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Abstract.Let G be a (p,q) graph and A be a group. Let f(GY— A be a function. The
order of aE A is the least positive integer n such that=&. We denote the order of a by
o(a). For each edge uv assign the label 1 if (®f@(f(v))) = lor O otherwise. f is called
a group A Cordial labeling if {\{a)—v« (b)|< 1 and |e(0)—¢ (1)|< 1, where y(x) and ¢
(n) respectively denote the number of verticesli&baith an element x and number of
edges labeled with n(n = 0, 1). A graph which adraigroup A Cordial labeling is called
a group A Cordial graph. The Splitting graph of §(G) is obtained from G by adding
for each vertex v of G, a new vertekso that Vis adjacent to every vertex that is
adjacent to v. Note that if G is a (p, q) grapnt®%G) is a (2p, 3q) graph. In this paper
we prove that Splitting graphs of Star S ‘1 (K Fan JF,), Comb JP,0K,), Ladder
S(L,), Friendship graph '&,® ), Umbrella graph 8J,,) and Book $B,) are group
{1,-1, i,—i} Cordial for every n.

Keywords: Cordial labeling, group A Cordial labeling, groud,f1, i,—i} Cordial
labeling, splitting graph .
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1. Introduction

Graphs considered here are finite, undirected anpls. Let A be a group. The order of

a € A is the least positive integer n such tHata. We denote the order of a by o(a).
Cabhit [3] introduced the concept of Cordial labglitie has done an extensive study on
cordial labeling of graphs[4, 5]. Cordial labelibghaviour of several graphs are also
studied by Diab [7, 8], Salehi [12], Cichacz [6]damany others. Several authors have
defined several types of cordial labeling [11]. Mated by this, we defined group A
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cordial labeling and investigated some of its progs. We also defined group {1,-1,
i,—i} cordial labeling and discussed the behaviodrthat labeling for some standard
graphs [1,2] .

The Splitting graph of G,’&) is obtained from G by adding for each vertef v
G, a new vertexs0 that Vis adjacent to every vertex that is adjacent fdote that if G
is a (p, q) graph then'(®&) is a (2p, 3q) graph. In this paper we dischsslabeling for
Splitting graphs of some graphs. Terms not defime@ are used in the sense of Harary
[10] and Gallian [9].

2. Preliminaries

The greatest common divisor of two integers m arisl eenoted by(m, n) and m and n
are said to be relatively prime if (m, n) = 1. faory real number x, we denote|byl, the
greatest integer smaller than or equal to x andxdy we mean the smallest integer
greater than or equal to x. A path is an altergasiequence of vertices and edgesey
Vo, &, ...,6-1, Vi, Which are distinct, such thatie an edge joining;\and v;; for 1<i <
n-1. A path on n vertices is denoted by R path \, e, V,, &, ..., -1,Vn, &, V1 iS called

a cycle and a cycle on n vertices is denoted hyAChipartite graph is a graph whose
vertex set V (G) can be partitioned into two subdgtand \ such that every edge of G
joins a vertex of Ywith a vertex of V. If G contains every edge joining ¥@nd \4, then

G is a complete bipartite graph. If]\= m and || = n, then the complete bipartite graph
is denoted by K. Ki,is called a star graph. Given two graphs G an@GtH is the
graph with vertex set V (& V (H)and edge set E(QY E(H) U {uv/lu €V (G),vEV
(H)}. A Wheel W, is defined as £+ K;.The Cartesian product of two graphga@d Gis
the graph @G,with the vertex set VAV2 and two vertices u = (Uw,) and v = (y, W)
are adjacent whenever;fuviand yadj w»] or [u>= v.and yadj w]. The Book B, is the
graph K % P.. The graph L= P,x Piis called a Ladder.

3. Main results

Definition 3.1. Let G be a (p,q)graph and consider the group Al=%, i,—i} with
multiplication. Let f : V (G)— A be a function. For each edge uv assign the lakél
(o(f(u)), o(f(v))) = lor O otherwise. f is calledgroup {1,-1, i,—i} Cordial labeling if
(@) — w(b)| < 1 and |€0) — e(1)| < 1, where \x) and ¢n) respectively denote the
number of vertices labeled with an element x anahlmer of edges labeled with n(n =0,
1). A graph which admits a group {1,-1, i,—i} Coatliabeling is called a group {1,-1,
i,—i} Cordial graph.

Example 3.2.A simple example of a group {1,-1, i,—i} Cordialagph is given in Fig.
3.1
1 1 -1 -1

al

[ -i
Figure 3.1:
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Definition 3.3. The Splitting graph of G, '&) is obtained from G by adding for each
vertex v of G, a new vertex go that Vis adjacent to every vertex that is adjacent to v.
Note that if G is a (p, q) graph thef{®) is a (2p, 3q) graph.

We now investigate the group {1,-1, i,—i} Cordiableling of Splitting Graph of
some graphs .

Theorem 3.4.The splitting graph of the Stat(&1,n), is group {1,-1, i,—i} cordial for
every n.

Proof. Let u be the vertex of 0f degree n and letuw,, ..., y be the vertices of degree
1 adjacent to u. Let v be the vertex correspontbngin 3(K1,n) and vy, Vs, ...., \Wbe the
newly added vertices so that fox1 < n, v is adjacent to the neighbours ¢f Also v is
adjacent to the neighbours of u. Number of verticeS(K,,) is 2n + 2 and number of
edges is 3n.

Case 1.nis even.

Let n = 2k, (k> 1, k€ 2). If k = 1, a group {1,-1, i,—i} cordial labelqnof S(K1,2) is
given in Fig 3.2. Suppose=k2. Two vertex labels should appear k + 1 times taral
should appear k times in a group {1,-1, i,—i}cotdiabeling. Each edge label should
appear 3k times. Define a labeling f 6fkS ;) as follows.

Label the vertices v,i¥Vs, ..., W with 1. Label the remaining vertices arbitrarily tbat k
+1 of them get label -1, k of them get label i &naf them get label —i. Number of edges
with label 1 = n + k = 3k.

_10

1 -i

Figure 3.2:

Case 2.nis odd.

Letn=2k + 1, (k= 0, k€ 2). If Kk =0, then §K,) is Pwhich is known to be group
{1,-1, i,—i} cordial. Suppose k 1. Each vertex label should appear k + 1 times On
edge label should appear 3k + 1 times and anottwend appear 3k + 2 times. Define a
labeling f of YK1,n) as follows. Label the vertices vy, Wa,..., \k with 1. Label the
remaining vertices arbitrarily so that k + 1 ofrihget label -1, k + 1 of them get label i
and k + 1 of them get label —i. Number of edgedivabel 1 =n + k = 3k + 1.Table 3.1
shows that f is a group {1,-1, i,—i} cordial labmai.

217



M.K.Karthik Chidambaram, S.Athisayanathan and RrRjon

N ve(D) | ve(-1) | ove() | ve() | & (0) | & (D)
2k, k=2, keZ k+1 k+1 k k 3k 3k
2k+1, k1,kez k+1 k+1 k+1 k+1 3k+2 3k+1

Table 3.1:

Definition 3.5. The graph = P+ Kiis called a fan graph wherg:&, W,. . ., 4 is a path
and V (K) = u.

Theorem 3.6.The splitting graph of the far(g,) is group {1,-1, i,—i}cordial for every
n.

Proof. Let w, W, ..., be the vertices of the pathiR F,and u be the vertex of degree n
in Fn. Let v be the vertex corresponding to u I(Fg andy, v, ...., \wbe the newly added
vertices so that for £ i <n, vis adjacent to the neighbours @fAllso v is adjacent to the
neighbours of u. Number of vertices itfFR) is 2n + 2 and number of edges is 6n - 3.

Case 1.nis even.
Let n = 2k, (k> 1, k € Z). Two vertex labels should appear k + 1 timed &vo should
appear k times in a group {1,-1, i,-i} cordial ldilbg. One edge label should appear
6k-1 times and another edge label appears 6k-tibefine a labeling f of '@ n) as
follows.

Label the vertices U W, U, ..., Wewith 1. Label the remaining vertices
arbitrarily so that k + 1 of them get label -1, K. -of them get label i and k of them get
label —i. Number of edges with label 1 = 4 + (k)6 & 6k — 2.

Case 2.nis odd.
Letn =2k + 1, (k= 0, k € Z). If k = 0, then §F,) is Pwhich is known to be group
{1,-1, i,—i} cordial. Suppose k 1. Each vertex label should appear k + 1 times On
edge label should appear 6k + 1 times and anottwerdd appear 6k + 2 times. Define a
labeling f of YF,) as follows.

Label the verticesy W, W, ..., Yxwith 1. Label the remaining vertices arbitrarily
so that k + 1 of them get label -1, k + 1 of thezhlgbel i and k + 1of them get label —i.
Number of edges with label 1 = 6k + 2.Table 3.2ovehthat f is a group {1,-1, i,-i}
cordial labeling.

n vi (1) vt (-1) Vs (i) Vi (i) & (0) & (1)

2k, k>1, kez k k+1 k+1 k 6k-1 6k-2

2k+1, k>1,kez k+1 k+1 k+1 k+1 6k+1 6k+2
Table 3.2:
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Definition 3.7. Let G,, Gyrespectively be two (p &), (p» @) graphs. The corona of
Gwith G,, G,0G; is the graph obtained by taking one copy af ggcopies of Gand
joining the I"vertex of Gwith an edge to every vertex in tHcbpy of G.

Definition 3.8. The graph fBKis called a comb.

Theorem 3.9.The splitting graph of the Comb(B,0K,) is group {1,-1, i,—i} cordial for
every n.
Proof. Let y (1 < i< n) be the vertices of the path &d v(1<I < n) be the pendent
vertices of FOK; adjacent to the vertices of.A.et Uy, vi' (1<i <n), be the vertices
corresponding to ui, vi(¥ i < n) in S(P,©K;).Number of vertices in'§,0K1) is 4n and
number of edges is 6n — 3. Each vertex label shapjoear n times. One edge label
should appear 3n-1 times and another should a@mear2 times. Let f be a labeling of
S'(P,GK,) defined as follows:
f(u) = -1L(Ki<n);
f(vi) =1 (1 <1 <n);
f(u'l) = 1(1<i < n);
f(vi) = -1 (1<i<n).

Number of edges with label 1 = 3n — 1 and so f gr@up {1,-1, i,—i}cordial
labeling of P,0K,).

Theorem 3.10.The splitting graph of the Laddet(h) is group {1,-1, i,—i}cordial for
every n.

Proof. Let u, vi(1 <i<n) be the vertices of the two paths igs& that uiand \are adjacent.
Let ui and VI (1 <i <n) be the vertices corresponding to ui and #{X n). Number of
vertices in §Ln) is 4n and number of edges is 9n - 6.

Case 1nis even.
Letn =2k, (k 1, kE2). If k=1, agroup {1,-1, i,—i} cordial labelgof S(L2) is given
in Fig 3.3.
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Figure 3.3:
Suppose k> 2. Each vertex label should appear 2k times art ealge label should
appear 9k — 3 times. Define a labeling f §L8) as follows.

flu)) =f(u) =. .. =1y =1,

f(uy) =f(uy) =. .. =1f(u 2(k-2)) = 1;
f(u'l) = f(v1) = 1;

f(ul) = f(ul) =...="f(u2k-1) = -1,
f(vl) = f(u3) = ... =f(Lk-1) = -1,

For 2<i < 2k, f(vi) =i and f(u2k-2) = i.
For 2<i < 2k, f(vi) = =i and f(u2k) =i.
Number of edges with label 1 =6k + 3(k — 2) + 2 = 9k — 3.

Case 2nis odd.

Letn=2k + 1, (0, k€ 2). If k =0, then §L1) is P4 which is known to be group
{1,-1, i,—i} cordial. Suppose k 1. Each vertex label should appear 2k + 1 timese O
edge label should appear 9k + 1 times and anottwerid appear 9k + 2 times. Define a
labeling f of YLn) as follows.

f(u2) = f(ud) =. .. ="f(u2k) = 1;

f(u2) =f(ud) =...=f(Kk)=1and f(ll) = 1
f(ul) = f(ul) =. .. =f(u2k+1) = -1,

f(u'3) =...=f(lkk+1) = -1;

For 1<i <2k + 1, f(vi) = i and f({)) = —i.
Number of edges with label 1 = 9k+1. Thus f is augr{1,-1, i,—i} cordial labeling of
S'(Ln).

Definition 3.11. Let G\“ denote the one-point union of t cycles of lengtiThe graph
C."%s called a friendship graph.

Theorem 3.12.The splitting graph of the Friendship graph SC is group {1,-1, i,-i}
cordial for every n.

Proof. Let u be the vertex of degree 2n in SYT and ui, vi(1< i < n)be the vertices of
degree 2 in eachs® Let U be the vertex corresponding to u in

S'(C% and d, v (1 <i<n) be the vertices corresponding to ui and ¥(iL< n).
Number of vertices in S'(§Y) is 4n + 2 and number of edges is 9n.

Case 1nis even.

Let n = 2k, (k> 1, k € Z). Two vertex labels should appear 2k + 1 timed &vo other
vertex labels should appear 2k times. Each edgd &iould appear 9k times. Define a
labeling f of S'(GY) as follows.

f(u) = 1; For I<i <Kk, f(ui) = f(ui) = 1;

f(u) = -1; For k + i < 2Kk, f(ui) = f(ui) = -1,

For 1<i < 2k, f(vi) =i and f(Vi) = —i;

Number of edges with label 1 = 4k + 3k + 2k = 9k.

Case 2.nis odd.
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Letn=2k + 1, (k 0, k€ 2Z). If k = 0, then § C") is S(C3) which is known to be
group {1,-1, i,—i} cordial . Supposexk1. Two vertex labels should appear

2k + 2 times and two other vertex labels shouldeap2k + 1 times. One edge label
should appear 9k + 4 times and another should a®besa 5 times. Define a labeling f of
S( CGY) as follows.

fu)=1; For IKi<k, flu)=1and for Ki<k+ 1, f(ui) = 1;

flu)=-1; Fork + ki< 2k + 1, f(ui) = -1 and for k + i <2k + 1, f(ui) = -1,

For 1<i <2k + 1, f(vi) = i and f(l) = —i;

Number of edges with label 1 = 9k + 4. Table 3.8vghthat f is a group

{1,-1, i,—i} cordial labeling of § C3").

n v (1) vt (-1) vt (i) Vi (-i) & (0) & (1)
2k, k>1,k | 2k+1 2k+1 2k 2k 9k 9k
2k+f,zk 2k+2 2k+2 2k+1 2k+1 9k+E 9k+4
>0,keZ

Table 3.3:

Definition 3.13. The Umbrella graph Un,m, m > 1 is obtained frofiam Fn by pasting
the end vertex of the path Pm : viv2 ... vm touhrtex of K1 of the fan Fn.

Theorem 3.14.The splitting graph of the Umbrella grapt{l8,n) is group {1,-1, i,-i}
cordial for every n.

Proof. Let ui, vi(1<i < n) be the vertices of Un,n where ul < n) are the vertices of
the path in Fn and vi(% i < n) are the vertices of the path in Un,n wheresvitiéntified
with K1. Let ui, vi'( 1 <i < n) be the corresponding vertices ofUs,n). Number of
vertices in §Un,n) is 4n and number of edges is 9n - 6.

Case 1.nis even.
Let n = 2k, (k> 1, k € Z). Each vertex label should appear 2k times. Ezde label
should appear 9k — 3 times. Define a labeling $@fn,n) as follows:

f(ul) = f(u3) =...="f(u2k-3) = 1; f(un) = 1,
f(v2) = f(v3) =...=f(vk+1) = 1,

f(u2) = f(ud) = . ..="f(u2k-2) = 1 = f(u2k-1) =1+~
f(vl) = f(vk+2) = . .. =f(v2k) = -1,

For 1<i < 2k, f(ui) =1i;
For 1<i <2k, f(vi) = —i;
Number of edges with label 1 =4 + (k- 2)6 + 4+ &k — 1)3 = 9k — 3.

Case 2nis odd.

Letn=2k + 1, (k= 0, KE2Z). If k=0, then §U1,1) is P4 which is trivially group {1,-1,
i,—i} cordial. Suppose k 1. Each vertex label should appear2k + 1 timeg €ige label

should appear 9k + 2 times and another should a®Bega 1 times. Define a labeling f of
S'(Un,n) as follows.
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f(ul) = f(u3) =...="f(u2k-3) = 1; f(un) = 1,

f(v2) = f(v3) =. .. =f(vk+1) = f(vk+3) = 1;

f(u2) = f(ud) =. .. =f(u2k-2) = 1 = f(u2k-1) fu2k) = -1;
f(vl) = f(vk+2) = . .. = f(v2k) = f(v2k+1) = -1;

For 1<i<2k+ 1, f(di) =1i;

For 1<i<2k+ 1, f(vi) = —i;

Number of edges with label 1 =4 + (k-2)6 +4+ & - 1)3 + 4 =9k + 1.
Table 3.4 shows that f is a group {1,-1, i,—i} cmidabeling of JUn,n) .

n viQ) | v | ovi() Vi () & (0) & (1)
2k, k>1, k 2k 2k 2k 2k 9k-3 9%-3
2k+f,zk 2k+1 2k+1 2k+1 2k+1 9k+2 9k+1
>0,keZ
Table 3.4:

Theorem 3.15.The splitting graph of the Book'(8n) is group {1,-1, i,—i}cordial for
every n.

Proof. Let u and v be the center vertices of the two Klamd ui, vi(1< i <n) be the
pendent vertices adjacent to u, v respectively. Wetv, ui, vi(l <i < n) be the
corresponding vertices of(8n). Number of vertices in'@n)is 4n + 4 and number of
edges is 9n + 3.

Case 1nis even.

Let n = 2k, (k> 1, k € Z). Each vertex label should appear 2k+1 times €dge label
should appear 9k + 1 times and another edge l&oelld appear 9k + 2 times. Define a
labeling f of IBn) as follows:

f(u) = 1; For 1< i <Kk, f(ui) = 1;

For k + 1<i < 2k, f(vi) = 1;

f(v) = -1; For k + 1< i < 2k, f(ui) = -1;

For 1<i <Kk, f(vi) = -1,

f(u’) =i; For 1<i <2k, f(ui) =1i;

f(v’) = —i; For 1<i < 2k, f(vi) = —i;

Number of edges with label 1 = 2(2k + 1) + 3k +=28k + 2.

Case 2.n is odd.

Let n =2k + 1, (k 0, k €Z). Each vertex label should appear 2k + 2timesheedge
label should appear 9k + 6 times. Define a labdliogS(Bn) as follows.

f(u) = 1; For I<i <Kk, f(ui) = L;For k + I<i <2k + 1, f(Vi) = 1;

f(v) = -1; For k + I<i <2k + 1, f(ui) = -1;For i <Kk, f(vi) = -1,

f(u) =i; For 1<i <2k + 1, f(di) = i;f(v") = —i; For 1<i <2k + 1, f(vi) = —i;

Number of edges with label 1 = 2(2k +1+1)+3k +2(@R = 9k +6. Table 3.5 shows that f
is a group {1,-1, i,—i} cordial labeling of'@n).
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n Vi@ | ovi(-1) | v vt (-) & (0) & (1)
2k, k>1, k 2k 2k 2k 2k 9k-3 9k-3
ez
2k+1, k 2k+1 2k+1 2k+1 2k+1 9k+2 9k+1
>0,kez
Table 3.5:
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