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Abstract. The aim of this paper is to introduce the concepts of (δi,δj) F-γ-semiopen 
(respectively (δi, δj) F -γ-semiclosed) sets  in  fuzzy bitopological spaces, which is weaker 
than the concept of (δi, δj) F-strongly semiopen (respectively (δi, δj) F-strongly 
semiclosed) sets and stronger than the concept of (δi, δj) F-γ open (respectively (δi, δj) F-γ 
closed) sets and (δi, δj) F-semi-pre-open (respectively (δi, δj) F-semi-pre-closed)sets. 
Their properties and relationship between other sets and relevant concepts are studied in 
fuzzy bitopological spaces. Also, the notion of (δi, δj) F-γ-semi interior and (δi, δj) F-γ-
semi closure are introduced and their properties are discussed. 
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1. Introduction 
Fuzzy  topology,  as  an  important  research  field  in  fuzzy  set  theory,  has been  
established by Chang [3] in 1968, who introduced the concept of fuzzy topological space 
which is a natural generalization of topological spaces based on Zadeh’s [15] concept of 
fuzzy sets. Let X be a non-empty set and I be the unit interval [0, 1]. A fuzzy set in X is a 
mapping from X into I. Since then much attention [1,6,2,8] has been paid to generalize 
the basic concepts of general topology in fuzzy settings.                                                                                                                                     
  Azad [1] introduced the notions of fuzzy semi open and fuzzy semi closed sets 
with specific attention to weaker forms of fuzzy continuity in fuzzy topological spaces. 
Hanafy [4] introduced the notion of Fuzzy γ-open sets and Fuzzy γ-continuity in fuzzy 
topological spaces and discussed the fundamental properties of these sets. In 1989, 
Kandil and El-Shafee [5] introduced the concept of fuzzy bitopological spaces (Fbts, in 
short) as an extension of fuzzy topological spaces and as a generalization of bitopological 
spaces which was introduced by Kelly.                
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Throughout this paper (X, δi, δj) (or simply X), denote fuzzy bitopological spaces 
(Fbts). For a fuzzy set A in a fuzzy bitopological space X, δi-cl(A), δi- int(A) denote the 
closure, interior with respect to the topology δi respectively. Using the union of the 
concepts of (δi, δj) F semiopen[12], (δi, δj) F preopen [11], F.S. Mahmoud, M.A. Fath 
Alla and M.M. Khalaf [7] introduced and studied Fuzzy-γ-open sets and fuzzy-γ-
continuity in fuzzy bitopological spaces which is weaker than each of them. The 
objective of this paper is to introduce and study the notion of (δi, δj) F-γ-semiopen sets in 
fuzzy bitopological spaces which is weaker than the concept of (δi, δj) F-strongly-semi 
open and stronger than the concept of (δi, δj) F-γ-open and (δi, δj) F-semi-pre-open. We 
discuss the concepts and properties that are needed in this paper in the third section. We 
introduce and study the concepts of (δi,δj)F-γ-semiopen (respectively (δi, δj)F-γ-
semiclosed) sets  in  fuzzy bitopological spaces along with their properties in the fourth 
section. Using this concept, in section 4.1 and 4.2 we define and deal with the concepts of 
(δi, δj)-F-γ-semi interior and (δi, δj)-F-γ-semi closure and investigate some of the 
fundamental properties of these concepts.                                                
 
2. Preliminaries 
In this section, we give some elementary concepts and results which will be used in the 
sequel. Let X be a nonempty set and I= [0, 1]. A fuzzy set (briefly F-set) A in X is a 
mapping from X to I. A fuzzy set A of X is contained in a fuzzy set B of X denoted by A 
≤ B if and only if A(x) ≤ B(x) for each x∈ X. A fuzzy point [14] with singleton support 
x∈ X and the value α∈�0, 1� is denoted by xα. The complement A  ' of a fuzzy set X is 1  ̶
A defined by (1 ̶ A) (x)= 1 ̶ A(x) for each x ∈ X. A fuzzy point xβ∈A if and only if 
β≤A(x).A fuzzy set A is the union of all fuzzy points which belong to A. A fuzzy point xβ 
is said to be quasicoincident with the fuzzy set A denoted by xβqA if and only if β + A(x) 
> 1 [10]. A fuzzy set A is said to be quasicoincident with B denoted by AqB if and only if 
there exists x ∈ X such that A(x) + B(x) > 1. A ≤ B if and only if Ἱ(AqB′) [10]. 
 
Definition 2.1. Let λ be a fuzzy set of a fuzzy topological space (X, δ). Then A is called                        
(a) a F semiopen (briefly FSO) set of X if λ ≤ cl (int (λ)) [1] ;                                                                                        
(b) a F semiclosed (briefly FSC) set of X if λ  ≥  int (cl (λ)) [1];                                                         
(c) a F preopen (briefly FPO) set of X if λ  ≤ int (cl (λ)) [6];                                                                   
(d) a F preclosed (briefly FPC) set of X if  λ  ≥ cl (int (λ)) [6];                                                              
(e) a F strongly semiopen (briefly FSSO) set of X if  λ ≤  int (cl (int (λ))) [2];                                                   
(f) a F strongly semiclosed (briefly FSSC) set of X if λ ≥ cl (int (cl (λ))) [2];                                               
(g) a F semi-preopen (briefly FSPO) set of X if  λ  ≤  cl (int (cl (λ))) [8];                                                     
(h) a F semi-preclosed (briefly FSPC) set of X if λ  ≥  int (cl (int (λ))) [8];                                                
The set of all F-so(resp. F-sc), F-po(resp. F-pc), F-sso(resp. F-ssc), F-spo(resp. F-spc) of 
a fuzzy topological space will be denoted by FSO(X) (resp. FSC(X)), FPO(X) (resp. 
FPC(X)), F-SSO(X) (resp. F-SSC(X)), F-SPO(X) (resp. F-SPC(X)).  
 
Definition 2.2. [4] Let (X, δ) be a fuzzy topological space.Then v is called a F-γ open(F-γ 
closed) set of X if v ≤ int(cl(v)) ˅ cl(int(v))  ( v ≥ cl(int(v)) ˄ int(cl(v))).                                                                          
The family of all F-γ open (respectively F-γ closed) sets of X is denoted by F-γO(X) 
(respectively F-γC(X)). 
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Lemma 2.3. [1] For a family {λα}of fuzzy sets of a Fts X,˅cl(λα)≤cl(˅λα) and ˅ int(λα)≤ 
int(˅λα).  
                                                                                                                                                        
Lemma 2.4. [1] For a fuzzy set λ of a F-ts X, (i)(int(λ))′ = cl(λ′) and  (ii) (cl(λ))′ = int(λ′)                                                                                                                          
 
Lemma 2.5. [1] For a fuzzy set λ of a F-ts X, (a)1−int λ=cl(1−λ) and (b)1−cl λ=int(1−λ).  
 
Definition 2.6. [5] A set X on which are defined two (arbitrary) F-topologies δ1 and δ2 is  
called F- bitopological space (briefly F-bts) and denoted by (X, δ1, δ2).As to the notions, 
we shall write δi-int(λ) and δi-cl(λ) to mean respectively the interior and closure of a F-
set λ with respect to the F-topology δi in F-bts (X, δi, δj), with δi-F-o set and δi-F-c set, we 
mean respectively δi-F-open and δi-F-closed set. The indices i and j take values {1, 2} 
throughout this paper and i ≠ j, i = j gives the known results in F-ts. 
 
Definition 2.7. [12] Let λ be a fuzzy set of a F-bts (X, δi,δj). Then λ is called                             
(a)  a (δi, δj) F semiopen (briefly (δi, δj) F-so) set of X if  λ  ≤  δj-cl (δi-int (λ));                                                          
(b)  a (δi, δj) F semiclosed (briefly (δi, δj) F-sc) set of X if  λ ≥  δj-int (δi-cl (λ));                             
The set of all (δi, δj) F-so, (resp. (δi, δj)F-sc) sets of a F-bts X will be denoted by (δi, δj) 
FSO(X), (resp. (δi, δj) FSC(X)). 
 
Definition 2.8. [11] Let λ be a fuzzy set of a F-bts (X, δi, δj). Then λ is called             
(a) a (δi, δj) F strongly semiopen (briefly (δi, δj) F-sso) set of X if λ≤ (δi-int (λ)));                                               
(b) a (δi,δj)F strongly semiclosed (briefly (δi, δj)F-ssc) set of X ifλ ≥δi-cl(δj-int(δi-cl (λ)));          
(c) a (δi, δj) F preopen (briefly (δi, δj) F-po) set of X if λ ≤ δi-int (δj-cl (λ));                                    
(d) a (δi, δj) F preclosed (briefly (δi, δj) F-pc) set of X if λ ≥ δi-cl (δj-int (λ));                                   
The set of all (δi, δj) F-sso, (δi, δj) F-ssc, (δi, δj) F-po, (δi, δj) F-pc sets of a F-bts X will be 
denoted by (δi, δj) FSSO(X), (δi,δj) FSSC(X), (δi,δj) FPO(X) and (δi,δj) FPC(X) 
respectively. 
 
Definition 2.9. [9] Let λ be a fuzzy set of a F-bts (X, δi, δj). Then λ is called                               
(a) a (δi, δj) F semi-preopen (briefly (δi, δj) F-spo) set of X if λ≤δj-cl (δi-int (δj-cl (λ)));                
(b) a (δi, δj) F semi-preclosed (briefly (δi, δj) F-spc) set of X if λ≥ δj-int (δi-cl (δj-int (λ)));          
The set of all (δi, δj) F-spo, (resp. (δi, δj) F-spc) sets of a F-bts X will be denoted by (δi, δj) 
FSPO(X), (resp. (δi, δj) FSPC(X)). 
 
Definition 2.10. [7] Let λ be a fuzzy set of a F-bts (X, δi, δj).Then λ is called a (δi, δj) Fγ 
open (resp. (δi, δj) Fγ closed), briefly (δi, δj) F-γo (resp. (δi, δj) F-γc)  if                                                    
λ ≤ δi-int (δj-cl(λ)) ˅ δj-cl (δi-int(λ)),   respectively    λ ≥ δi-cl (δj-int(λ)) ˄ δj-int (δi-cl(λ)).                                  
The family of all (δi, δj) F-γo (resp. (δi, δj) F-γc) sets of X is denoted by (δi, δj) F-γO(X) 
and (resp. (δi, δj) F-γC(X)). 
 
Remark 2.11. [7] (i) The union of (δi, δj) F-γo sets is a (δi, δj) F-γo set.                                                              
(ii)The intersection of (δi, δj) F-γc sets is a (δi, δj) F-γc set. 
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Definition 2.12. [7] Let λ be a fuzzy set of a F-bts (X,δi, δj). Then the (δi, δj) γ-closure 
((δi, δj) γ-cl for short) and (δi, δj) γ-interior ((δi, δj) γ-int for short) of λ are defined as                                                                                             
(δi, δj) γ-cl(λ) = ˄ { v : v is (δi, δj) F-γ closed and λ ≤ v}                                                                                                      
(δi, δj) γ-int(λ) = ˅ { v : v is (δi, δj) F-γ open and v ≤ λ} 
 
Remark 2.13.  (i) (δi,δj) γ-cl(λ) is the intersection of all (δi,δj)F-γ c sets of X containing λ.        
(ii) (δi, δj) γ-int(λ) is the union of all (δi, δj) F-γo sets of X contained in λ.                                                    
(iii) δi-γ cl(λ) is the intersection of all (δi,δj)F-γc sets of X containing λ with respect to δi. 
(iv) δi-γ int(λ) is the union of all (δi, δj)F-γo sets of X contained in λwith respect to the δi. 
 
3. Properties of  (δi, δj) F-γ closure and (δi, δj) F-γ interior  
Proposition 3.1. Let (X, δi, δj) be a F-bts. Then every δiF o set is (δi, δj) F-γo.                                                                                                             
Proof: Let A be δi-F o in X, then δi-int(δj-cl(A))˅δj-cl(δi-int(A)) = δi-int(δj-cl(A)) ˅ δj-
cl(A) ≥ δi-int(δj-cl(A))˅A= A. Then A≤ δi-int(δj-cl(A)) ˅ δj-cl(δi-int(A)). Thus,A is (δi, δj) 
F-γo.                                                                                                                                                                                        
 
Remark 3.2. The converse of the above is not true.Every (δi,δj)F-γo(c) need not be δi-
Fo(c).                                                                                                                                                             
Let (X,δ1,δ2) be a F-bts with X={a,b,c}, δ1={0�,1�,A}, δ2={0� ,1�,	B} and fuzzy sets 
A={a0.5,b0.2, c0.4}, B ={a0.5,b0.6,c0.3}.Here B (resp. B') is (δ1,δ2)F-γo (resp. (δ1,δ2)F-γc) but 
not δ1-Fo (resp. δ1-F c ).  
 
Proposition 3.3. Let A be a F-set of a Fbts(X,δi,δj).Then A is δiFo if and only if A is δiF 
γo.                           
 
Corollary 3.4. (a) δi-int(A) = δi-γ int(A)    (b) δi-cl(A) = δi-γ cl(A).                                                             
Proof: Follows from Definition 2.12 
 
Theorem 3.5. Let (X, δi, δj) be a F-bts. Then for fuzzy sets A and B of X,                                   
(i) (δi, δj) γ-int(0�) = 0� , (δi, δj) γ-int(1�) = 1�  and (δi, δj) γ-int(A) ≤ A                                                                                                                   
(ii) A is (δi, δj) F-γ o if and only if A = (δi, δj) γ-int(A)                                                                  
(iii) ( δi, δj) γ-int(A) is (δi, δj) F-γ-o set and (δi, δj)γ-int((δi, δj)γ-int(A))=(δi, δj)γ-int(A)                                                                                     
(iv) If A ≤B, then (δi, δj) γ-int(A) ≤ (δi, δj) γ-int(B)   
(v) (δi, δj) γ-cl(0�) = 0� ,(δi, δj) γ-cl(1�) = 1�  and A≤(δi, δj) γ-cl(A)(vi) A is (δi, δj) F-γ closed if 
and only if A = (δi, δj) γ-cl(A).                                                                   
(vii) (δi, δj) γ-cl(A) is (δi, δj) F-γ-c set and (δi, δj)γ-cl((δi, δj)γ-cl(A)) = (δi,δj)γ-cl(A).  
(viii) If A ≤ B, then (δi, δj) γ-cl(A) ≤ (δi, δj) γ-cl(B). 
Proof: Follows from Remark 2.11, Remark 2.13 and Definition 2.12. 
 
Remark 3.6. Theorem 3.5 also holds when single topology δi is considered. 
 
Proposition 3.7.  Let A and B be any two fuzzy sets of a F-bts (X,δi,δj).Then                               
(i) (δi, δj) γ-int(A ˄ B) = (δi, δj) γ-int(A) ˄ (δi, δj) γ-int(B)                                                                                               
(ii) (δi, δj) γ-int(A˅ B) ≥ (δi, δj) γ-int(A) ˅ (δi, δj) γ-int(B)                                                                            
Proof: Follows from Definition 2.12                                                                                                                                                              
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Remark 3.8. Equality need not hold in Proposition 3.9 (ii). Let (X, δ1, δ2) be a F-bts with 
X={a,b,c}, δ1={0�,1�,Y}, δ2 ={0� ,	1� , Z} and fuzzy sets Y={a0.5,b0.6,c0.7}, Z={a 0.5,b0.3,c0.2},  
A={a0.5,b0.4,c0.8}, B={a 0.5,b0.7,c0.7} and A˅B={a0.5,b0.7,c0.8}= Z'. Then (δ1, δ2)γ-int(A˅B) 
=A˅B, (δ1,δ2)γ-int(A)=Z, (δ1,δ2)γint(B)=B. So, (δ1,δ2)γ-int(A) ˅(δ1,δ2)γ-int(B)=B and 
A˅B ≥ B.  
 
Proposition 3.9.  Let A and B be any two fuzzy sets of a F-bts ( X, δi, δj). Then                           
(i) (δi, δj) γ-cl(A ˅ B) = (δi, δj) γ-cl(A) ˅ (δi, δj) γ-cl(B)                                                                 
(ii) (δi, δj) γ-cl(A ˄ B) ≤ (δi, δj) γ-cl(A) ˄ (δi, δj) γ-cl(B)                                                                              
Proof: Follows from Definition 2.12                                                                                                                                                              
 
Remark 3.10. Equality need not hold in Proposition 3.13 (ii). Let (Z, δ1, δ2) be a F-bts  
with Z={a,b,c},δ1={0� ,1�,X} and δ2={0� ,1�,Y} where X={a0.5,b0.6,c0.7}, Y={a 0.5,b0.3,c0.2}, 
A={a0.5,b0.6, c0.8}, B ={a0.5,b0.7,c0.7}, A˄B ={a0.5,b0.6,c0.7}=X. Then (δ1,δ2)γ-cl(A˄B)=A˄B, 
(δ1, δ2)γ-cl(A)=Y', (δ1, δ2)γ-cl(B)=Y' and so (δ1,δ2)γ-cl(A)˄(δ1,δ2)γ-cl(B)=Y' ≥(δ1, δ2) γ-
cl(A˄B). 
 
4. (δi, δj) fuzzy-γ-semiopen and (δi, δj) fuzzy-γ-semiclosed sets 
Definition 4.1. Let A be a fuzzy set of a F-bts (X, δi, δj).  Then A is called a                                        
(i) (δi, δj) Fuzzy-γ-semiopen (briefly (δi, δj) F-γ-so) set if A ≤ δj-cl (δi-γ int(A))                                                 
(ii) (δi, δj) Fuzzy-γ-semiclosed (briefly (δi, δj) F-γ-sc) set if A ≥ δj- int (δi-γ cl(A))                    
The family of all (δi, δj) F-γ so (respectively (δi, δj) F-γ sc)sets of X is denoted by (δi, δj)F-
γ SO(X) and (respectively (δi, δj) F-γ SC(X)). 
 
Example 4.2. Let (X,δ1,δ2) be a F-bts where X={a, b}, δ1= {0� ,1� ,A} and δ2={0� ,1� ,B}. A 
and B are fuzzy sets defined in X as, A={a0.2,b0.5)}and B={a0.4,b0.5}. Here (δ1, δ2) F-γ-o 
sets ={0� , 1� ,A,B} The sets A and B (resp. A' and B') are (δ1, δ2)F-γ-so (resp. (δ1, δ2) F-γ-
sc).         
 
Theorem 4.3. A fuzzy set A of a F-bts (X, δi, δj) is (δi,δj)F-γ-sc if and only if A' is (δi,δj)F-
γ-so.                                                                                                                                                  
Proof: Follows from Definition 4.1.                                                                                                                                     
 
Remark 4.4. The concepts of (δi, δj) F-γ-so (resp. (δi, δj)F-γ-sc) and (δj,δi) F-γ-so (resp. 
(δj,δi) F-γ-sc) sets are independent. The following example illustrates this.  
 
Example 4.5. Let (X, δ1, δ2) be a F-bts with X={a, b}, δ1 ={0� , 1�, A} and δ2 ={0� , 1� , B}and 
A, B are fuzzy sets defined in X as, A={a0.5, b0.5)}, B ={a0.6, b0.3)}.Here A (resp.A') is (δ1, 
δ2)F-γ-so (resp. (δ1,δ2)F-γ-sc). But A (resp. A') is not (δ2, δ1)F-γ-so ((δ2, δ1)F-γ-sc). Also, 
B (resp. B') is (δ2, δ1) F-γ-so(resp. (δ2, δ1)F-γ-sc) and not (δ1, δ2)F-γ-so ((resp. (δ1, δ2) F-γ-
sc))  
 
Theorem 4.6. Let (X, δi, δj) be a F-bts. Then a fuzzy subset A of X is (δi, δj) F-γ-so if and 
only if there exists a δi F-γ o set U, such that U ≤ A ≤ δj-γ cl(U).                                                                            
Proof: Let A be (δi, δj)F-γ-so in X. Then δi- γ int(A) ≤ A ≤ δj-cl(δi- γ int(A)). Let δi γ 
int(A) = U and U is δi F-γ o. Then U ≤ A ≤ δj-cl(U), that is  U ≤ A ≤ δj- γ cl(U). 
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Conversely, suppose there exists a δi F-γo set U such that U ≤ A ≤ δj-γ cl(U).Then U ≤ δi -
γint(A). Then by Theorem 3.5, δj-γ cl(U) ≤ δj-γ cl(δi-γ int(A))= δj-cl(δi-γ int(A)). Thus, A 
≤ δj-γ cl(U) ≤ δj-cl(δi-γ int(A)). Hence A is (δi, δj)F-γ-so. 
 
Theorem 4.7. Let (X, δi, δj) be a F-bts. Then a fuzzy subset B of X is (δi, δj) F-γ-sc if and 
only if there exists a δi F-γ c set F, such that δj- γ int(F) ≤ B ≤ F. 
Proof: Let B be (δi, δj)F-γ-sc in X. Then δi-γ cl(B) ≥ B ≥δj- int(δi- γ cl(B)). Let F = δi-γ 
cl(B), then F is δi F-γ c and  F ≥ B ≥δj- int(F)) which implies δj- γ int(F) ≤ B ≤ F. 
Conversely, suppose there exists a δiF-γc set F such that δj-γ int(F) ≤ B ≤ F. Then δi -
γcl(B)≤ F. That isδj-int(δi-γ cl(B))≤δj int(F))=δj-γ int(F)≤B.Then B≥δj-int(δi-γ cl(B)). Thus, 
B is (δi,δj)F-γ-sc.  
 
Proposition 4.8. The union of two (δi,δj)F-γ-so sets is a (δi,δj)F-γ-so set in a F-bts 
(X,δi,δj).                                                                                                                                                
 
Remark 4.9. The intersection of two (δi,δj)F-γ-so sets need not be (δi,δj)F-γ-so in a F-bts  
(X,δi,δj)as given below.    
 
Example 4.10. Let (X, δ1,δ2) be a F-bts with X={a, b, c},δ1={0� , 1� , A, B, A˅B} and δ2 
={0� ,1� ,C}. A,B,C,E and F are fuzzy sets defined in X as, A={a0,b0.2,c0.1}, B={a 0.3,b0,c0)}, 
C={a0.1,b0.2,c0.1}, E={a0,b0.3,c0.1}, F={a0.3,b0.3,c0}, E˄F={a0, b0.3, c0)}. Here  E and F are  
(δ1, δ2) F-γ-so but E˄ F is not (δ1,δ2) F-γ-so.  
 
Theorem 4.11. Arbitrary union of (δi,δj)F-γ-so sets is a (δi,δj)F-γso in a F-bts (X,δi,δj). 
Proof: Let {A α} α∈∆ be a collection of (δi, δj)F-γ-so sets in (X, δi, δj). For each α∈∆, Aα is 
(δi, δj) F-γ-so. Then for each α∈∆, Aα ≤ δj- cl (δi- γ int(Aα)). That is ˅ α∈∆Aα≤˅α∈∆δj-cl(δi-γ 
int(Aα)). Then ˅α∈∆Aα≤δj-cl(˅α∈∆δi-γ int(Aα)) which implies ˅α∈∆Aα ≤ δj-cl(δi-γ 
int(˅α∈∆Aα)), by Remark 2.11. Thus, ˅α∈∆Aα is (δi,δj)F-γ-so.  
 
Proposition 4.12. The intersection of two (δi,δj)F-γ-sc sets is a (δi,δj)F-γ-sc in a F-bts                                                                                         
 
Remark 4.13. The union of two (δi, δj)F-γ-sc sets need not be (δi,δj)F-γ-sc as shown 
below. 
 
Example 4.14. Let (X, δ1,δ2) be a F-bts with X={a,b,c}, δ1={0� , 1�,A,B, A˅B}, 
δ2={0� ,1� ,C,D} and A,B,C,D,E,F are fuzzy sets defined in X as, A={a0,b0.2,c0.1)}, 
B={a0.3,b0,c0)}, A˅B={a0.3,b0.2, c0.1}, C={a0.1, b0.2, c0.1}, D={a 0.8, b0.9, c0.9},E={a0, b0.3, 
c0.1}, F={a0.3,b0.3,c0}. Since E' ≥δ2-int(δ1-γ cl(E'))=C and F' ≥δ2-int(δ1-γ cl(F'))= C, E' and 
F' are (δ1, δ2)F-γ-sc, but E' ˅  F' is not (δ1, δ2) F-γ-sc as, δ2-int(δ1- γcl(E'˅ F')) = 1  E' ˅  F'  
 
Theorem 4.15. Let (X,δi,δj) be a F-bts. Arbitrary intersection of (δi,δj) Fγsc sets is (δi,δj) 
Fγsc.  
Proof: Let {Aα} α∈∆ be a collection of (δi,δj)F-γ-sc sets in X. For each α∈∆, Aα is (δi,δj)F-
γ-sc.Then for each α∈∆, Aα' is (δi,δj)F-γ-so which implies ˅ α∈∆Aα' is (δi,δj)F-γ-so. Let 
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B=˅α∈∆Aα'.Then B'= (˅ α∈∆Aα')' is (δi,δj)F-γ-sc. So, B'=˄ α∈∆(Aα')' is (δi,δj)F-γ-sc. Thus, 
˄α∈∆Aα is (δi,δj)F-γ-sc. 
 
Theorem 4.16. In a F-bts (X,δi,δj), every δi Fo is (δi,δj) Fγ-so and every δi-Fγo is (δi,δj)F-
γso. 
Proof: Follows from Definition 4.1.                                                                         
 
Example 4.17. The converse of the above theorem is not true. Let (X,δ1,δ2) be a F-bts, 
X={a,b,c}, δ1 ={0� , 1� ,A}, δ2={0� ,1� ,B} and A, B, C are fuzzy sets in X as, A={a0.5, b0.3, 
c0.4}, B={a 0.5,b0.6,c0.3}, C={a0.5, b0.4, c 0.5)}. The set C (resp. C') is(δ1, δ2)F-γ-so (resp. 
(δ1,δ2) F-γ-sc) but C (resp. C') is not δ1-F o (resp. δ1-F c) as well as not δ1-F- γ o (resp. δ1-
F- γ c). 
 
Theorem 4.18. Let (X, δi, δj) be a F-bts. Then every (δi, δj) F-γ-so set is (δi, δj) Fγo. 
Proof: Follows from Definition 4.1.  
 
Example 4.19. The converse of the above result need not be true.Let (X, δ1, δ2) be a F-bts  
with X = {a, b, c}, δ1={0�, 1� , A}, δ2 ={0� , 1�, B}and A, B, C are fuzzy sets defined in X as,  
A={a0.5,b0.2,c0.6}, B={a 0.5,b0.4,c0.3}, C={a0.3,b0.1,c0.5}. Here C (resp. C') is (δ1, δ2)F-γo (resp. 
(δ1, δ2) F-γc) and C (resp. C') is not (δ1, δ2) F-γ-so (resp. (δ1, δ2) F-γ-sc).  
 
Theorem 4.20. Let (X, δi, δj) be a F-bts. Then every (δi,δj)F-s-so set is (δi,δj)F-γ-so.  
Proof: Let A be (δi,δj) F-s-so in X. Then A≤δi-int(δj-cl(δi-int(A))). Define 
B=δjcl(δiint(A)). Then A≤ δi-int(B) and A ≤ B. That is A≤ δj-cl(δi-int(A)). Thus, A≤ δj-
cl(δi-γ int(A)).  
 
Example 4.21. The converse need not be true always which is shown by the example.  
Let (X,δ1,δ2) be a F-bts with X={a,b,c},δ1={0� ,1� ,A}, δ2={0� ,1� ,B} and A,B,D are fuzzy 
setsdefined in X as, A={a0.5,b0.2,c0.6},B={a 0.5,b0.4,c0.3},D={a 0.5,b0.3,c0.6}. The set D 
(resp.D') is (δ1,δ2)F-γ-so (resp.(δ1,δ2) F-γ-sc). But D (resp.D') is not (δ1,δ2) Fsso (resp. 
(δ1,δ2) Fssc). 
 
Theorem 4.22. Let (X, δi, δj) be a F-bts. Let A be a fuzzy set in X. If A is (δi, δj) F-γ-so 
then A is (δi, δj) F-so and the converse also holds.                                                                                  
Proof: Suppose A is (δi,δj)F-γ-so then A ≤ δj-cl(δi-γ int(A)). By Corollary 3.4, A is (δi,δj) 
F-so. Now suppose A is (δi, δj) F-so then A ≤ δj-cl(δi- int(A)). Then A is (δi, δj) F- γ so.  
 
Theorem 4.23. Let (X,δi,δj) be a F-bts.Then every (δi, δj) F-γ-so is(δi, δj) F-spo.                                 
Proof: Let A be a (δi,δj) F-γso set in X then A≤δj-cl(δiγ int(A)). Now δj-cl(δiint(δjcl(A))) ≥ 
δj-cl(δiint(A) ≥ A. Since δj-cl(A)≥A), A≤δj-cl(δi-int(δj-cl(A))). Thus, A is (δi,δj)F-s-po.  
 
Example 4.24. The converse of the above result need not be true. Let (X, δ1,δ2) be a F-bts 
with X ={a,b,c}, δ1 ={0� , 1� ,A}, δ2={0� , 1� ,B}and A,B,C are fuzzy sets defined in X as, 
A={a0.3, b0.4,c0.5}, B={a 0.3,b0.5,c0.4},C={a0.6,b0.5,c0.2}.The set C (resp.C') is (δ1,δ2) F-s-po 
(resp.(δ1,δ2)F-s-pc). But C(resp. C') is not (δ1,δ2)F-γ-so((δ1,δ2)F-γsc).  
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Remark 4.25. It is now clear that a (δi, δj) F-γ-s open set is weaker than the concept of 
(δi,δj) F-s-s open and stronger than the concept of (δi, δj) F-γ-open and (δi, δj) F-s-p open. 

 
 

 
 
 

 
 
 
 

 
 

 
 

(δi, δj) F-S P O ((δi, δj) F-S 
P C) 

 
 
The following results can be easily verified. 
 
Proposition 4.26. If A is (δi, δj) F-γ o set and A is not (δi, δj) F-p o then A is (δi,δj)F-γ-s o. 
 
Corollary 4.27. If A is (δi, δj)F-γ o set and A is not (δi, δj) F-γ-s o then A is (δi, δj) F-p o.  
 
Corollary 4.28. If A is (δi, δj) F-γ o set and δi-int(δj-cl(A)) = 0� , then A is (δi, δj) F-γ-s o.                         
 
Corollary 4.29.(a) If A is (δi, δj)F-γo set and A is not (δi, δj)F-so then A is (δi, δj) F-po.                
(b) If A is (δi, δj) F-γ o set and δi-int(δj-cl(A)) = 0�, then A is (δi, δj) F-s o. 
 
Proposition 4.30. Each (δi, δj) F-γ o set which is δj F-c is (δi, δj) F-γ-so.    
 
Proposition 4.31. Each (δi, δj) F-s-p o set which is δj F-c is (δi, δj) F-γ-so.               
 
Theorem 4.32. Let (X,δi,δj) be a F-bts. Let A be a fuzzy set in X. Then A is (δi,δj)F-γ-so 
if and only if for each fuzzy point xβ∈A there exists a (δi,δj)F-γ-so set U such that xβ∈U≤ 
A.             
Proof: Necessity: Assume A is (δi, δj)F-γ-so. Let xβ∈A. By Theorem 4.6, there exists a δi 
Fγo set U such that U ≤ A. By Theorem 4.16, U is (δi, δj)F-γ-so. Suppose xβ∉U, then β
U≤A. That isβ A. Thenxβ∉A, a contradiction.  
Sufficiency: Suppose for every xβ∈A there exists a (δi, δj)F-γ-so set U such that xβ∈U≤ 
A. Then {Uβ} is a collection of (δi,δj)F-γ-so set such that for every xβ∈A, xβ∈ Uβi  ≤ A, 
βi∈∆. Further  ⋃ Uβ�β�∈∆  A and Uβi is (δi, δj) F-γ-so. Then by Theorem 4.11, A is (δi, 
δj)F-γ-so.                
 
4.1. (δi, δj) fuzzy- γ-semi interior and (δi, δj) fuzzy- γ-semi closure                                       

δi– F O (δi– F 
C) 

(δi, δj) F-S-S O ((δi, δj) F-
S-S C) 

(δi, δj) F-γ-S O ((δi, δj) F-
γ-SC) 

(δi, δj) F-S O ((δi, δj) 
F-S C) 

(δi, δj) F-P O ((δi, δj) 
F-P C) 

(δi, δj) F-γ-O ((δi, δj) 
F-γ-C) 
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Definition 4.1.1. Let A be a fuzzy set of a F-bts (X, δi, δj). Then the (δi, δj) γ-semi closure 
((δi, δj)γ-scl for short) and (δi, δj)γ-semi interior ((δi,δj)γ-sint for short) of A are defined as   
(δi, δj) γ-scl(A) = ˄  { B : B is (δi, δj) F- γ-s closed and A ≤ B }                                                            
(δi, δj) γ-sint(A) = ˅  { B : B is (δi, δj) F- γ-s open and B ≤ A } 
 
Example 4.1.2. Let (X,δ1,δ2) be a F-bts with X ={a,b,c}, δ1={0� ,1� ,A}, δ2={0� ,1� , B}. A,B,C 
and D are fuzzy sets defined in X as, A={a0.5,b0.3,c0.4},B={a 0.5,b0.6,c0.3)},C={a0.2,b0.1, c0.3}, 
D={a0.5,b0.4,c0.5}. (δ1,δ2)γ-sint(A)=A; (δ1,δ2)γ-sint(B)=0;(δ1,δ2)γ-sint(C)=0;(δ1,δ2)γ-
sint(D)=D, (δ1,δ2)γ-scl(A′)=A′, (δ1,δ2)γ-scl(B′)=1, (δ1,δ2)γ-scl(C′)=1; (δ1,δ2)γ-scl(D′) = D′ 
 
Proposition 4.1.3. Let A be a fuzzy set of  a F-bts (X, δi, δj). Then                                                  
(i) (δi, δj) γ-scl(A′) = ((δi, δj) γ-sint(A))′(ii) (δi, δj) γ-sint(A′) = ((δi, δj) γ-scl(A))′. 
Proof: Follows from Definition 4.1.1 
 
Definition 4.1.4. Let  (X, δi, δj) be a  fuzzy  bitopological  space and  xβ is a fuzzy point 
of X. A fuzzy set A of X is called                                                                                                                 
(a) (δi, δj) F-γ semi neighbourhood (briefly (δi, δj) F-γ-semi nbhd) of xβif there exists a 
(δi,δj)F-γ-so set O such that xβ∈O ≤ A                                                                                                                   
(b) (δi, δj)F-γ semi q neighbourhood (briefly (δi, δj) F-γ-semi q nbhd)of xβif there exists a 
(δi, δj)F-γ-so set O such that xβq O ≤ A 
 
Example 4.1.5. Let (X,δ1,δ2) be a F-bts, X={a,b,c},δ1={0� ,1� ,A}and δ2={0� ,1� ,B}. A,B,C 
and D are fuzzy sets defined in X as, A = {a0.5, b0.3, c0.4}, B = {a0.5, b0.6, c0.3}, C = {a0.5, 
b0.4, c0.5} and D = {a0.8,b0.7,c0.6}. Let β = 0.4. Then xβ = x0.4∈ C ≤ D. Thus, D is a (δ1, δ2) 
F-γ-semi nbhd of x0.4. Now, let ρ=0.7, then xρ=x0.7. Thus,  x0.7 q C since 0.7+0.4=1.1>1. 
 
Theorem 4.1.6. In a F-bts (X, δi, δj) a fuzzy set A is (δi, δj) F-γ-so if and only if for each  
fuzzy point xβ∈A, A is a (δi, δj) F-γ-semi neighbourhood of xβ. 
Proof: Follows from Theorem 4.32and Definition 4.1.4.  
 
Theorem 4.1.7. In a F-bts (X, δi, δj) a fuzzy set A is (δi, δj) F-γ-so if and only if for every 
fuzzy point xβq A, A is a (δi, δj) F- γ-semi q nbhd of xβ.                                                                             
Proof: Let A be (δi,δj)F-γso. Suppose xβqA. By Definition4.1.4, A is a (δi,δj)F-γ-semi q 
nbhd of xβ. Conversely, suppose for every fuzzy point xβq A, A is a (δi, δj) F-γ-semi q 
nbhdof xβ.Then for each fuzzy point xβqA, there exists a (δi, δj)F-γ-so set B such that 
xβqB and B ≤ A. Now if xβ1qA, then there exists a (δi,δj)F-γ-so set B1 such that xβ1qB1 
and B1 ≤ A. Similarly, if xβnqA, then there exists a (δi,δj)F-γ-so set Bn such that xβnqBn 
and Bn ≤A. Then A = ⋃ �αα∈∆ . Thus, A is (δi, δj) F-γ-so. 
 
Theorem 4.1.8. Let (X, δi, δj) be a F-bts. Let A be a fuzzy set in X, then xβ∈ (δi, δj)γ-
scl(A) if and only if every (δi, δj)F-γ-semi q nbhd of xβ is quasicoincident with A.                                      
Proof: Necessity: Suppose xβ∈ (δi, δj) γ-scl(A). If possible let there exist a (δi,δj) F-γ-
semi q nbhd B of xβ such that (BqA). Then B≤ A′. By Definition4.1.4,there exists a 
(δi,δj)F-γ-so set B1 such that xβqB1 and B1≤B. As β+B1(x)>1, β>B1′(x). Now, B1 ≤ 
A′implies (B1qA) Then A≤ B1′ and B1′ is (δi,δj)F-γ-sc. So (δi,δj)γ-scl(A)≤ B1′. By 
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assumption, β≤(δi,δj)γ-scl(A)≤B1′.Thus β=B1′(x). Hence xβ∉(δi, δj)γ-scl(A), a  
contradiction.                                         
Sufficiency: Suppose every (δi, δj)F-γ-s q nbhd of xβ is quasicoincident with A.                                                                                                   
Assume xβ∉(δi, δj) γ-scl(A), then β>(δi, δj)γ-scl(A). That is, there exists at least one (δi, 
δj)F-γ-sc set B≥A and β>B. Then xβ∉B and so β+B′(x)>1.Thus, B′ is (δi,δj)F-γ-so and 
xβqB′. As B′≤A′,(B′qA). Then B′(x)+A(x)≤1,  B′(x)+A(x) <β + B′(x). That is β> A(x) 
.Then xβ∉A,so xβ∈A′, thus,β ≤ A′. That is (xβqA) which is a contradiction. 
 
Theorem 4.1.9. Let xρbe a fuzzy point of X and A be a fuzzy set in a F-bts (X,δi, δj). 
Then xρq (δi,δj)γ-scl(A) if and only if for every (δi, δj) F- γ-s q nbhd B of xρ, BqA.                                                      
Proof: Necessity: Suppose xρq (δi, δj)γ-scl(A). Then ρ+(δi, δj)γ-scl(A(x))>1. If possible 
there exists a (δi,δj) F-γ-semi q nbhd B of xρ,(BqA) which implies B ≤ A′. Since B is (δi, 
δj)F-γ-semi q nbhd of xρ, there exists a (δi,δj)F-γso set B1 such that xρqB1, B1≤ B. By 
Theorem4.1.8, xρ∉(δi,δj)γ-scl(A). Then xρ∈[(δi,δj)γscl(A)]′.That isρ≤[(δi,δj)γ-scl(A(x))]′. 
Thus,(xρq(δi,δj)γ-scl(A)). A  contradiction, which proves the theorem. 
Sufficiency: Suppose every (δi, δj)F-γ-s q nbhd of xρ is quasicoincident with A. If (xρq(δi, 
δj) γ-scl(A)). Then ρ≤[(δi,δj)γ-scl(A(x))]′. That is xρ∈[(δi,δj)γ-cl(A)] ′, which implies 
xρ∉(δi,δj)γ-scl(A). By Theorem 4.1.8, this leads to  (xρ q A) which is a contradiction. 
 
Theorem 4.1.10. Let (X, δi, δj) be a F-bts. Let A be a fuzzy set in X and B ∈ (δi, δj)F-γ-
so(x), such that  (A q B) then  ((δi, δj) γ-scl(A) q B).          
Proof: Suppose B ∈ (δi,δj)F-γ-so(x), then B is (δi,δj)F-γ-so. Now (AqB) implies A≤B′. 
Since B′ is (δi,δj)F-γ-sc, (δi,δj)γ-scl(A) ≤ B′. Thus,((δi,δj)γ-scl(A) q B). 
 
4.2. Properties of  (δi, δj) γ-semi interior and (δi, δj) γ-semi closure operators  
Theorem 4.2.1. Let (X, δi,δj) be a F-bts.Then for any fuzzy sets A and B of X,                                                      
(i) (δi, δj) γ-s int(0�) = 0�  and (δi, δj) γ-s int(1�) = 1� (ii) δi int(A) ≤ (δi, δj) γ-s int(A) ≤ A                                                                                                               
(iii) A is (δi, δj) F-γ so if and only if A = (δi, δj) γ-s int(A)                                                                                           
(iv) (δi, δj)γ-s int(A) is (δi,δj)F-γ-so set and (δi,δj)γ- s int((δi,δj)γ-s int(A)) = (δi,δj)γ-s int(A) 
(v) If A ≤ B, then (δi, δj) γ-s int(A) ≤ (δi, δj) γ-s int(B) 
Proof: (i) and (ii). Follows from Definition 4.1.1.                                                                                                                           
(iii) Let A be (δi, δj)F-γ so. Then (δi, δj) γ-s int(A) = A. Conversely, if A = (δi,δj)γ-s int(A), 
then by Definition 4.1.1, A is (δi, δj)F-γ so.                                                                                             
(iv) From Definition 4.1.1 (δi,δj)γ-sint(A) is (δi,δj)F-γso. From (iii) other result holds.                                               
(v) Let A ≤ B. From (ii), (δi,δj)γ-s int(A)≤A≤ B. By (iv), (δi,δj)γ-s int(A) ≤ (δi,δj)γ-s int(B). 
 
Proposition 4.2.2. Let (X,δi,δj) be a F-bts and A and B be any two fuzzy sets of X. Then     
(i) (δi, δj)γ-s int(A ˄  B) = (δi, δj) γ-s int(A) ˄  (δi, δj) γ-sint(B)                                                        
(ii) (δi, δj) γ-s int(A˅ B) ≥ (δi, δj) γ-s int(A) ˅  (δi, δj) γ-sint(B)                                                             
Proof: (i) By Theorem 4.2.1, (δi,δj)γ -sint(A˄B) ≤ (δi,δj)γ-sint(A),(δi,δj)γ-sint(A˄B) ≤(δi, 
δj)γ sint(B). Thus, (δi, δj) γ-s int(A ˄  B) ≤ (δi, δj) γ-s int(A) ˄  (δi, δj) γ-s int(B).  
Let C ∈ [(δi, δj) γ-s int(A) ˄  (δi, δj) γ-s int(B)]. Then C is a (δi,δj)F-γ so set and C ≤ A˄B. 
Then C ≤ (δi,δj)γ-s int(A˄B). Thus, [(δi, δj)γ-s int(A) ˄  (δi,δj)γ-s int(B)] ≤ (δi, δj) γ-s 
int(A˄B).  Hence (δi, δj) γ-s int(A ˄  B) = (δi, δj) γ-s int(A) ˄  (δi, δj) γ-s int(B).                                            
(ii) By Theorem 4.2.1(v), (δi, δj) γ -s int(A˅  B) ≥ (δi, δj) γ -s int(A) ˅  (δi, δj) γ -s int(B). 
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Remark 4.2.3. Equality need not hold in Proposition 4.2.2(ii) which is given by the 
example below. Let (Z,δ1,δ2) be a F-bts with Z={a,b,c}, δ1={0�,1�,	X}, δ2={0� ,1�,Y} and 
fuzzy sets X={a0.5,b0.6,c0.7)}, Y={a 0.5,b0.3,c0.2}, A={a 0.5,b0.4,c0.8}, B={a 0.5,b0.7,c0.7}, 
A˅B={a0.5,b0.7, c0.8}=Y'. Here (δ1,δ2)F-γ-so sets={0� ,1�,	X,B,A˅B} and (δ1, δ2)γ-s 
int(A˅B)=A˅B, (δ1, δ2)γ-s int(A)=0, (δ1, δ2) γ-s int(B) = B. Then, (δ1,δ2)γ-
sint(A)˅ (δ1,δ2)γ-sint(B)=B. Thus, (δ1,δ2)γ-sint(A˅B) ≥ (δ1,δ2)γ-sint(A)˅ (δ1,δ2)γ-sint(B).  
 
Theorem 4.2.4. Let (X,δi,δj) be a F-bts. For fuzzy sets A and B of X, the following holds:  
(i) (δi, δj) γ-s cl(0�) = 0� and (δi, δj) γ-s cl(1�) = 1�  (ii) A ≤ (δi, δj) γ-s cl(A) ≤  δi cl(A)                                                                                                             
(iii) A is (δi, δj) F-γ sc if and only if A = (δi, δj) γ-s cl(A)                                                                     
(iv) (δi, δj)γ-s cl(A) is (δi, δj)F-γ-sc set and (δi, δj) γ-s cl((δi, δj) γ-s cl(A)) = (δi, δj) γ-s cl(A)                                                                             
(v) If A ≤ B, then (δi, δj) γ -s cl(A) ≤ (δi, δj) γ -s cl(B)                                                                                                                      
Proof: Follows from Definition 4.1.1.                                                                                                                           
 
Proposition 4.2.5. Let (X, δi, δj) be a F-bts and A and B be any two fuzzy sets of X. Then              
(i) (δi, δj) γ-s cl(A ˅  B) = (δi, δj) γ -s cl(A) ˅  (δi, δj) γ -s cl(B)                                                                
(ii) (δi, δj) γ-s cl(A ˄  B) ≤ (δi, δj) γ -s cl(A) ˄  (δi, δj) γ -s cl(B)                                                              
Proof: (i) Consider (δi, δj) γ-s cl(A ˅  B) = [(δi, δj) γ-s int(A˅ B)']'=[(δi, δj) γ-s int(A'˄  B')]'                     
= [(δi, δj) γ-s int(A') ˄  (δi, δj) γ-s int(B')]' = [(δi, δj) γ-s int(A')]' ˅  [(δi, δj) γ-s int(B')]'                               
= (δi, δj) γ-s cl(A′)′ ˅ (δi, δj) γ-s cl(B′)′  =  (δi, δj) γ-s cl(A) ˅  (δi, δj) γ-s cl(B).                                               
Thus, (δi, δj) γ-s cl(A˅B) = (δi, δj) γ-s cl(A) ˅  (δi, δj)γ-s cl(B)                                                                
(ii) Consider (δi, δj) γ-s cl(A ˄  B) = [((δi, δj) γ-s cl(A ˄  B))'                                                                                                
= [(δi, δj)γ-s int(A ˄  B)']'  = [(δi, δj)γ-s int(A' ˅  B') ≥ [(δi, δj)γ-s int(A') ˅  (δi, δj)γ-sint(B')]≤ 
[(δi, δj) γ-s int(A')]' ˄  [(δi, δj) γ-s int(B')]' = [(δi, δj) γ-s cl(A)']'˄ [(δi, δj)γ-s cl(B)']'                                      
= (δi, δj)γ-s cl(A)˄ (δi, δj)γ-s cl(B). Thus, (δi,δj) γ-s cl(A˄ B) ≤(δi,δj)γ-s cl(A)˄ (δi,δj)γ-s cl(B)  
 
Remark 4.2.6. Equality need not hold in Proposition 4.2.4 (ii). Let (Z,δ1,δ2) be a F-bts 
with Z={a,b,c},δ1={0� ,1�,	X}, δ2={0� ,1�,	Y} with fuzzy sets X={a0.6,b0.5,c0.6}, 
Y={a0.3,b0.5,c0.1}, A={a 0.6,b0.3,c0.8}, B={a 0.7,b0.5,c0.7} and A˅B={a0.7,b0.5,c0.8}=Y', A ˄B 
={a0.6,b0.3, c0.7}.Then (δ1,δ2)γ-s cl(A′˄B′) = A′˄B′, (δ1,δ2)γ-s cl(A′)=1 and (δ1,δ2)γ-scl(B′) 
= B′. Then (δ1, δ2) γ-cl(A′)˄(δ1,δ2)γ-s cl(B′)=B′ and A′˄B′≤B'. Thus, (δi,δj)γ-cl(A'˄B') ≤ 
(δi,δj)γ-cl(A')˄(δi,δj)γcl(B'). 
 
7. Conclusion 
In this paper, the notion of (δi, δj) F-γ-semiopen (δi, δj) F-γ-semi closed sets in fuzzy 
bitopological spacesare introduced and their properties are discussed their relationship 
with other sets are studied. 
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