventory is assumed to be finitthw periods and;, {,, (s, ....., {,are
time epochs of beginning of the periods.

The demand process is assumed to be determinisimwa periodk(t),t € [t;,
tia].No back orders or lost sales are to be alloweel. Pnocurement lead time;
associated with any order placed at time eggdh constant in the period j.The lead time
7; are described such that orders cannot cross. Tdisiate maker decides whether or not
to order additional stock at time epdghi,, (s, ....., {,,.but{ denote the end of the last
period wherg > ¢, + 1,,.
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Notations
Q; — quantity to be ordered at the time epgch
Tj = q+1—ﬁ Where,-t={j + Tj
l;C — cost of carrying one unit in inventory for wetij andx(t) — demand rate.

3. Problem formulation

Let t; = {; + 7;, the possible times at which orders can arrivgleAote the cost of
placing an order at tinge.Q; ( Q > 0 ) the order quantity at tinge will be determined by
minimizing the sum of the ordering and carryingtsasver the planning horizon, which
will be assumed to end at tih€/>{,, + 1,,).Let .1 denote the onhand inventory at time
¢. By period j we mean the time fromd ., (t.1 =¢) and T = t.q — .

3.1. Analysis
The objective of the problem is to find the optinmtder quantity Qfor each j =
1,2,.....,n. Let ybe the onhand inventory at timex (t) the demand rate as a function of

t. Then the demand th period j is rjjzfttf+1>\ (t)dt.Let |,C be the cost of carrying one
J
unit in inventory for period j. Then the inventargrrying charges for the period j are
I1:C .
K, = ]_-fttjjﬂ(yf-l_Qj - fttjx (u)du) dt

J T;

1: .
= |ICly+Q] - ;_}C f:j’“ fttjx (W) dudt (1)
By material balance at the beginning of periodip-given by
Vi =Y +Q -d,j=12,....,n. (2
The carrying cost for period j becomes
1 ptj t
Ky, = [Cyja + |J-c(d,- TN dudt) @3)

In this expression the first ternCl;., is the inventory carrying cost in period j for
those units carried into period j+1. The next tésrthe cost in period j of carrying the d
units which are demanded in period j. This lattestcis independent of ;Qand is
unavoidable and hence need not be included in hlarieost expression. Let i be the
interest rate and a = (1#i)fhen the variable cost of ordering and holdingeirery
which are incurred over the planning horizon are:

0 if Q=0 . . ,
wheres; = 1 if Q>0 and yare described as in equatian

3.2. Computational procedure to determine ¢
Let us define the sequence of functions
Min :
28 = 0x {Th_1al(4;6+1Cyj1)}. k=12,.....n.
where y.,= & and equation 2 holds for other.y
[Zk(&) can be interpreted physically as the minimum<ést periods 1 through k if
the inventory position at the end of period K.is
The recurrence relations are:
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Z(0) = 41CE + (A + Zia € + dic = Q)]

Also Z,(€) = ahCg + {641 i;f 311 z(())

_($+di—y1 if §>y1—dy
where Q { 0 otherwise
4. Computational simplifications
When &=0, an optimal policy for k periods, when nothisgdn hand at the end of the
period k, must have the form that an order arrisethe beginning of perioéd which
satisfies the demands in periadshrough k, and optimal policy is followed in pat®l
throughw-1given that nothing is on hand at the end of phnid

Thus Z(0) :M(j"yk(w) . ©=12,......k and Z0) = 0,

whereY(w) = a®A, +C X5/ X5 11 di) + Zy-1(0) (5)
If it is desired to havé units on hand at the end, then at the last stepomngute

instead 2 ="' "a® A, + € TEA(/ T 1y di +§) + 2y 1 (0]

4.1. Computational format for the dynamic lotsize nodel

1 2 3 4 n-1 N
Yi(w) Yi(1) Ya(1) Y;(1)
Ya(2) Y3(2)
Ya(3) Yi(3)
Ya(4)
Yn-L(V)
Yoa(n-1) Y,(n-1)"
Ya(n)
Z(0) Z,(0)= Z(0)= | Z3(0)= Y3 | Zs(0)=Y4(3) Zoa(0= Yo | Zy(0)=
Y1) Ya(1) (3) i(n-1) Yu(n-1)
Qi (1 (L2) (L,2)(3) (1,2)(3.4) (1,2)(3.4,.) (1,2)(3.4,)
(n-1) (n-1,n)

In the last row of the table the optimal @alues are indicated by enclosing
parentheses all periods whose demands are metloyrdler arriving at the beginning of
the period whose number appear first in the paeseth
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5. Numerical example
Consider an inventory system in whicha particulemiis ordered in lots.Demand varies
monthly and is given in the table.The ordering ciosta consignment ofQ items is
$300.The variable purchase costs on the item ammul20 per unit andinventory
carrying charge is $0.20.Assume that the rate tdrést for money involved in the
system is i=0.10.

Here A=A=$300 independently when an order is made.

IC 0.20x 120 .
[;C=— = ——— =%2.00 per unit per month.
12 12
| 2 3 4 5 3 7 8 9 10 11 12
demand 80 100 125 100 50 50 100 125 125 100 50 100
Yi(w) Yi(l)= Ya(l)= | Ys(l)=
273 455 889.53
Y22)= | Ya2)
521.43 | 728.46
Yi@)= | Ya(3)= | Ys(3)=
681.07° | 831.79" | 975.72
Yi(4)= Ys(4)= | Ye(4)
886.79 | 955.37 | 1086.35
Ys(5)= | Yo(5)= YA5)=
1019 1081.40" | 1319.78
Ye(6)= YA6)=
1125.73 | 1239.30
YA7)= s Yu(7)= . Yo(7)=
1236.43" | 1365.62" | 1619.37
Ys(8)= Yo(8)=
1377.51 1495.07
Yn(q)f Ym("‘)f' Yu(9=
1494 1579.58 1661.32
Yio(10)= | Yi(10) Yi(10)=
1610.82 | =1649.77" | 1798.52
Y1) Yu(12)=
=1685.89 | 1756.76
Yi2(12)
1746.51
2,(0) Z(0y Z,(0y Z3(0) Z4(0y Zs(0y Z4(0y Z(0y Zy(0y Zy(0y Z19(0) Z,(0y Z,5(0y
273 455 681.07 | 831.79 | 95537 | 1081.40 | 123643 | 1365.62 | 1494 1579.58 | 1649.77 | 1746.51
T T o0 [T T, T [Tei0 [Tm0 T 05 [Tg AT T R e T 100
225 0
Q (1.2) (1.2) (1.2) (12) (12) (1,2) (1,2)34)
3.4) 34 (34 3.4) 34) (5,6)(7.8)
(5.6) (5.6) (5.6) (5.6) 9)(10,11)
(7.8) (7.8)9) | (7.8) (9 (12)
(10.11)

6. Conclusion

In this article an optimal reorder quantity (Econorot size) is got by considering a
discount for the money involved in the system ie firocess of optimization. We
obtained a down to earth model which is more réaliSNe suggest a more general case
in which the demand process may be stochasticspitiific distribution.

REFERENCES

1. R.Bellman and S.Dreyfus, On the computational smhubf dynamic programming
processes-x: a multistage logistic-procurement did-1901, The RAND Corp.,
November 5, 1956.

2. R.Bellman, Dynamic Programming, Princeton, N.J. Princeton University Press,
1957.

292



Economic Lot Size Inventory Problem—Discounted @»gtamic System

3. G.Hadley and T.M.Whitin, A family of dynamic invemy models,Management
Science, 8(4) (1962) 458-469.

4. G.Hadly, University of Chicogo, Whitin. T.M, Univgity of California, Berkely,
‘Analysis of Inventory systems’ Englewood Cliffs,IN Prentice-Hall, 1963.

5. H.M.Wagner and T.M.Whitin, Dynamic version of ecamo lot size model,
Management Science, 5(1) (1958) 89-96.

293



