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Abstract. In this paper, a purchasing inventory model withaégm to minimize the total
inventory cost and to find the optimal time intdrismdiscussed. Here the retailers are
given trade credit offer. In this model, supplieoyides replacement, or price discount
for damageable items. Shortages are allowed ackldgmed. The results are illustrated
with numerical example.
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1. Introduction

An important assumption in inventory models foundhie existing literature is that the
life time of an item is infinite while it is in stage. But the effect of deterioration plays
an important role in the storage of some commosbldudecaying items like, breakable
items (glass, china clay, ceramic goods...etc). Dube deterioration in stored products
some of these items loses their quality and cacowiplete the customer’s need for ideal
product. Deterioration in these items may be carsteontinuous, time dependent or
stock dependent. The economic order quantity misdeghsed on the assumption that the
retailer paid for the items immediately after ttems are received. However, in practice,
the supplier may provide the retailer many incesgtiguch as a cash discount to motivate
faster payment and stimulate sales, or a perméssiblay in payment to attract new
customer and increase the sales. Hence trade cadiplay a major role in inventory
control for both the supplier as well as retai[ét.Goyal first developed the EOQ model
under the conditions of permissible delay in paytmei2] Ray (2014) considered a
nonlinear EOQ model with effect of trade credit][3h Sajadifar, Ahmadavaji developed
an inventory model with demand dependent replerestirate for damageable items and
shortages. In [4] Mukesh Kumar et al developed &rdenistic inventory model for
deteriorating items with price dependent demand tand varying holding cost under
trade credit. In [6] Tangam A considered Retailax&ntory system in a two level trade
credit financing with selling price discount andtgd order cancellations. [5] Palanivel
M et al consider an EOQ model for non-instantaneteteriorating items with power
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demand time dependent holding cost, partial bagkhgg and permissible delay in
payments. Recently many authors developed an EOdgIniar deteriorating items with
guadratic demand rate under permissible delayympats.

In this modelcustomer may pay cashwhen the suppffered trade credit to the
retailer. The shortages are allowed when unsadisfeanand will be backlogged in each
cycle. The demand rate is time dependent, anduitebte numerical example is given to
illustrate the model.

2. Notations and assumptions

2.1. Notations

The following notations have been used in develgpie model.

A - The ordering cost per order.

P- The purchasing rate per unit time per year.

Q- The initial inventory level.

D(t)-The demand rate at any timedf D(t)=a+bt,a,b>0 where a, b are positive constant
T- The length of replenishment cycle.

r- The price discount.

h- The holding cost per unit per unit time.

0- The rate of damageable items.

l- Interest which can be earned per year.

l;- Interest payable per year.

C,- The shortage cost for backlogged items per wetitypar.

t;- The time at which the inventory level reacheoz

t- The replacement time and trade credit period.

my-The mark up of selling price for damaged items.

B(Q)-The number of damaged units per unit of timénae t and is a function of current
inventory level Q

TC - The minimum total cost per unit time.

2.2. Assumptions

The following assumptions are made in developirgiodel

Thesupplier offers price discount to his retailet <t;.

The breakable items are replaced when end of dlde tredit period.

The time horizon is infinite.

The lead time is zero.

Shortages are allowed and backlogged.

Selling price for damaged itemg 8 a multiple of purchasing costg=3 P
0< me<1.

ogahrwhNE

3. Mathematical formulation
Based upon the above notations and assumptiorie beedefined as follows.

Casel 1Bt
The retailer replaced breakable items at end opénmissible delay period.

Casell &t
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The retailer adopts each discount to settle thewatts and the payments in time t

Caselll =t
The retailer replacesbreakable items at the erttleopermissible period, at the time of
inventory level is zero.

3.1. Casel t;>t,

In this section, the detailed mathematical forniatafor the inventory problem is given.
The inventory level is dropping to zero becausdeshand and damageable items during
the interval [0, 4]. The period [0,,} is delay in payments angstthe replacement time for
damageable items. Finally the shortage occursaldermand and backlogging during the
time interval [t, T], based on the above description, the invertergl at time t, I(t) will

be described by the following differential equation

Figure 1:
di(t)
= T BI(t) = —D(t) 0<t<t, (1)
With the condition t=0 and I(t)=Q the solution 4} (s
I(t) =Q(1 —6t) —at 0<t<t, 2
During the time intervalt], t,], the differential equation representing the ineenstatus
is given b2 + 01(t) = —D(t) L <t<t ©)
With the boundary conditioni(t.) = Q(1 — 6t) — at + Q6 the solution of (2) is
I(t) = [Q(l —0t. +0) —at,. + %] (ot —o6t+1) — % +alt, -t <t <ty (4)

With the condition t£; and I¢;)=0 the solution
. [Q(1—etr+e)—atr+%](etr+1)—(g—a)tr
1= [

(5)

During the third intervaltf, T], shortages occurred and the demand is backlogdesh

t=T. The inventory level at time t is governed hg following differential equation

% =-Dt; <t<T (6)

With the boundary conditions arf(t;) = 0,I(T) = —(1 — 8)[a + b(T — t;)]
I(t) = [a(T—t) +;(T2 —t3)—(1-0)a+ b(T—tl)]tl <t<T

The ordering costis OC=A
The purchasing cost is PE=Q + (1 + 0)[a + b(T — t;)]

The total inventory holding cost for the cyclet|[Q,isHC = hfot1 I1(t)dt

Q(1—etr+e)—atr+ﬁ+a]
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ty ty
HC = h{ | I(Odt+ | I(D)dt
froe]
HC = h{Q(tr - etzr ) atr (Q(l —0t,+0) —at, + )(g(t1 —t)%—
ot -2+ 20) - (- 1) (B +2e- r))} ™

The total shortage cost SC during the periedT] is given bgC = C; ftjl(t)dt
SC= Gy [2(27% - 372t +1,%) + (g —b(1— e)) (T-t)?—a(l-0)(T-t)| (8
The interest earned per unit time int[Q,sIE = SI, fotr D(t)dt

IE = SI, [at, +btr] ) (9
The interest payable per cycle per unit time feritiventory not being after due date say
tisIP = P, [ * 1(t)dt
bt (0
IP =PI, [(Q(l — 0t +0) —at, + %) (5 (t; —t.)2 — 0t (t, — 2) + 2t1) -
bt,
-t (S + 3 -t (10)
So, the total variable cost per unit timeTié = =[0C + PC+ HC+ SC + IP — IE] TC =
LA+P+Q+ (- 0)a+b(T—t)] +h{Q(t, - %)~ 2 4 (a1 o, +
T 1 r 2 2 r
bty (0 bty
0) — ate + %4) (3 (01 — t)? = Bt = 2) + 20,) = (6 — 1) (555 +
G tr)>} +C [g (2T3 = 3T%t; + t,3) + (% —b(1 - e)) (T—t,)% -
a(1—0)(T - tl)] + PI, [(Q(l —0t, +0) —at, + ﬁ) (9 (t; —t)% —
ot (t, — 2) + 2t1) - (4 —t) (btr +2(t - tr))] SI, [at 4 b ]} (11)
For minimizing the total relevant cost per unltei,rmhe approximate optlmal values of T

can be obtained by solving the following equaﬁﬁcn =0

e —Z{A+P+Q+ (1 -0)@-bt) +h[Q(t; —2) -2+ (Q1 —6t, +

0) — aty + %) (S ty — t)? — Bty (b — 2) + 28, ) — (&1 — ;) ("tf -]+
PI,, [(Q(l —0t, +0) —at, + ﬁ) (g (t; —t.)2 — 0t (t, — 2) + 2t1) —(t; — t,) (btr
2t - tr))] SI, [at 4 b’ ] +C [9t13 + (% —b(1 - e)) t,2 +a(l - G)tl]} +

cl[g—b(1— ——)]+c 2bT = 0 {12

This also satisfies the conditions

2

i =i3{A +PxQ+(1—0)(a-bt)+ h[Q (tr —"Z ) ‘“r (Q(1 — 0t +
0) —at, + bt’) (9 (6, —t)? — 0t,(t, — 2) + 2t1) —(t;—t,) (btr +2(t - tr)>]
PI, [(Q(l —0t, 4+ 6) —at, + “T) (g (t; — ;)% — 0t,.(t, — 2) + 2t1) —(t; —
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t,) (% +2(t - tr)>] — SI, [atr + ”7’2] +C, [§t13 + (% —b(1 - 9)) t,2 +
a(l - B)tl]} +Cy2b >0 (13)

3.2. Casell ty <t

In this case, the inventory level reduces due tamadel rate as well as

damageable/breakable items rate during the invefidor;]. At the period, price discount

is allowed for damageable/breakable items. The tinepermissible delay in payments
for the retailer. Finally shortages occur due tmded and backlogging during the time
inventory [t T]. The differential equation representing the imegy status is

B e

T=1

Lol T W=
=1 = \.\I

Figure2:
d;—(tt) + 0I(t) = —D(t) 0<t<ty (14)
With the condition t=0 and | (t) =Q the solution(&) is
I(t) = Q(1—6t) —at
The boundary conditions are as follows I(t;) =0

b= fors (15)
During the interval |t T] the backlogged at time I(t) is governed by fodowing

differential equation From Equation (6)

1) = [at; =) +3 (6,2 — t3)] (16)
The ordering costis OC=A

The purchasing cost is PC=P*Q

The holding cost for the period [(,is HC = h fotl [(t)dt

ot,? ot, 2
He = hQ(t --) -] )
The shortage cost for the periodT{is SC = C; f:I(t)dt
SC=¢, [g (32T — T3 —2t,%) - 2(T - tl)z] (18)

Breaking cost: Total number of damageable/breakatils is

t

0@ = [ B =a@)
0

Where B(),) is breaking rate when inventory level is Q anddh be substituted as

followsB(Qg) = a1 (Qg)" 0<r<i1.
As mentioned, selling price for each damaged iteng+my *P, 0<my<1 which is a
multiple of last purchasing cost. So total sellprige for damageable item is
=06(Qp)" *mg * P
=a1(Qp)'ty *xmg * P (19)
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In this Case, annual interest earndd is SI {ftl I()dt + (t.—t;) ftr I(t)dt}

0 0

IE = SI {[Q(t1 ! ) = ]+B(t tl)[ (Bt ’t — 6 — 26,°) = S(t, — 1) ]}
(20)
From the above arguments, the annual total reles@sitincurred at the retailer is
1
TC = —[OC + PC + HC + SC — IE — Cost of D. items]
TC——{A+P*Q+h[Q(t1 "tl) L+ ¢ [2 (36T - T3 - 2¢,3) -
ot ot

—(T—tl) ] —SI, {[Q(t1 — ) ! ] + (t, —tl)[ (3t %, — .3 — 2t,3) —
2 (t — )]} — 21 (Qo)rty * mg # P} (21)
For minimizing the total relevant cost per uniteinthe approximate optimal values of T
can be obtained by solving the following equa%cn: 0

dTC 1 A+prosnloft 0t;%\ 0,2
—_— * _— —_
T2 Q Q 1 2 2

dT
2
-ste|(o(n - %) - %)

+ (tr_tl) (E (3t12tr - tr3 - 2t13) - E(tr - t1)2>] —az (Qo)rtl * Mg

bt at
«P— cl—l——l} [2

ot,2

This also satisfies the conditions

d?’TC 2 A+p0+nlol 0t,;2\ ot,?
_— * —_—_
dTz ~ T3 Qb= 2
ot ot,?
“oef(ofo-57) %)
b 2 3 3 a 2 r
+ (tr—t) (—(3t1 =6 —26°%) -5 (k- 1) ) —a1(Qo)"ty ¥ mg
P_C bt1 at,? c [b] >0
* —— —— —_— _—
! 2 '3

3.3. Caselll t, =t,

During the positive stock period [,tThe inventory level decreases due to, both deiman
and damageable/breakable items will continue uhélinventory level reaches zero at
time. At the same time damageable items are rephland permissible delay time)(is
also equal to ;t Again the inventory level decreases due to demand
damageable/breakableitems untilan inventory levetome zero. Finally shortage is
accumulated duringAtT) which is backlogged when t=T. The inventonydieat the time

t is governed by the following differential equatio
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Iwe oy

Ta=—t. T Time
o Fig =

Figure3:
From Equation (1)(t) = Q(1 — 6t) —at
di(t)
T + 6I(t) = —D(b) ty<t<t,

With the boundary conditior I(t;) = Q(1 — 6t;) —at, + 6Q

bt bt
I(0) = (Q(l —0t, +0) —at, + Fl) (0t —0t+ 1) +a(t, —t) — ?r
With the boundary conditior I(t,) =10

(Q(l —0t; +0) —aty +%) (6ty + 1) + aty —%
t =
z 8Q(1 — 6t; + 0) —a(bt; — 1) + bt,
i _ D(t) t,<t<T
dt 2

With the boundary conditions a I(t,) =0,I(T) = —(1 —6)[a+ b(T —t,)]
b
I(t) = [a(T — 045 (12 =) = (1 - 0)[a+b(T - tz)]
The ordering costis OC:
The purchasing cost is PC=F+(1 + 0)[a + b(T — t,)]
The holding cost for the period [,]

t, ty t,
HC = hf I(t)dt, HC=h fl(t)dt+ f I(t)dt]
0 ty

t,2
HC=h [(Qt1 -—(0Q+ a))

b 0(t, — t;)?

+ a(t, —t)?  b(tt, —t,?)
2 0
The shortage cost for the perict,, T] is

T

sC=¢C fl(t)dt

t2

b a
SC=1C(, E(2T3 —3T%, +t,3) + <§ —b(1 - e)) (T—1t,)?—a(1-06)(T—ty)
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During the permissible delay period when the actimot settled the retailer sells the
goods and continues to accumulate sales revenueeanmd the interest with rate

I..Therefore the interest earned in the cycle pgfipt]
t2 ty t2

IE = SI, | I(t)dt, IE=SI| | I(dt+ | I(t)dt
! Jron]
t,2
IE = SI, {(Qtl -—(0Q+ a))
bt,\ [ 0(t, —t;)?
+ (Q(l —0t; +0) —at; + ?1) (% +(t, — t1)>
a(t, —t1)?  b(tit, —t5%)
+ 2 B 0

From the above arguments, the annual total relesasttincurred at the retailelTis =

%[oc+PC+Hc+sc—1E]Tc=%{A+P*Q+(1+e)[a+b(T—t2)]+

h [(Qt1 - %(OQ + a)) +(Qa - ot; +0) —at; + %) (e(tzT_tl)z +

(tz _ tl)) + a(tz;t1)2 _ b(t1tze—t12)] + Cl [g (2T3 _ 3T2t2 + t23) + (% _
b(1-8)) (T — ;) —a(1 - 8)(T —t,)] - SI, [(Qt1 ~ % (0 + a)) +

(Q(l _ th + e) —at, + %) (G(tzz;tl)z n (tz _ t1)> + a(tz;t1)2 _ b(t1t26—t12) }

Our objective is to minimize the total cost pertuithe TC, The necessary condition for
the total cost TC to be minimize is
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dTC_0 drc 1 Aap Lio .
ar =% ar - At *Q+ (1+6)[a—bt,]
t,2
(Qt1 - T(GQ + a))
bt,\ [ 0(t, — t;)?
+(Q(1—6t1+6)—at1+?1><%+(t2—t1)>

a(t; —ty)? _ b(tit; — ;%)

+h

2 0
a b
+ C1 [(E— b(l - e)>t22 + a(l - 9)t2 +gt13:|

t,2
—Sle [(QQ - (6Q + a))

_ 2
+ (Q(l —0t; +0) —at; + %) (M+ (t, — t1)>

a(t; —t)?  btyty —t,%) a ty
+ > 0 +C4 5 b(l 0 ?> +C;2bT

=0

This also satisfies the conditions

(d*2 TC)/dT*2 > 0 (d*2 TC)/dT"2
=2/T"3 (M(A+P+xQ+ (1+06)[a—bt 2]+ @h[(Qt_1
— [t1) ~2/2®Q+a))+ (Q(1—6t.1+06)—at_1
+bt_1/6)((0(t2 —t.1)72)/2+ (t.2—t1)) + (a(t.2 —t.1)"2)/2
—b(t1t2— [(t1)] ~2)/6]

+C1[(@a/2—-b(1—-0)) [(t2) *2+a(1—-0)t2+b/6 [(t.1) ~3]— Sle[(Qt_1
— [t1) ~2/2®Q+a))+ (Q(1—6t.1+06)—at_1
+bt_1/6)((0(t2 —t.1)72)/2+ (t.2—t1)) + (a(t.2 —t.1)"2)/2
—b(t1t2— [(t1)72)/6])} (+CY _12b>0

1. Numerical example

Consider an inventory system with the followingadat

S.No 1 2 3 4 5 6 7] 8 9 10 11 12 13 14
Parameters A a b| pl le h P |6 Q It ct | S |r my
Values 150, 230 0.6 0.10 0.12 0.10 (15 015 |65 0.30| 7| 0.02| 0.15

For the above parametric valugs= 0.27, here =0.30 ;. So using case: 2, optimal
value ofT* = 1(1.0379) and TC* = 563 in appropriate units.

5. Conclusion
In this paper, an inventory model is developed iniclv the optimal cycle time is

determined to minimize the total inventory cost.eTéhortages are allowed and are
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completely backlogged. The proposed model is dismlisin three cases. Finally,
numerical example is given to illustrate the model.
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