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Abstract. This paper is multifold in structure. At first, we further study closure continuity 
of maps, a concept which was introduced in [2]. In specific, it is shown that restrictions 
of such maps to subspaces maintain closure continuity, but not conversely. Then, strongly 
open set topologies are defined. We found that, in general, this gives a weaker topology 
but not in regular spaces where, the topologies turn out to be the same. It is also evident 
that many traditional theorems hold for closure continuous maps acting on or into Uryson 
Spaces. Just to mention, we prove that if YXgf →:,   are closure continuous functions 

and Y is a Uryson Space, then:( )i  the set ( ) ( ){ }xgxfXx =∈ :  is strongly closed in X , 

( )ii   The graph ( )( ){ }XxxfxG f ∈= :,  of f is a strongly closed set in YX × . We also 

prove that , When the spaceX is Uryson, and YXf →:   is closure continuous, then the 

set  ( ){ }xxfXxE =∈= :  of all fixed points under f is strongly closed in X . Finally, 

we  show that equivalent are: ( )i X is a Uryson space ( )ii  Weak limits of filters in 

X ,when exist are unique ( )iii  Weak limits of nets in X ,when exist are unique.( )νi The 

diagonal ( ){ }XxxxX ∈=∆ :, is a strongly closed set in the product  space XX × .   

Keywords: Closure Continuous Map, strongly open set. 
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1. Introduction 
If one deals only with first countable spaces, it is possible to describe all topological 
occurrences in terms of sequences, instead of open sets or neighborhoods. For 

example, Sx ∈  if and only if every neighborhood of x  meets S , and ( in first countable 

spaces) if and only if S  contains a sequence which converges to x  . In general, however, 
such descriptions are impossible. For an example, we can take any set S whose 
complement is countable in an uncountable co-countable space X , where any point in 

SX \  will serve for x . 
There is a sense in which these theories (of nets and filters ) are equivalent. Each 

is adequate for topology in the same sense that sequences are not [1]. 
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In [2], the authors were able to show that in regular spaces, weak convergence of 
filters is equivalent to their ordinary convergence, and in [3] the same thing was done for 
nets. Also in [3], equivalent characterizations of closure points and weak closure points 
of open sets were given in terms of weak convergence of both nets and filters. In here, we 
will mainly use the results of [2] and [3] as our main tools to get  our results.  

Remains to mention that the concept of closure continuous maps will be a major 
playing figure in this article, and just to facilitate reading, we through in a few terms and 
notes. 

A function YXf →: is said to be closure continuous at Xx ∈° if for every 

neighborhood V of ( )
�

xf  there is a neighborhood U of 
�

x with ( ) VUf ⊆ . If this 

condition is satisfied at each point of X  then f is called closure continuous on X [4]. It is 
not hard to show that continuous functions are closure continuous, but not conversely [2]. 

Finally, a space X is called a Uryson space if whenever ,21 Xinxx ≠ there are 

open sets U and V in X containing 1x and 2x , respectively, such that φ=VU ∩  [5]. In 
the end, we would like to draw the reader's attention that in the present time, most people 
tend to embed their applications in generalized settings. The reason for that tendency 
could be due to the  deep  specifications and tight tracks of applications. For this we refer 
interested readers to compare with  [6,7]. In specific, and for the general setting of Rough 
Set Theory, One may consult [8] .  

In section (1), we give two expected theorems on closure continuous maps. In 
section (2) we introduce and characterize strongly open( and strongly closed) sets, 
whereas in section (3), we implant all this in Uryson space. In section (4), fixed point 
theory is slightly touched in Uryson spaces, One may want to compare [10]. In specific, 
the set of all fixed points in  Uryson space under a closure continuous map is proved to be 
strongly closed. The conclusion of our article will be a characterizations of Uryson 
spaces. 
   
2. Theorems on closure continuous maps 
The proofs of the theorems of this section are straight forward. We begin with :  
 
Theorem 2.1. If YXf →:  and  ZYg →: are closure continuous, then so is the 

composition ZXfg →:�  . 

Proof: Let Xx ∈  and let V be a neighborhood of ( )( )xfg . By closure continuity of  g 

choose a neighborhood W of ( )xf  such that ( ) Vwg ⊆ . Since f is closure continuous, 

there is a neighborhood U of x  such that ( ) WUf ⊆ .  

Thus, ( ) ( ) VWgUfg ⊆⊆� .This proves that fg �  is closure continuous. 
 
     The next proposition usually gets mixed up with its (untrue) converse. 
 
 Proposition 2.2. If YXf →: is closure continuous and XA ⊆ , then  YAfA →: is 

closure continuous, where Af is the restriction of the function f to the set A . 
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Proof: Suppose f is closure continuous . Let Xx ∈  and let V be a neighborhood of 

( )xf  . Since f is closure continuous, choose neighborhood U of x  such that 

( ) VUf ⊆   . Now, UA∩  is neighborhood of x  in A and 

 AUAUA
A

∩∩∩ =  

               =  AUA ∩∩    

              U⊆ . 

  Therefore, Af ( )=
A

UA∩ ( ) ( ) ( ) VUfUAfUAf
A

⊆⊆= ∩∩ . 

  Thus, Af  is closure continuous. 
 
 As we pointed out earlier, the converse of the foregoing proposition is false. The 
following example shows why. 
 
Example 2.3. Take )( realstheYX ℜ== , )( numbersrationaltheQA = and for f , 
take the characteristic function of the rational numbers,  

                                          ( )
otherwise

Qxif
xQ

∈





=
0

1
χ     

Af is continuous on A ( hence is closure continuous ), being the constant function. But as 

a function on fR,  is not closure continuous anywhere on Q . To see this, let Qx ∈  be 

arbitrary, and let 






 <<∈=

2

3

2

1
: rRrV . Then, for any neighborhood U of x , 

( ) { }






 ≤≤∈=⊄=

2

3

2

1
:1,0 rRrVUf . 

 
3. Strongly open sets 
A set A  in a topological space X  is said to be strongly open in  X  if  for each Ax ∈  

there is a neighborhood U of x  such that AU ⊆ . It is clear that strongly open sets are 
open but not conversely. For instance, proper open sets in infinite cofinite spaces cannot 
be strongly open.  
      A set B  in a topological space X  is said to be strongly closed in  X  if its 
complement is strongly open in  X . We characterize strongly open sets as follows: 
 
 Proposition  3.1.  A set A  in a topological space X  is strongly open in  X  if  and only 
if  ℑ∈A   for every filter ℑ in X   which converges weakly to Ax ∈ . 
Proof : Suppose A is strongly open in X  and that ℑ is a filter in X such that 

       xw→ℑ , with Ax ∈ . Since A is strongly open, there is a neighborhood U of x  

such that AU ⊆ . This means that xU   ( the system of closures of neighborhoods of x ) 

contains A as an element. Since ℑ∈≥ℑ AU x ,  . 
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 Conversely, suppose A is not strongly open in X . Then there is an Ax ∈   such that, for 

every neighborhood U of x , AU ⊄ . This implies that xUA∉ . But xU  xw→  . 

Thus, take xU   for ℑ . 

 
  Corollary  3.2.  A set A  in a topological space X  is strongly open in  X  if  and only 
if whenever ( )λx  is a net in A  which converges weakly to Ax ∈ ,  then Ax ∈λ  

eventually. 
Proof: Suppose A is strongly open in X . Let Ax ∈  and suppose that( )λx  is a net in A   

which converges weakly to x . Then, for any neighborhood U of x , Ux ∈λ  eventually. 

Since A is strongly open, AU ⊆ , and so Ax ∈λ  eventually. 

          Conversely, Suppose that, whenever ( )λx  is a net inA which converges weakly 

to Ax ∈ ,  then Ax ∈λ  eventually. Now let Ax ∈  and suppose that ℑ is a filter in A  

which converges weakly to x . Let ( )λx  be the net in A   generated by ℑ . By 

[3], xx w→λ .  

This implies that Ax ∈λ eventually. Therefore, ℑ∈A . By proposition (3.1), A is 

strongly open. 
            Just as anticipated, the collection of all strongly open sets makes up a coarser 
topology than the original one. Details will be next. 
 
Theorem 3.3 : Let ),( TX be a topological space, and let ST  be the set of all strongly 

open sets in X . Then ST  is a topology on X and TTS ⊆ . 

Proof:  Clearly, STX ∈,φ . 

          Let { }Γ∈γγ :A  be a collection of members of ST   ,  and let ,∪
Γ∈

∈
γ

γAx then 

βAx ∈  for some Γ∈β . Since βA is strongly open, there is a neighborhood U of x  

such that ⊆⊆ βAU ∪
Γ∈λ

γA  . Hence, STA ∈
Γ∈
∪
λ

γ .  

Finally, Let STBA ∈, , and let BAx ∩∈  be arbitrary. By strong openness assumption 

of BA,  , choose neighborhoods U  and V of x  such that  AU ⊆  and  BV ⊆ . 

Now, VU ∩ is a neighborhood of x . But then BAVUVU ∩∩∩ ⊆⊆ . Thus, 

STBA ∈∩ . The fact that TTS ⊆ is obvious, clearly because −ST  neighborhoods of any 

point in a set are  −T  neighborhoods of it. 
 
 Corollary 3.4.  Let ),( TX be a regular topological space, then TTs = . 

Proof: In regular spaces, the set of all closed  neighborhoods of any point x  makes up a 
local base at x  [1] . Thus, any neighborhood of x contains a closed neighborhood of x . 
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Therefore, members of T are necessarily members of ST . Hence, invoking theorem (3.3), 

we have TTs = . 

 Since discrete spaces are regular, Corollary (3.4) implies that : 
 
 Corollary 3.5. If ),( TX is discrete. Then, TTs = . 

    We close this section with the concept of  strongly closed sets. 
A set E is called strongly closed in a topological space X  if the complement 

)( EXE c −=  of E is strongly open in X . Of course, strongly closed sets are closed, but 

not conversely. Take, for example, { } { }{ }aXTcbaX ,,,,, φ==  . Let { }cbE ,= . Now,  

{ }aEc =  and so, { } { }aXaEc ⊄== . 
     The next section will be devoted to fixed point theory of  closure continuous functions 
on  Uryson spaces. 
    
4.  Closure continuous functions on and into uryson spaces 
Fixed point theory has always been a major field of research. Even when mathematicians 
went through new trends of generalizations, they were aware of fixed points. Thousands 
and thousands of articles can be recovered on fixed point theory, and so, just to mention, 
One can see [9]. We begin with a couple of results on strongly closed sets in connection 
with closure continuous functions. 
 
 Theorem 4.1. Let YXf →: be closure continuous. Then )(1 Ef −  is a strongly closed 

set in X whenever E  is strongly closed in Y . 
Proof: Let E  be a strongly closed set in Y . We will show that the complement 

( ) )()( 11 cc EfEf −− =  is strongly open. 

    Let )(1 cEfx −∈  be arbitrary. So cExf ∈)( . Since E is strongly closed, cE is 

strongly open, hence there is a neighborhood ( )xfofV  such that cEV ⊆ , and since 

f is closure continuous at x  there is a neighborhood xofU  such that ( ) VUf ⊆ .  

      Clearly, ( )( )c
EfU 1−⊆  and so ( )Ef 1−  is strongly closed in X . 

 
 Theorem 4.2. Let X be a Uryson space. Then the diagonal ( ){ }XxxxX ∈=∆ :,  is a 

strongly closed set in the product space XX × . 

Proof: Let X be a Uryson space and let ( ) cyx ∆∈, be arbitrary (So yx ≠ ). Pick 

neighborhoods xofU  and  yofV  such that φ=VU ∩ . Now, VU × is a 

neighborhood of ),( yx . We claim that ( )c
XVU ∆⊆× . To this end, let ( ) VUzz ×∈21,  

be arbitrary. Since   VzandUzVUVU ∈∈×=× 21, . But  φ=VU ∩ , thus 21 zz ≠  

which implies that ( )c
XVU ∆⊆× . therefore, X∆  is strongly closed in XX × . 
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     However, The result of the foregoing theorem becomes a little different if we 
consider the diagonal X∆  in ( ) ( )21 ,, TXTX ×  for arbitrary topologies  1T  and 2T  being 

defined on X  . In specific, we get : 
 
 Theorem 4.3. Let  1T  and 2T  be two topologies defined on a set X such that the space 

( )21, TTX ∩  is Uryson. Then the diagonal ( ){ }XxxxX ∈=∆ :, is a strongly closed set 

in the product space ( ) ( )21 ,, TXTX × . 

Proof: Let( ) cyx ∆∈, be arbitrary (So yx ≠ ).  Since ( )21, TTX ∩  is Uryson, there are  

neighborhoods xofU  and  yofV in ( )21, TTX ∩  such that:   φ=2121 TTTT
VU

∩∩

∩ . 

Note that  VU × is a neighborhood of ),( yx in ( ) ( )21 ,, TXTX ×  since 1TU ∈  

and 2TV ∈ . Now, we show that ( )c
X

TT
VUVU ∆⊆×=× 21

. 

For this, let ( ) 21

21,
TT

VUVUzz ×=×∈ be arbitrary. (So, 
21

21 ,
TT

VzUz ∈∈ ). 
Since 

211 TTT
UU

∩

⊆  and  
212 TTT

VV
∩

⊆   ( by [1]), 
21

1

TT
Uz

∩

∈  and  
21

2

TT
Vz

∩

∈ . 

Since   φ=2121 TTTT
VU

∩∩

∩ , 21 zz ≠ . Therefore, ( ) Xzz ∆∉21, , hence X∆ is strongly 

closed in ( ) ( )21 ,, TXTX × . 
 
    For the next proposition, we need  the following : 
 
 Lemma 4.4. Let YXgf →:, be closure continuous maps. Then, the function 

YYXh ×→: defined by ( ) ( ) ( )( )xgxfxh ,=  is closure continuous. 

Proof: Let Xx ∈  and let W be a neighborhood of ( ) ( )( ) YYinygxf ×, . This means 

that 21 VVW ×=  where 1V  is a neighborhood of( )xf and 2V  is a neighborhood of ( )xg . 

Since f and g are closure continuous there are neighborhoods 21 UandU of x  such 

that ( ) 11 VUf ⊆   and ( ) 22 VUg ⊆   . Of course, then ( ) ( ) 212121 VVVVUgUf ×=×⊆× . 

Now, 21 UU ∩ is a neighborhood ofx and 2121 UUUU ∩∩ =  , hence, we have : 

( ) ( ) ( ) WVVUgUfUUh =×⊆×⊆ 212121∩ . Therefore h is closure continuous. 
 
 Theorem  4.5. Let YXgf →:, be closure continuous maps where Y is a Uryson space 

. Then the set ( ) ( ){ }xgxfXxE =∈= :  is strongly closed in X . 

Proof: By lemma (4.4), the function YYXh ×→: defined by ( ) ( ) ( )( )xgxfxh ,=  is 

closure continuous. Since Y is a Uryson space, the diagonal ( ){ }YyyyY ∈=∆ :, is a 

strongly closed set in the product space YY ×  [Theorem 4.3]. Now, by invoking 

Theorem (4.1)  we get that ( )YhE ∆= −1  is strongly closed. 
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     The foregoing theorem enables us to draw the following anticipated result for closure 
continuous maps when the image space is Uryson. However, the continuity of functions 
onto a Hausdorff space is known to maintain the density of the set E  of theorem (4.5), 
[1]. So, we somehow get a similar result here. 
 
 Corollary 4.6. Let YXgf →:, be closure continuous maps where Y is a Uryson 

space.  Suppose that the set ( ) ( ){ }xgxfXxE =∈= :  is dense in X . Then gf = . 

Proof: By theorem (4.5), the set E is strongly closed in X  hence is the whole space X . 
 
Theorem  4.7. Let YXf →: be a closure continuous map where Y is a Uryson space. 

Then the graph ( )( ){ }XxxfxG f ∈= :,  of f is a strongly closed set in YX × . 

Proof: Let ( ) f
c

f GYXGyx −×=∈11,   . So ( ) 11 yxf ≠   . Since  Y is a Uryson space, 

pick a neighborhood V  of  ( )1xf  and a neighborhood W  of  1y  such that φ=WV ∩ . 

Since f is closure continuous, choose a neighborhood U  of  1x  such that ( ) VUf ⊆ . 

Thus, WU × is a neighborhood of ( )11, yx  in YX × . 

 To show that 
c

fGWU ⊆× , let ( ) WUzz ×∈21, ( )WU ×= , so 

WzandUz ∈∈ 21 . Thus, ( ) Vzf ∈1 . But ( ) 21 zzf ≠  , so ( ) c
fGzz ∈21, . Therefore, 

WU × is a neighborhood of ( )11, yx c
fG∈ such that 

c
fGWU ⊆× . Thus, 

c
fG is 

strongly open which implies that fG is strongly closed. 

 
 Theorem  4.8. Let YXf →: be a closure continuous map where Y is a Uryson space.  

Then the set ( ) ( ) ( ){ }2121 :, xfxfXXxxE =×∈=   is strongly closed in XX × . 

Proof: Let ( ) ( )( )EXXEzz c −×=∈21, , so ( ) ( )21 zfzf ≠ . Since Y is a Uryson space, 

choose a neighborhood 1V  of  1z  and a neighborhood 2V  of  2z  such that φ=21 VV ∩ . 

Since f is closure continuous, pick a neighborhood 1U  of  1z  and a neighborhood 2U  of  

2z  such that ( ) 11 VUf ⊆  and  ( ) 22 VUf ⊆ . 

  Now, 21 UU × is a neighborhood of ( ) XXinzz ×21, . We will be done if we  show that 
cEUU ⊆× 21 . For this, ( ) ( )2121, UUUUxx ∩=×∈∗  be arbitrary. It follows that 

21 UxandUx ∈∈ ∗ . But then ( ) ( ) 21 VxfandVxf ∈∈ ∗  which implies that 

( ) ( )∗≠ xfxf . Hence, ( ) cExx ∈∗, and the proof is complete. 
         We close this section with a proposition on fixed point theory. 
 
 Theorem  4.9. Let X  be a Uryson space and let XXf →: be a closure continuous 

map. Then the set ( ){ }xxfXxE =∈= :  of all fixed points under f is strongly closed 

in X . 
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Proof: First we note that the identity function XXi →: is closure continuous. Now by 
lemma (4.4), the function XXXh ×→:  defined as ( ) ( ) ( )( ) ( )( )xxfxixfxh ,, ==  is 

closure continuous. By theorem (4.2), the diagonal X∆ is a closed set in XX × , and so 

by theorem (4.1), the set ( ) ( ){ }xxfXxEh X =∈==∆− :1 is strongly closed in X . 
 
5.  Uryson spaces characterized 
We give the following major characterization of Uryson spaces, but first, we need the 
following lemma. 
 
 Lemma 5.1. Let 1ℑ  and 2ℑ be two filters in a topological space X . Then, 1ℑ  and 2ℑ  

converge weakly to respectively, x  and y if and only if ( )yxw ,21 →ℑ×ℑ  in XX × . 

Proof: Suppose first, that xw→ℑ1  and yw→ℑ2  and let yx UUV ×= be the 

neighborhood filter of ( )yx,  in XX ×  (  xU and yU are the neighborhood filters of 

x and y , respectively). Now, since xw→ℑ1  and yw→ℑ2 , we have: xU≥ℑ1  

and yU≥ℑ2 . Thus, yx UU ×≥ℑ×ℑ 21 . 

  Let ( ) VV yx ∈, , say ( ) 21, UUV yx ×=  where xUU ∈1  and yUU ∈2 . So, 

( ) 2121, UUUUV yx ×=×= . Hence, yx UUV ×=≥ℑ×ℑ 22 , thus ( )yxw ,22 →ℑ×ℑ . 

  Conversely, suppose that ( )yxw ,22 →ℑ×ℑ . Since the projection mapps 1π and 2π  

defined on XX × as ( ) xyx =,1π and  ( ) yyx =,2π  are closure continuous, being 

continuous,  ( ) xw→ℑ×ℑ=ℑ 2111 π  and ( ) yw→ℑ×ℑ=ℑ 2122 π . 
 Now, we give our main characterization . 
 
 Theorem 5.2. For a space X  , the following are equivalent: 
         ( )i  X is a Uryson space. 

         ( )ii  The diagonal ( ){ }XxxxX ∈=∆ :, is a strongly a closed set in the product 

                   space XX × . 
         ( )iii   Weak limits of filters in X when exist are unique. 

         ( )νi   Weak limits of nets in X when exist are unique. 

Proof: ( ) ( )iii ⇒  : This is theorem(4.2). 

            ( ) ( )iiiii ⇒  : Suppose that The diagonal ( ){ }XxxxX ∈=∆ :, is a strongly closed 

set in the product space XX ×  and let ℑ be a filter in X which converges to x and to 

y  with yx ≠ . Then, by lemma (5.1), ( )yxw ,→ℑ×ℑ  in XX × , with ( ) c
Xyx ∆∈, . 

By Proposition(3.1), ℑ×ℑ∈∆ c
X . Therefore, there is ℑ∈F such that  

c
XFF ∆⊆× . Now, let Fz ∈ , then ( ) c

Xzz ∆∈, , which is a contradiction. 

            ( ) ( )νiiii ⇔  : This follows from theorem (2.2) of [3]. 
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            ( ) ( )iiii ⇒  : Suppose that Weak limits of filters in X when exist are unique, but 

X is not a Uryson space. Pick Xyx ∈, with yx ≠ so that for all neighborhoods U  of 

x  and V of y , we have φ≠VU ∩ . Let xU  and yV  be the neighborhood filters of 

x and y , respectively. Clearly, xU w
x →  and yV w

y → . Let yx VU ∨  be the filter 

generated by the collection { }yx VVUUVU ∈∈ ,:∩  . 

  Since ,xyx UVU ≥∨ xVU w
yx →∨ . and since ,yyx VVU ≥∨ yVU w

yx →∨  . 

But by the uniqueness assumption of weak limits of filters, yx = . This, of course 
contradicts our supposition that yx ≠ . 
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