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Abstract. This paper is multifold in structure. At first, viierther study closure continuity
of maps, a concept which was introduced in [2]specific, it is shown that restrictions
of such maps to subspaces maintain closure cotytjruit not conversely. Then, strongly
open set topologies are defined. We found thageimeral, this gives a weaker topology
but not in regular spaces where, the topologias out to be the same. It is also evident
that many traditional theorems hold for closurettmous maps acting on or into Uryson
Spaces. Just to mention, we prove that jfy: X - Y are closure continuous functions

andY is a Uryson Space, the(h) the set{xD X f (x) = g(x)} is strongly closed inX ,
(i) The graphG, ={(x, f(x)): xO X} of fis a strongly closed set iX xY . We also
prove that , When the spa¥es Uryson, andf : X - Y is closure continuous, then the
set E={x0X: f(x)=x} of all fixed points underf is strongly closed irX . Finally,
we show that equivalent aré':) Xis a Uryson spacéi) Weak limits of filters in
X ,when exist are uniquéiii) Weak limits of nets inX ,when exist are uniqu@.v)The
diagonalA :{(x, X): x X} is a strongly closed set in the product spce X .
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1. Introduction
If one deals only with first countable spaces,sitpbssible to describe all topological
occurrences in terms of sequences, instead of mds or neighborhoods. For

examplexD§ if and only if every neighborhood of meetsS, and ( in first countable

spaces) if and only i6 contains a sequence which convergex toln general, however,
such descriptions are impossible. For an example, can take any seb whose
complement is countable in an uncountable co-chmtspaceX , where any point in
X\'S will serve for x.

There is a sense in which these theories (of metdikkers ) are equivalent. Each
is adequate for topology in the same sense thaesegs are not [1].



A.A. Hakawatiand M. Abu-Eideh

In [2], the authors were able to show that in ragspaces, weak convergence of
filters is equivalent to their ordinary convergenard in [3] the same thing was done for
nets. Also in [3], equivalent characterizationsclafsure points and weak closure points
of open sets were given in terms of weak convergenboth nets and filters. In here, we
will mainly use the results of [2] and [3] as ouaimtools to get our results.

Remains to mention that the concept of closureicootis maps will be a major
playing figure in this article, and just to faclie reading, we through in a few terms and
notes.

A function f : X - Yis said to be closure continuous »atl] X if for every

neighborhoodV of f(xo) there is a neighborhood of X with f(U)DV. If this

condition is satisfied at each point &f then f is called closure continuous on X [4]slt i
not hard to show that continuous functions areuw®sontinuous, but not conversely [2].

Finally, a space X is called a Uryson space if vevenx, # X,in X, there are

open sets U and V in X containingand X,, respectively, such thad ﬂ\7 =@|[5] In

the end, we would like to draw the reader's atbertinat in the present time, most people
tend to embed their applications in generalizedirggst The reason for that tendency
could be due to the deep specifications and tigleks of applications. For this we refer
interested readers to compare with [6,7]. In dpecnd for the general setting of Rough
Set Theory, One may consult [8] .

In section (1), we give two expected theorems @suzle continuous maps. In
section (2) we introduce and characterize strorgpgn( and strongly closed) sets,
whereas in section (3), we implant all this in Wnysspace. In section (4), fixed point
theory is slightly touched in Uryson spaces, Ong mant to compare [10]. In specific,
the set of all fixed points in Uryson space uralefosure continuous map is proved to be
strongly closed. The conclusion of our article Wik a characterizations of Uryson
spaces.

2. Theorems on closur e continuous maps
The proofs of the theorems of this section arégitdorward. We begin with :

Theorem 21. If f:X - Y and g:Y - Z are closure continuous, then so is the
compositiongoe f: X - Z .

Proof: Let X1 X and letV be a neighborhood aj](f (x)) By closure continuity of g
choose a neighborhodd of f(x) such thatg(v_v)D\7. Since f is closure continuous,
there is a neighborhodd of x such thatf (U) OW.

Thus, g o f(U)D g(W) OV .This proves thatyo f is closure continuous.

The next proposition usually gets mixed upwitis (untrue) converse.

Proposition 2.2. If f:X - Yis closure continuous and ] X, then f,: A - Yis
closure continuous, wher#, is the restriction of the functiori to the setA.
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Proof: Supposef is closure continuous . Let[] X and letV be a neighborhood of
f(x) . Since f is closure continuous, choose neighborhdddof X such that
f(U)DV . Now, ANU is neighborhood ok in Aand
ANU" =ANUNA

=ANUNA

Ou.

[ A [ A — A —

Therefore, f, |ANU ): flANuU ):f(AﬂU)D f(u)Dv.
Thus, f, is closure continuous.

As we pointed out earlier, the converse of theedoing proposition is false. The
following example shows why.

Example 2.3. TakeX =Y =0 (thereals), A= Q (therational numbers) and for f ,
take the characteristic function of the rationanivers,

1 if xOQ
XQ(X)_{O otherwise

f,is continuous onA ( hence is closure continuous ), being the constamttion. But as
a function onR, f is not closure continuous anywhere @n To see this, lek[1Q be

arbitrary, and IetV:{rDR:%<r <g} Then, for any neighborhood of X,

3. Strongly open sets
A set A in a topological spac&X is said to be strongly open iX if for eachx[1A

there is a neighborhodd of X such thatJ [1 A. It is clear that strongly open sets are
open but not conversely. For instance, proper et in infinite cofinite spaces cannot
be strongly open.

A setB in a topological spaceX is said to be strongly closed inX if its
complement is strongly open iiXX . We characterize strongly open sets as follows:

Proposition 3.1. A set A in a topological spacX is strongly open inX if and only
if AOO for every filterJin X which converges weakly ta[1A.
Proof : SupposeAis strongly open inX and thatllis a filter in X such that

OO - x, with x( A. Since Ais strongly open, there is a neighborhddaf x
such thatJ [ A. This means thdt), ( the system of closures of neighborhood df

containsA as an element. Sinde = U_x AODO .
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Conversely, supposAis not strongly open ifX . Then there is axx[J A such that, for
every neighborhoot of x, U O A. This implies thatAQU . ButU, [TV x .

Thus, takeU_x for OJ.

Corallary 3.2. A setA in a topological spac&X is strongly open inX if and only
if whenever(xA) is a net inA which converges weakly 1A, thenx, A
eventually.

Proof: SupposeAis strongly open inX . Let X[ A and suppose thép(A) is a net inA

which converges weakly t&. Then, for any neighborhodd of X, X, Ou eventually.

Since Ais strongly openLT U A, and sox, L1 A eventually.

Conversely, Suppose that, whene(vqb is a net imMAwhich converges weakly
toxU A, thenx, JA eventually. Now letx[] A and suppose thaflis a filter in A
which converges weakly t& . Let (XA) be the netinA generated byl. By
[3], x, (V> x.

This implies thatx, L] A eventually. Therefore AL . By proposition (3.1),A is

strongly open.
Just as anticipated, the collectiomalbfstrongly open sets makes up a coarser
topology than the original one. Details will be hex

Theorem 3.3 : Let (X,T) be a topological space, and Tet be the set of all strongly
open sets inX . ThenTy is a topology onX and T4 U T .
Proof: Clearly, ¢, X UTg.
Let{,%:yD F} be a collection of members @ , and IetxDU& , then
yar

XU A, for someB 0TI . Since A;is strongly open, there is a neighborhdddf X

suchthall O A, O | JA, . Hence,| JA, OTs.

AOC A0
Finally, Let A BOT,, and letx[] A1 B be arbitrary. By strong openness assumption

of A,B , choose neighborhoodl$ andV of x such thatU O A and V O B.

Now, UV is a neighborhood of . But thenU NV OUNV O ANB . Thus,
ANBOT;. The fact thaflg O T is obvious, clearly becausg — neighborhoods of any
point in a set arel — neighborhoods of it.

Corollary 34. Let (X,T) be a regular topological space, thEr=T .

Proof: In regular spaces, the set of all closed neighiomith of any pointx makes up a
local base ak [1] . Thus, any neighborhood ofcontains a closed neighborhoodof
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Therefore, members df are necessarily members Bf. Hence, invoking theorem (3.3),
we haveT, =T .
Since discrete spaces are regular, Corollary ({Gg)ies that :

Corollary 35.If (X,T) is discrete. Then], =T .

We close this section with the concept of rajip closed sets.
A set Eis called strongly closed in a topological spaXeif the complement

E°(= X —E) of Eis strongly open inX . Of course, strongly closed sets are closed, but
not conversely. Take, for exampl¥, ={a,b,c}, T ={X,¢@{a}} . Let E={b,c}. Now,
E° ={a} and so,E° ={a} = x O{a}.

The next section will be devoted to fixed pgdireory of closure continuous functions
on Uryson spaces.

4. Closure continuous functions on and into uryson spaces

Fixed point theory has always been a major fieldestarch. Even when mathematicians
went through new trends of generalizations, theyeveavare of fixed points. Thousands

and thousands of articles can be recovered on fieéd theory, and so, just to mention,

One can see [9]. We begin with a couple of resuitstrongly closed sets in connection
with closure continuous functions.

Theorem 4.1. Let f : X — Y be closure continuous. Theh*(E) is a strongly closed
set in X wheneverE is strongly closed irY .
Proof: Let E be a strongly closed set Y. We will show that the complement

(f '1(E))°: f (E®) is strongly open.

Let xO f *(E®) be arbitrary. Sof (x) JE°. SinceEis strongly closedE°is
strongly open, hence there is a neighborhdodf f(x) such thatv O E°, and since
f is closure continuous at there is a neighborhodd of x such thatf (U) Ov.

Clearly,U [ (f '1(E))C and sof (E) is strongly closed irX .

Theorem 4.2. Let X be a Uryson space. Then the diagahal ={(x, x): xO X} is a
strongly closed set in the product spaex X .
Proof: Let X be a Uryson space and Iét, y)DAC be arbitrary (Sox #y). Pick

neighborhoodsU of x and V of y such thatU NV = @ . Now, UXV is a
neighborhood ofx, y) . We claim thatJ xV [J (AX )c. To this end, Ie(zl,zz)Dm
be arbitrary. SinceU xV =U xV, Z 0U and z, OV.But UNV =g, thusz # z,
which implies thatJ xV O (Ax )C. therefore,A, is strongly closed inX x X .
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However, The result of the foregoing theoreeedmes a little different if we
consider the diagonah, in (X,Tl)X(X,TZ) for arbitrary topologiesT, andT, being
defined onX . In specific, we get :

Theorem 4.3. Let T, andT, be two topologies defined on a S€tsuch that the space
(X,TlﬂTz) is Uryson. Then the diagonal, :{(x, x): x4 X}is a strongly closed set
in the product spac(9X,Tl)><(X,T2).

Proof: Let(x, y) O Abe arbitrary (Sax # y). Since(X,T,NT,) is Uryson, there are

neighborhoodd) of x and V of yin (X,T,NT,) such that: U R eIV
Note that U xV is a neighborhood ofx, y)in (X,T,)x(X,T,) sinceU OT,
andV OT,. Now, we show thad xV =U " xV "~ 0 (A, ).

For this, let(z, z,)0U xV =U * xV ” be arbitrary. (Soz, O0U *, 2,0V *).

Since
AP TNT, TNT, T1mT2
U gu andV OV (‘by [1]), leU and z,JV
since U™ V™" =, 7, # z,. Therefore (z,,2,)0A, , henceA, is strongly

closed m(X,Tl)X(X,TZ).
For the next proposition, we need the follagvin

Lemmad4.4. Letf,g: X - Y be closure continuous maps. Then, the function

h: X - Y xY defined byh(x) = (f (x), g(x)) is closure continuous.

Proof: Let x[J X and letW be a neighborhood dff (x),g(y))in Y xY . This means
that W =V, xV, whereV, is a neighborhood df(x) andV, is a neighborhood og(x).
Since f and g are closure continuous there are neighborhdddand U, of x such
that f(0,) 0V, andg(U,)0V, . Of course, therf (U, )x g(U,) OV, xV, =V, xV, .
Now, U, NU, is a neighborhood ofandU, NU, =U,NU, , hence, we have :

h(U1 ﬂUz) O f (U_l)x g(U_z) OV, xV, =W . Thereforehis closure continuous.

Theorem 4.5. Letf,g: X - Y be closure continuous maps whéfés a Uryson space
. Then the seE ={XD X:f (x) = g(x)} is strongly closed inX .

Proof: By lemma (4.4), the functioh: X — Y xY defined byh(x) = (f (x), g(x)) is
closure continuous. Sincéis a Uryson space, the diagors) :{(y, y): yDY} is a
strongly closed set in the product spateY [Theorem 4.3]. Now, by invoking
Theorem (4.1) we get thdf = h'l(AY) is strongly closed.
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The foregoing theorem enables us to drawdhevfing anticipated result for closure
continuous maps when the image space is Urysonekienyvthe continuity of functions
onto a Hausdorff space is known to maintain thesitheof the setE of theorem (4.5),
[1]. So, we somehow get a similar result here.

Corollary 4.6. Let f,g: X - Y be closure continuous maps whéfés a Uryson

space. Suppose that the &t {x 0 X : f (x)= g(x)} is dense inX . Then f =g.
Proof: By theorem (4.5), the sdf is strongly closed inX hence is the whole space.

Theorem 4.7. Letf : X - Y be a closure continuous map whéfés a Uryson space.
Then the graptG, ={(x, f (x)): xO X} of f is a strongly closed set iX xY .

Proof: Let ()(1,y1)DGfC =XxY-G; . So f(xl);t y, . Since Yis a Uryson space,
pick a neighborhood of f(xl) and a neighborhood/ of y, such tha/ NW = @.

Since f is closure continuous, choose a neighborhdoaf X, such thatf (U) av.
Thus,U xW is a neighborhood o(fxl, yl) in XxY.

To show that) xW 0 G,°, let (z,2,) 0U xW (:UXV_V), so
z,0Uand z, OW . Thus, f(z)OV . But f(z)# z, , so(z,2,)0G,°. Therefore,
U xW is a neighborhood dfx,, y;) G, such that) xW 0 G, . Thus, G, ®is
strongly open which implies th&, is strongly closed.

Theorem 4.8. Let f : X - Y be a closure continuous map whéfé a Uryson space.
Then the seE ={(x,,x,)OX x X : f(x)= f(x,)} is strongly closed inX x X .
Proof: Let (z,2,)0E(= (X x X —E)), so f(z)# f(z,). SinceY is a Uryson space,
choose a neighborhodd of z and a neighborhood, of z, such thal\7l 0\72 =g.
Since f is closure continuous, pick a neighborhddgd of z, and a neighborhood, of
z, such thatf (lTl)D\7l and f(U_z)D\T2

Now, U, XU, is a neighborhood 0621, 22) in X x X . We will be done if we show that
U,xU, OE°. For this,(x, XD)DW(:U_lﬂlJ_Z) be arbitrary. It follows that
xOU, and x°0U, . But then f (x) OV, and f(XD)D\T2 which implies that

f(x)# f(x0. Hence,(x, XD)D E°and the proof is complete.

We close this section with a propositionfized point theory.

Theorem 4.9. Let X be a Uryson space and lét: X - X be a closure continuous

map. Then the st :{XD X: f(x): x} of all fixed points underf is strongly closed
in X.
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Proof: First we note that the identity function X — X is closure continuous. Now by
lemma (4.4), the functiom: X — X x X defined ash(x) = (f (x),i(x)) = (f (x),x) is
closure continuous. By theorem (4.2), the diagdbglis a closed set irX x X, and so
by theorem (4.1), the séf*(A, ) = E ={x0 X : f(x) = x}is strongly closed irX .

5. Uryson spaces characterized

We give the following major characterization of Boy spaces, but first, we need the
following lemma.

Lemmab5.1. Let [, and [J, be two filters in a topological spacé . Then, ], and L],
converge weakly to respectively, and y if and only if O, x O, [T - (x, y) in XxX.
Proof: Suppose first, thaf], 1V~ x and [0, ('~ y and letV =U, xU _ be the
neighborhood filter oi(x, y) in XxX ( U,andU, are the neighborhood filters of

xand y , respectively). Now, sinc&l, (1Y~ x and 0, [TV y, we have:[J, 2U,
and [, ZU_y. Thus, U, x [, ZU_XXU_y.
LetV,,) UV, sayV,) =U,xU, whereU, U, andU, LU, . So,

V(xy) =U,xU, =U, xU, . Hence,[0, x [0, >V =U, xU, thus 00, x [, - (x,y).
Conversely, suppose that, x [, [TV - (X, y). Since the projection mappg and 7z,

defined onX x X as lg(x, y) = Xand ITZ(X, y) =y are closure continuous, being

continuous, 0, = 77,0, x 0, ) (¥ — x and 0, = 7z,(0, x 0, ) (L - ..

Now, we give our main characterization .

Theorem 5.2. For a spaceX , the following are equivalent:

(i) Xis a Uryson space.

(ii) The diagonalA, = {(x x): x X} is a strongly a closed set in the product

spacX x X .

(iii) Weak limits of filters inX when exist are unigue.
(i v) Weak limits of nets inX when exist are unique.
Proof: (i)= (i) : This is theorem(4.2).

(i) = (iii) : Suppose that The diagonal, ={(x,x): xO X}is a strongly closed

set in the product spacé x X and let[1be a filter in X which converges txand to
y with x # y. Then, by lemma (5.10x O - (x,y) in X x X, with (x,y)JA,°.
By Proposition(B.l)AXc U 0Ox . Therefore, there i [ such that

FxF OA,°. Now, letz[OF , then(z,z)0A,°, which is a contradiction.
(iii) = (iv) : This follows from theorem (2.2) of [3].
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(iii):> (l) : Suppose that Weak limits of filters I when exist are unique, but
Xis not a Uryson space. Piok y[] X with X # y so that for all neighborhoodd of

x andV of y, we haveU ﬂ\7 Z@. LetU, andVy be the neighborhood filters of
xand y , respectively. ClearlyJ, [TV~ x and\Ty V- y.LetU, D\Ty be the filter
generated by the coIIectic{l’U NV:U ou, ,Vv DVy} :

SinceU_XD\TyZU_X , U_XD\TYEETB X. and sinch_XD\7y2\7y , U_XD\7y M- y.

But by the uniqueness assumption of weak limititefrs, X = y . This, of course
contradicts our supposition thatz vy .
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