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1. Introduction

Levine [7] introduction and investigated the cortcep generalized closed sets in
topological space .Arya and Nour[l] defined geneeal semi open [briefly gs- open]
sets using semi open sets. In 1987 Bhattacharya_ahidi [3] introduced the class of
semi — generalized closed sets (sg- closed setaglgandran [2] introduced generalized
continuous maps in topological spaces. Homomorphikags a very important role in
topology.

In 1995, Maki et al. [4] introduced the concepts s#émi — generalized
homeomorphisms and generalized semi homeomorphesnts studied some semi
topological properties. The notion of contra comityy was introduced and investigated
by Dontchev [6] Dontchev and Nohiri [8] Jafari aibiri [5] have introduced and
investigated contra. Semi continuous, functionsitreo— pre- continuous functions and
contra e-continuous functions between topological spaces.

Throughout this paper (%) and (Y, o) represents the non- empty topological
spaces on which no reperation axiom are assumezbsumitherwise mentioned. For a
subset A of X, cl(A) and int(A) represents the diesof A and interior of A respectively.

2. Preliminaries
Recall the following definitions.
Definition 2.1. A subset (X7 ) is said to be
(1) Semi-pre closedf -closed)[6] set if int(cl(int(A)))J A
(2) g-closed[6] set if cl(A)1U , whenever A1U and U is open in X
(3) w-closed[5] set if cl(A1U , whenever A1U and U is semi-open in X
(4) a -closed[4] set if cl(int(cl(A))LA
(5) wg-closed[5] set if cl(int(A)J U , whenever A1U and U is open in X
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(6) g*-closed[6] set if if cl(A)J U, whenever A1U and U is g-open in X
(7) g*s-closed[6] set if if scl(A)J U, whenever A1U and U is gs-open in X
The complements of the above mentioned closedsetheir respective open sets.

Definition 2.2. A map f:X - Y is said to be
(1) Continuous function if f(V) is closed in X for every closed set V in Y
(2) g-continuous function if (V) is g-closed in X for every closed set V in Y
(3) a -continuous function if (V) is a -closed in X for every closed set Vin Y
(4) w-continuous function if f(V) is w-closed in X for every closed set V in Y
(5) g*- continuous function if f(V) is g*-closed in X for every closed set V in Y
(6) g*s- continuous function if (V) is g*s-closed in X for every closed set Vin Y

Definition 2.3. A bijective function f: (X7 ) — (Y, 0) is called
(1) homeomorphism if both f and’f are continuous
(2) w-homeomorphism if both f and’f are w-continuous
(3) g-homeomorphism if both f and'f are g-continuous
(4) a -homeomorphism if both f and’f are @ -continuous
(5) g*- homeomorphism if both f and’f are g*-continuous
(6) g*s- homeomorphism if both f and'f are g*s-continuous

Definition 2.4. A map f:X - Y is said to be

(1) Contra-continuous function if (V) is closed in X for every open set V in Y

(2) Contra-g-continuous function if{(V) is g-closed in X for every open set V in Y

(3) Contra- -continuous function if (V) is a -closed in X for every open set Vin Y

(4) Contra-w-continuous function iff(V) is w-closed in X for every open set Vin Y

(5) Contra-g*- continuous function if f(V) is g*-closed in X for every open set V in Y

(6) Contra-g*s- continuous function if¥V) is g*s-closed in X for every open set V in
Y

3. g*s-Homeomor phism
Definition 3.1. A bijection f:(X,7) = (Y,9) is called g*s- homeomorphism if f and f
are both g*s-continuous.

Example 3.2.Consider X=Y={a.b.c},7 ={X, ¢ {a}{a,c}, o={Y, ¢ {a}{b}}. Let the
function f: X - Y be an identity map. Then f is bijective Sb*-dombus and f'is Sb*-
continuous. Hence f is Sb*-homeomorphism.

Theorem 3.3. Every homeomorphism is g*s-homeomorphism but navecsely.
Proof: Let f 1 (X,7) - (Y,0) pe a homeomorphism. Since by the definition f aids
9S _continuous . Then f is bijection. We know thaemsyclosed set i§"S -closed . Then

every continuous function &'S-continuous. Then f and¥is 9*S -continuous. Then f is
g*s -homeomorphism.

The converse of the above theorem need not beaggeen from the following
example.
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Example 3.4. Consider X=Y={a,b,cF ={X, ¢ {a}}, T={Y, ¢ {a}.{b}, {a,b}}.

Let f:(X,7) = (Y, 9) be an identity map. Let A={a,c} is closed in Ychalso it is
9*S-closed in X . Then f iQ*S'homeomorphism. But it is not a homeomorphism. Since
{a,c}is not closed in X . f is not a homeomorphism

Theorem 3.5. Every g*s -homeomorphism is sg -homeomorphisrmbiticonversely
Proof: Let f:(X,7) = (Y, 9) be a g*s- homeomorphism . Since by the definifion
anf f -1 is sg-continuous. Then f is bijection . Wfeow that every g*s-closed set
is sg-closed . Then every g*s-continuous functegrg-continuous. Then fand f -
1 is sg-continuous. Then f is sg-homeomorphism.

The converse of the above theorem need not baageen from the following
example.

Example 3.6. Consider X=Y={a,b,c,}7 ={X, ¢ {b}{a,c}}, o={Y, ¢.{ab}}. Let f:X
- Y be an identity map . Let A={a,c} is closed in Yidalso it is sg-closed in X Thgn

is sg-homeomorphism. But it is not a g*s-homeomimph Since the inverse image {a,c}
is not g*s-closed in X.

Theorem 3.7. Every g*s -homeomorphism is gs -homeomorphisrmbiticonversely
Proof: Let f:(X,7) — (Y, 9) be a g*s- homeomorphism . Since by the definifion
anf f* is gs-continuous. Then f is bijection. We knowtténeery g*s-closed set is
gs-closed. Then every g*s-continuous function isgstinuous. Then f anftis
gs-continuous. Then f is gs-homeomorphism.

The converse of the above theorem need not beatgeen from the following
example.

Example 3.8. Consider X=Y={a,b,c,d} 7 ={X, ¢ .{a}.{b}.{a,bH{a,b,c}}, O={Y, ¢
J{a},{d},{c,d}, {a,c,d}}. Let :X Y be an identity map .Let A={a,b} is closed in Xdn
also it is gs-closed in Y. Them js gs-homeomorphism. But it is not &'S-
homeomorphism. Since the inverse image {a,b} isgistclosed in X.

Theorem 3.9. Let f:i( X,7) = (Y,9) be a bijective g*s-continuous map,then the
following statements are equivalent (i) f is ansgopen map . (i) f is an g*s -
homeomorphism . (iii) f is an g*s -closed map.

Proof: (i) implies (ii) Let f™:( X,7) = (Y, 9) be a bijective g*s -continuous map .Let F
be an closed map in (X). Then X-F is open in (X,). Since f is g*s -open .f(X-F) is
g*s -open in (Y,9).f(F) is g*s -closed in (YO). fis g*s -continuous. Now ((f) *(F))

is g*s -closed in (Y2) . ftis g*s -continuous. Then f and'fis g*s -continuous. f is an
g*s -homeomorphism (ii) implies (iii) Suppose i$ an g*s -homeomorphism. By the
definition f is bijective , f and ¥ are g*s -continuous .Let f be an g*s - closedisgX,

7). Since fand f* are g*s -continuous. Then ™ (F)=f(F)is g*s -closed in (Y?) .
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-open in X . Then X-U is g*s -closed in Y . Sincesfg*s -closed. f(X-U) is g*s -closed
in Y. Y-f(U) is g*s -closed in Y . f(U) is g*s -opein Y . fis an g*s -open map .

Definition 3.10. A bijection f:( X,7) = (Y, 9) is called g*s -irresolute if f(V) is g*s -
closed in (X,7) for every g*s -closed V in (Y9).

Example 3.11. ConsiderX=Y={a.b.c.}, 7={X, ¢ {a}.{a.c}}, o={Y, ¢.fa}}. Let f: X
'Y be an identity map . Let A={c} is g*s-clsoed ¥h. Then f'({c})={c} is also g*s-
closed in X . fis g*s-Irresolute.

Theorem 3.12. The composition of two g*s-Homeomorphisms need hmz)tang*s -
Homeomorphism.

Proof: Letf: (X,7) - (Y,o0)and g: (Yo) - (Z, {) be an g*s-HomeomorphisBy
g*s-Homeomorphism, f and'fare both g*s-continuou¥Ve know that ,The composition

of two continuous functions need not be a contisuoction Since the composition of
two g*s-continuous functions need not be a g*sdtwmtus functionfherefore §f is

need not be a#"S- homeomorphism.

Example 3.13. Let X=Y=Z={a,b,c,} T ={X, ¢ {a}.{a.c}}, =Y, ¢.{a}{b}{ab}}, &
={Z, ¢ {a}}.Let f and g be an identity map . Here f andige g*s-Homeomorphisngt

g°f is not ang*S-homeomorphism, Since the inverse image of X it}ls not g*s-
closed in X.

Definition 3.14. A Space X is said to be g*s-compact if every coveX by g*s-open
sets has a finite sub cover.

Definition 3.15. Let x be a point of (X5 ) and V be a subset of X . Then V is called a
g*s-neighborhood of x in (¢, ) if there exist a g*s-open set U of (X) such that KU
0 v.

Definition 3.16. A topological space () is called g*s-Hausdorff if for each pair X,y
of distinct points of X, there exists g*s-neighbookls U and U of x and Y respectively,
that are disjoint.

Theorem 3.17. Let X be g*s-compact and set Y be a Hausdorff spHd: (X,7) - (Y,
o) is g*s-continuous , g*s-irresolute and bijectthen f is g*s-homeomorphism.
Proof: Let A be a g*s-closed subset of the g*s-compaeicepX . Then A is g*s-
compact. But fis g*s-irresolute . Hence f(A) fsgompact . Take g=t . Then g'(A)
is g*s-closed .We know that ,consequently g is *stigesolute map. Thent is g*s-
irresolute. fis g*s-homeomorphism.

Thoerem 3.18. If f: (X, 7) - (Y, 0) is a g*s-Homeomorphism then g*s-ci{(B))= f -
Yg*s-cl(B)) for all BLY is g*s-closed.
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Proof: If f: (X, 7) - (Y,0) is a g*s-Homeomorphisngsince f is g*s-Homeomorphism
f and ™ is both are g*s-irresolutgy*s-cl(f(B)) is closed in (Yg). f (g*s-cl(f(B))) is
g*s-closed in (X7 ). Thus g*s-cl(f*(B)) Of *(g*s-cl(B)).Again f * is irresolute. g*s-
cl(f *(B)) is g*s-closed in (X7). (f )™ g*s-cl(f *(B))= f (g*s-cl(f '(B))) is g*s-closed
in (X, 7). B=f (g*s-cl(f'(B))). Hence g*s-cl(f(B))= f*(g*s-cI(B)).

Theorem 3.19. If f: (X, 7) - (Y, o) is an g*s-Homeomorphism then g*s-cl(f(B))=f(g*s-
cl(B)) for all BLJ X.

Proof: If f: (X, 7) - (Y,0) is an g*s-Homeomorphisnsince f: (X,r) - (Y,0) is an
g*s-HomeomorphismiThen (Y, o) — (X,7) is also an g*s-Homeomorphism. Since
f is an g*s-Homeomorphism then f and fs both are g*s-Irresolute. (g*s-cl(f(B)) is g*s-
closed in (Yo ) . £ g*s-cl(f(B)) is g*s-closed in (X7 ). (g*s-int(A))° = g*s-cl(A°). (g*s-
int(B))° = (g*s-cl(B%))". Then f(g*s-int(B)=f((g*s-cl(B)))=(( g*s-cl(B%)))°= g*s-
cl(f(B9)) = g*s-int(f(B)). Therefore , g*s-cl(f(B))=f(g*s-cR)).

Theorem 3.20. The set g*s-h(X7 ) is a group under the composition of maps.

Proof: Define a binary operation * as follows* : g*s-h(X,7)x g*s-h(X,7) -» g*s-
h(X,r) f\g= gof for all f,gLl g*s-h(X,7). ‘ o" is the usual operation of composition of
mapsge fl g*s-h(X,7). We Know That, the composition of maps is asdiv@aand the
identity map.

I (X, 1) x(X,7) O g*s-h(X,7) serves as the identity element. If] §*s-h(X,7) then
10 g*s-h(X,7) such that §f = f *of =1 , and so inverse exists for each element of
g*s-h(X,7) is a group under composition of maps. g*s-H(X,is a group under the
composition of maps.

Thoerem 3.21. Let f: (X,7) - (Y,0) be an g*s-Homeomorphism . Then f induces an
isomorphism from the group g*s-h(X) onto the group g*s-h(X;, ).

Proof: Let f: (X,7) - (Y, 0) be an g*s-Homeomorphism .We defipegFs-h(X,7) -
g*s-h(X,7). Now ‘f’ induces an isomorphism from the groyghl)= fohof* for everyh

O g*s-h(X,7). Since {is a bijection .Further for every;,h,[1 g*s-h(X,7). | (hyohy)=f
o(hiohp)of™ If (hiohp)= (fohyof?) o (fohpof™y It (hiohy)= It () * I (hy) Thus tis a
Homeomorphism and so it is an isomorphism induned’  f induces an isomorphism
from the group g*s-h(>¢ ) onto the group Sb*-h(;).

4. Contrag's - continuous functions )
In this section | introduce the concept of contia-gcontinuous function in topological
spaces.

Definition 4.1. A functiont . (x 7) - (y,0) s called contra’g — continuous if
the inverse image of every open set in Y s-gclosed in X.

Theorem 4.2. Every contra-continuous function is contra gontinuous but not
conversely.
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Proof: Letf: (X,7) — (Y,9) be contra continuous. LetV be any open set ifihen
the inverse image¥ (V) is closed in X. since every closed set ia g closed, T (V) is
g s —closed in X. Therefore f is contrasg continuous.

Example 4.3. Consider X=Y={a,b,c,d} 7 ={X, ¢ {a},{b}.{a,bH{a,b,c}}, o={Y, ¢
J{a},{a,b}}. Let f be an identity map. Here f is otra-g*s-continuous but not contra-
continuous. Since the inverse image of {a} is loted in X.

Theorem 4.4. Every contra @ continuous function is contra gs continuous fiendbut

not conversely.

Proof: Letf: (X,7) —(Y,9) be contra g continuous Let V be any open set in Y.
then the inverse image (V) is gs closed in X. Since everysy—closed set is gs
closed, f* (V) is gs- closed in X. Therefore f is contra-gentinuous.

Example 4.5. Consider X=Y={a,b,c}7 ={X, ¢ {a}.{a,c}}, g={Y, ¢.{a}}. Let f be an

identity map. Here f is contra-gs-continuous but ocontra-g*s-continuous. Since the
inverse image of {a,b} is not g*s-closed in X.

Theorem 4.6. Every contra g —continuous function is contra sg-continuous tiencbut
not conversely.

Proof: Letf: (X,7) — (Y,9) be contra g — continuous Let V be any open set in Y.
then the inverse image *f(V) is ¢s —closed in X. since everysyclosed set is sg-
closed, f* (V) is sg —closed in X. Therefore f is contra sgHinuous function.

Example 4.7. Consider X=Y={a,b}7 ={X, ¢ {b}}, o={Y, ¢.{a}}. Let f be an identity
map. Here f is contra-sg-continuous but not cogtsaeontinuous. Since the inverse
image of {a} is not g*s-closed in X.

Remark 4.8. Independentness of contra-g*s-continuity

® Contra-g*s continuous function is independent toteg-continuous
function

(i) Contra-g*s continuous function is independent ot g*-continuous
function

(i) Contra-g*s continuous function is independent tot@w-continuous
function

(iv) Contra-g*s continuous function is independent tote pre-continuous
function.

The below examples proved the independentnesstifacg*s-continuity

Example 4.9. Consider X=Y={a,b,c,d}7 ={X, ¢ ,{a},{b},{a,b}{a,b,c}},. Letf:X - Y be
an identity map .Here f is contra-g*s-continuous ot contra-g-continuousince the

inverse image of {b,c} is not g-closed in x. Ingtipace? ={Y, ¢ {a}{b}.{a,b},
} and f be an identity map , f is contra-g-continuous bat contra-g*s-continuous .
Since the inverse image of {a,b,d} is not g*s-clbge X.
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Example 4.10. Consider X=Y={a,b,c}7 ={X, ¢ {a},{a,b}},. Let X - Y be an identity
map .Here f is contra-g*s-continuous but not cogtr&@ontinuous gjnce the inverse

image of {b} is not g*closed in x. In this spac€={Y, ¢.{b}.{a,c} } and f be an
identity map, f is contra-g*-continuous but not trang*s-continuous . Since the inverse
image of {a,c} is not g*s-closed in X.

Example 4.11. Consider X=Y={a,b,c,d}7 ={X, ¢ {a},{b},{a,b}{a,b,c}}. Let f.
-Y be an identity map. Here f is contra-g*s-continsdbut not contra-pre
continuous. Since the inverse image of {a} is n@-plosed in x. In this spacé
={Y, o,{a},{b},{a,b}} and we define a map f(a)=b, f(b)=d(c)=a, f(d)=d . Here f
is contra-pre-continuous but not contra-g*s-cortmi. Since the inverse image
of {c,d} is not g*s-closed in X.

Example 4.12. Consider X=Y={a,b,c,}7 ={X, ¢ .{a},{a,c}}. Let :X — Y be an identity
map .Here f is contra-g*s-continuous but not comtreontinuous. #ice the inverse
image of {a,c} is not w-closed in x. In this spafe={Y, o, {a}{a,b}} and f be
anidentity map. Here f is contra-w-continuous but oobtra-g*s-continuous. Since the
inverse image of {a,b} is not g*s-closed in X.

Remark 4.13. The composition of two contra-g*s-continuous fumes need not be an
contra-g*s-continuous function.

Example 4.14. Let X=Y=Z={a,b,c.d} 7 ={X, ¢.{a}{b}{abl{ab.c}}, I={Y,
o.,{a},{b},{a,b}}, gt={Z, ¢.{a}}.L et f and g be an identity map. Here f and g are g*s
Homeomorphism. But gf is not an g*s-homeomorphism. Since the inverse
image of X in {a.c} is not g*s-closed in X

Theorem 4.15. If amap f: (XI) — (Y,9) is g*s —irresolute map the g: (¥,) — (Z,
Z) is g*s-continuous map therP@ (X, 7) — (Z,Z) is contra-g*s-continuous function
Proof: Let F be an open set in (é,). Then ¢'(F) in g*s-closed in (Y9), because g is
contra-g*s-continuous . Since f is g*s-irresolut&g’(F))=( g°f)*(F) id g*s-closed in
X. Hence ¢ f is contra-g*s-continuous function.

5. Conclusion

In this paper, we have introduced g*s-Homeomorphismntra-g*s-continuous functions
in topological spaces and studied some propertiesthis can be extended to other
topological spaces like fuzzy and Bi-topologicaehsps. And these notions can be applied
for investigating many other properties.
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