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1. Introduction
Let S= {x1, X, ...,.%} be a set of distinct positive integer, and ldief an arithmetical
function. Them x n matrix (S) whose i,j-entry is the greatest common divisgy, ) of
x; and xis called the GCD matrix on S[3,5,8].

In 1876, H. J. S. Smith [12] showed that the deteamt of the GCD matrix
defined on S = {1, 2, . . .n} (Smith’s determinaistequal tap(1)e(2) . . o(n),whereg is
Euler’s totient function.

The set S is said to be factor-closed if it corsta@wery divisor of any element of
S, and the set S is said to be GCD-closed if itaioa the greatest common divisor of
any two elements of S[8].

The GCD matrix with respectto f is
[ Ox) F(x X)) e f (X1, %,) |

f(x.x)  f(X %) vy f (X5, %,)

(f(xi, %)) =

LF(X0ox)  F(X0 %) o f(x,,

and detlf(x ,x )] = L_I (f ou)(x,)

In 1960, Carlitz [9], gave a new form of guiitrices and determinant
value,[f(i,)], = C (diag(g(1),...,g(n))) T where C = (Quxn;
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1if jfi _ . 0 if iz
Ci=4. . and D=(g) diagonal matrix where;d= 9 ]
Oif jli ~ 0 if i %
U det [f(i,)lmn = 9(1).9(2)...9(n)
In 1992, Beslin and Ligh [4] generalized in thisulks on GCD matrices by
showing that the determinant of the GCD MatrixaoBCD closed set

S = {X1 X, X3,...,%, } is the productL—"l (ak)Where a, = ZCD(d)
ane
N X, <X
2. Structure of fermat S-prime meet and reciprocal fermat S-prime meet matrices
Definition 2.1. Let(P, <) = (Z" ) be a finite poset. We call P be a meet - senicéait
for any x, yLIP there exist a uniquelzp. such that (i) £ x and z<y and (ii) If w

<xand w<y for some WP .then w<z. In such a case z is called the meet of x and y
is denoted byx L Y.

Definition 2.2. Let S be a subset of subset of P .we call S bavert closed if for every
X, yUP and XIS and ¥ S .we have yIS.

Definition 2.3. Let S be a subset of P then S is said to be mesed! if for every X, il
S we havex Ly [JS.

Definition 2.4. Let x and y be two elements of the poset P and the Mobius function
of the poset(Sx) then

0 if X #£y
H(X,y) = 1 if X =y
- U (X, Z) otherwise

z:z<y

Definition 2.5. Let S = {%, X, X3,....% } and T = {y,¥»,Va,...,¥» } be any two subsets
of P.Define the incidence matrix whose i,j enyl if Yi <X and 0 otherwise,

namely
EsT=e),., = o
0 ; otherwise
Example 2.6. We consider S={5,9,13},T7={9,17,21} are thepBme number subsets.
Then the incidence matrix of (S, T) is

0 0 0
E(S.T) = (e;) = |1 0 0
1 0 0

Definition 2.7. Let S = {x, X, Xs,...,%, } be a subset of P and thexn matrix (S)= (f;)
where
24(xli1)+1

f, = 2 + 1,is called the Fermat S-prime Meet matrix on S.
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Definition 2.8. Let S = {x, %, Xs,...,%, } be an ordered set of distinct positive integer.
The Reciprocal Fermat S-prime Meet matrix on &efined as () = (f;) where
1
fo = 2 4 (x;0 x j)+1

2

+ 1

Definition 2.9. Let S = {}  Xo, X3,...,%, } be a subset of P, and let f be a function on P
with complex values. Then the functiog ; on S is defined inductively by

gs,f(xj): f(xj)_ z gs¢ (X))
where x<x; means that % x; or f(x,) = z 9. (x;) (p.2,[8)

X| <X

3. Determinant and inverse of the fermat S-prime meet matrices on posets

Theorem 3.1. Let S={X; X, Xs...,.%, } be S-prime Meet-closed . Without loss of
generality we may assume that i < j wheneyegthen

Jer (X)) = z Z f (w)u(w, z) Where £ is the mobius function of P.

7sX; WSz
75X
t<j

Proof: By using the definition (2.9),
f(x;)= 2 9o (x)=2 2> f(wu(w, z) 1)

X[SXj ZSX; WS 2Z
z¢ X,
t<j

We write, f (x) = Z 9. (2) or g, (x) = Z f(z)u(z,x) forall xUUP

ZsX z<X

Ithastobeprovethai g (z) = ¥ Y g (z)
s, f - sof

]

Now consider the sum of R.H.S of equation (1)
Let x<xjand = x;=z<x;. Thus every z occurring on the right side of equneafl)
occurs on the left side of equation (1).
Conversely, consider the sum on the ldé sf equation (1).
Suppose that € x;we have & x; by minimality of i, we have r =i or,x X therefore x
<xmeans X x;thus every z occurring on the side of equation (1)
This completes the proof of the theorem.

Theorem 3.2. If S is lower closed subset of P. Then
Ost(x,) = Z f () (%, %)

Xj S X
Proof: Already we know that the result,

gs,f(xj) = ZZ f(W),U(W, Z)

ZSX;WsZ
z£ X,
t<j

It reduces we get the proof of theorem [Then S is lower closed.

297



N.Elumalaiand R.Anuradha

Example3.3. Let S={xXa,........ X} be a chain with }<x.<...... <X, Then g {(X)=f(xy),
s (%2)=f(x2)-f(x1). In generalg, ( (X;) = f(x;) = f(X;_,) where, j=2,3,4,...,n.

Example3.4. Let S={x %2 ,..... X, } be an incomparable set and let Ss=§ , %
%k Then, g (%) = F06), 951 () = F(x) — f (%), and
0.1 (%) = () = f(X%) . Ingeneralg, ; (x;) = f(x;) - f(x,)for j=1,2,3,...,n

Theorem 3.5. Let S = {x, X2, Xs,...,%} be @ meet — closed subset of P then
det(S)= & {(X1)0s(X2)...0s(Xn) Where g{x;) defined by

gsyf(xi) = (224Xl+1+1j - ngvf(xj ).[11]

X; DS,xj <X

Theorem 3.6. Let S = {X, Xz, X3,...,%} be a lower — closed subset of P then
det(S) = X X5)...0si{(Xn) Where .
(S)= GdX1)Gs(X2). - Gs (Xn) 0. ()= ¥ (224X|+1+1)/'I(inxi)
X U X,

Proof: The theorem is proved and verified with a sugabtample.
Consider the set S = {1,2}
By using the definition (2.7), we have

(S} = 224(151)+1+1 224(1D2)+1+1 :(2224,1 2:2+1]
224(251)+1+1 224(2uz)+1+1 2% +1 2% 41

smcegw(xl): Z; (224xi +l+1),u (XJ"Xi),

0 0. ()= 0., =22+ ) p(11) = (22°+1)(1) = (232 +1)

g9, (x,)=9g, (@)= -(2% +1)+ (2% +1)
9, (x)9,  (x2)= (2% +1)|(2% +1)- (2% +1)]

U det(S)f = gs,f(xl)'gs,f(XZ)

Theorem 3.7. Let S = {X, X, X3,..., %} and define nxm matrix

A = diag(g(d, ), g(d,)....,a(d,, ) where g(n)= Y (22"““ N 1)“[%] andnxm
d/n

; _ 1if d/i
matrix E = (g; ) by e :{ Al hen (s), = EAET
0 otherwise
Proof: The ij-entryinEA E T is
(E/\ET)ij:zeikAkekJ = zg(dk): zg(dk): 22 ,+l: £y
k=1 d/ d

. W/xi0x;
di/x;
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Theorem 3.8. Let S = {X, X, Xs,....X, } be a subset of P witl$

={X1,X2, ..., Xn Xn+1, - - -, Xn+r}. LEL g DE @ function onS defined as in theorem(3.5).Then
(Sx= EAE" and E is the transpose of E.
Proof: The theorem is proved and verified with a suitaxXample.

Consider the set S = {1,2}S ={1,2,3}
By using the definition (2.6), we have

I f[22+1) f[22+1 w2, w2,
) =12 1) fzﬁ& fE229+1% [:83 ffgllw

since gdx) = f(x) - f(x.1) where j=1,2,..,n,
00 (6)=f(x)=f@=1(Q%+D= 1(2%+1)

0,0 (%) = £06) - £ (0)=(27+1)- 1(27+1), g, 06) = £ (277 +1)- 1 (277 +4)
f(232+1) 0 0
0 t(072+1)- 1 (2% +1) 0

0 0 f (28192 + 1)_ f 512 + 1)

t(o%+1) 0 0 11
EAET = {1 0 0} 0 f(2512+1)—f(232+1) 0 0 1|=(8);
t1o 0 0 f(28“’2+1)—f(25“+1) 00

Theorem 3.9. Let T ={ v1 V> V... Ym } be a S-prime Meet —closed subset of P containing

,,,,,,

A = diag (gs,f (Xl)’ O 1 (xz)v Os.1 (X3))

3 det [E (kg Ky k)20 (V) 0n G0 (W) G (V)

1k <.k, €m

where, E=E(S,T) is the submatrix of E = B3, consisting of the #h ,kth, ... kith
columns of E.

Proof: Since (S); = EAE' and also del(E) = de1(ET), by using Cauchy Binet
Formula[10] to get the proof of the theorem.

Example3.10. Let S = {1,3}
By using the definition(2.7), we have

(S) = 224(1D1)+1+1 224(153)+1+1 :[232+1 232”}
224(351)*'1_'_1 224(3|]3)+1+1 232+1 28192+l

O det(S), = (2% +1)22+1)- (2% +1f
sinceg”(xi): > (224xi+l+1),u(xj,xi)’
X,EX,
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0 g, )=, 0= (22°0T ) p(11) = (22°+1)(D) = (2%2+1)

97 ¢ (x2) =0 (3): (225+1)(—1) + (2213 +1)(1) = - (232 +1) + (28192 +1)
> de{E(k, Ky k)2 J0r s M Or¢ Wiz Gt Wi

1<k <.. <k, <m
2

2 () 2
AP RICOR ERCAE RSN i RIS EES

= 9., ()0, ()= (232+]) —(234D+(2819?+D]
Hence det (S)= Zdet{E(kl,kz,.--kn)ZJgT,f Vs Or.t Wiz Gr ¢ (Vi

1<k, <..<k, <m

Theorem 3.11. Let S = {X, X, X3,...,% } be a lower closed subset of P and let
9. ()= X (224Xi+1+1)ﬂ(xj,xi)¢0for al  x, 0 S
X ;8 X

Ther(S) isinvertibland(S) ™ =(c;),

1
wherec; = Z mﬂ(xyxk)ﬂ(xj’xk)

Proof: ( )
. _ - = JHKX ) XX,
The nxn matrix [Y]= (yi,») defined by {o ; otherwise

Calculating the ij-entry of product EY gives,

(€)= Feon = Tubon)= T ute)=

Xy /X

I/Xk Xj

if i=]j
otherwise

Thus E' =Y.
(Sy= EAE" andE =Ythen(s),™ = (EAE")" =Y A%y = ¢
Thus, the proof is complete.

Example 3.12.
Let S = {1,3} be a lower closed subset of P th¢®), " = (C ) where
1 2
u = 1)pu@1) = ———r =
c gs,f(l)y( Ju(11) ( 1);1( 1)? = 32+1
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-y _ 1 _ p#(13)u(33) _ (-1
= ]Z_Z ' (Xk)ﬂ(l’ % Julax,) 9. (3 —(232+1) + (28192 +1)
similarly ,c,, = (1)@ c,, = 1
T (2% + (28192 41) T - (2324 1)+ (28192 +10)
1 -1
532 4+1 —(~32 8192
06t =) = 2* +1 (2% +1)+ (2% +1)

_(232+l)+(28192 +l) _(232 +1)+(28192 +1)

4. Determinant and inverse of thereciprocal fermat S-prime meet matriceson
posets
Theorem 4.1. Let S = {x, X2, X3,...,%,} be a meet — closed subset of P then deS)

) 1
Os.1(X1)s.14(X2) .. Os.1/(Xn) Where g14(x;) defined by gs,}/f (xl) = [—ZZAW 1] ,U(Xi , X]-)
+

Proof: The theorem is proved and verified with a sugabtample.

Consider the set S = {1,2}
By using the definition(2.8),we have

1 1 . .
(Spr =| g2t @I g HodlB2R g | 271 2%
1 1 232 + 1 2512 + l

224(2 D1)+1+l 224(2mz)+1+1

1 _ 1 _ 1
09,y (6)=9.,0)¢= (224(1)4,14_1)“(1,1) = (2254_1](1) R

_ _ 1 _ 1 _ -1 1
gs,}/f (XZ) = gs‘% (2)_ [2254_1j( 1) + (2294_]-](1) - [232+1] + [ 2512 +1j

1
Now g (g, (2)=0,, W9, @)= 232 41
Hence det(S) = ¢ 1(X1)0s 14X2).

Theorem 4.2. Let S ={x, X, Xs,...,X: } be a subset of P wittS

={X1,X2, . Xn Xns1, .., X} LEL g be a function onS defined as in theorem(4.1).Then
(Sws= ELE" and E s the transpose of E.

Proof: The theorem is proved and verified with a suitaxXample.

Consider the set S = {1,3}S ={1,3,5}
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By using the definition(2.8), we have

1 1
f 32 f 32
1 B 27 +1 27 +1
Qe | T
+1

(S = f{
f 321 f 819];
2 +1 2 +1

since gu(x) = f(x)-f(x1) where j=1.2,..,n
O J=1f(x) = _ 1 _ 1
9%%(&) (%) fa)—f[ > J = f[2n+1J

2° +1
1 1 1 1
SIY] R, ] S P, R
%509 (ZJ (z”ﬂJ s 0 {22 +J {22 +J
fl 1 0 0
5
O IS I
2  *1 2 +1
0 0 f[l ]— f[ 1 J
22" 41 22" 41
) :
1 1
E/\ETz[i (1) g} 0 f[ = ]‘ f[ = ] 0 0 1|=(9),
2 +1 2°*1 0 0
0 0 f[ ! }f[ 1 }
2?21 22" 11

Theorem 4.3.
Let T ={y1, Y2, Vs...Ym } be a S-prime Meet —closed subset of P containing
S={%, Xz, X3, X }. Then,

det (S)r = Zde'lE(kllk21"'kn)2JgT,1/f Wi Grars (Wi, - Gr 1 (V)i Where,

1<k, <..<k, <m

E=E(S,T) is the submatrix of E = E() consisting of the fth ,kth, ... kth columns of
E.

Proof: The theorem is proved and verified with a suitademple. Let S = {1,5}

By using the definition(2.8), we have
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1 1
1 1 32 32
_ = 1 1
(S 224(1D1)+1+1 224(1D5)+1+1 2 1+ 2 1+
1 1 Tl 9274
224(551)+1+1 224(5us)+1+1 2 2 +

1 i 1)
det (S)l/f = ( 32 j 21 - ( 32 j
27 +1 22 +1 2> +1

9., (x)= X (224)( 1, J,U(XJ,X)

X 0X

1
0 9. () =00, Q)= [ 4(1>+1 j u(Lr) = ( 1j(1)=[232+1j

_ _ 1 1
Ou1i1 (%) =05y, (6) = (2 j( )+( 221, j() ( 32+1j +(2221+1j
3 det[E Ky, Ky k) 207 10 (V)0 Grar 1 (W) oG sy (W), = 1 -1 + 1
stk tm 19 Koo Ky Tl kot 9T SRR L EVE Kn 232+1 232+1 2221+1

Hence det (S} - Z detl_E(kl' k2""’kn)2JgT,l/f (Vi Grare (Wi v Grare (Vi

1<k <...<k,<m
Theorem 4.4. Let S = {x, X, Xs,..., % } be a lower closed subset of P and let

z 0 f Il 0O s.
9. (x)= 2 [:.I-J/j(xj’xi) ° e .

X,0X, 224xI +1+1

since

Then (S),,, isinvertible and (S),, * = (d i )» where

1
d; = D, % X)X, % HE]
] %:ﬁk gs,l/f(xk) (XI Xk) ( : Xk)

Example4.5. Let S = {1,5} be a lower closed subset of Pnt),,* = (d,)
where
-1

N
232 41 22241

dy, = 232+1'd12 =
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d, = -1 dyy = !
-1 N 1 -1 N 1
932 41 0224 932 41 022l 41
2 -1
)G
) = (@) = 2% +1 227 +1
1t - ij - -1 1
it S U (O -1 ) (1
232+1 2221+1 232+1 2221+1
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