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Abstract. A graph G om vertices is said to have a neighborhood primeliladpéf there
exists a labeling from the vertices of G to thstfir natural numbers such that for each
vertex in G with degree greater than one, the mwidiood vertices have relatively prime
labels. Gaussian integers are the complex humbkosevreal and imaginary parts are
both integers. We extend the neighborhood primeliladp concept to Gaussian integers.
Using the order on the Gaussian integers, we shatwsbme classes of graphs and cycles
are Gaussian neighborhood prime graphs.
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1. Introduction

Graph labeling where the vertices are assignedesadubject to certain conditions have
many applications in Engineering and Science. drbeovery appropriate application in
real life problem is described in [10]. For allrteénology and notations in Graph theory,
we follow [1] and for all terminology regarding gifalabeling, we follow [2]. A graph on
n vertices is said to have a prime labeling ifviéstices can be labeled with the first n
natural numbers in such a way that any two adjagemices have relatively prime labels.
In [4], Steven Klee, Hunter Lehmann and Andrew Pexkend the notion of prime
labeling to Gaussian integers. They define a spirdéring on the Gaussian integers that
allow us to linearly order the Gaussian integetevén Klee proved that the path graph,
star graph, spider graph, n-centipede tree, dostisletree and firecracker tree admits
Gaussian prime labeling. Labeling of (n,2) centgptée was discussed in [7].

A graph G on n vertices is said tweha neighborhood prime labeling [3] if
there exists a labeling from the vertices of Ghe first n natural numbers such that for
each vertex in G with degree greater than onenéighborhood vertices have relatively
prime. Neighborhood prime labeling of some grapksendiscussed in [5]. Kulli [8], [9]
discussed the edge neighborhood graphs and nelgidmbtransformation of graphs. In
this Paper we extend the study of neighborhood gtaibeling to Gaussian integers. In
section 2, we discuss the properties of spiralrimden Gaussian integers. In section 3,
we apply the properties of spiral ordering to prake Gaussian neighborhood prime
labeling of some classes of graphs and cycles.
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2. Gaussian neighborhood prime labeling
All graphs in this paper are finite undirected drapvithout loops or multiple edges. We
follow [4] for definition and information on the @asian integers. The Gaussian integers,
denoted Z[i], are the complex numbers of the forrhiawhere a, kZ and f=-1. The
norm of Gaussian integer a+bi, denoted by N (atibi)given by &b’>. A Gaussian
integer is even if it is divisible by 1+i and odtherwise. A unit in the Gaussian integers
is one of £1, +i. An associate of a Gaussian intege ua where u is a Gaussian unit. A
Gaussian integep is prime if its only divisors are 1, *i,ptor #pi. The Gaussian
integerso andp are relatively prime if their only common divisaee units in Z[i].

The Gaussian integers are not totaiflered. So, we use the spiral ordering of
the Gaussian integers introduced by Steven Kl¢4]in

Definition 1. [4] The spiral ordering of the Gaussian integers is a recursidgelyned
ordering of the Gaussian integers. We denote theéGaussian integer in the spiral
ordering byy,. The ordering is defined beginning witlx1 and continuing as:

(Yot i, if Re(yn) = 1(mod2),Re(y,) > Im(y,) +1

iyn -1, if Im(yn) = O(modZ),Re(yn) < Im(yn) + 1: Re(yn) >1

_{ Ynt 1 if Im(y,) = 1(mod2),Re(y,) < Im(y,) +1
Ls i PR if Im(y,) = 0(mod2),Re(y,) = 1
lyn =i, if Re(y,) = 0(mod2), Re(r) = Im(y) + 1, Im(y) > 0

Yo+ 1, if Re(y,) = 0(mod2),Im(y,) = 0.

The first 10 Gaussian integers under this ordeaireg 1, 1+i, 2+i, 2, 3, 3+i, 3+2i, 2+2i,
1+2i, 1+3i,....... andy|] denote the set of the first n Gaussian integershe spiral
ordering. Here we exclude the imaginary axis tauenshat the spiral ordering excludes
associates.

In [4] Steven Klee provee tlollowing properties of Gaussian integers in
spiral ordering.
(1) Leta be a Gaussian integer and u is a unit. Thando+u are relatively prime.
(2) Consecutive Gaussian integers in the spiratrimg are relatively prime.
(3) Leta be an odd Gaussian integer, let ¢ be a positiegém, and let u be a unit. Then
a anda + u. (1+if are relatively prime.
(4) Consecutive odd Gaussian integers in the spitiring are relatively prime.
(5) Leta be a Gaussian integer and let p be a prime Gausgieger. Them anda + p
are relatively prime if and only if p does not digso.

Now we define the neighborhood primeelady with Gaussian integers using the
definition of the spiral ordering for Gaussian gd#es. For a vertex v (G), the
neighborhood of v is the set of all vertices in Gich are adjacent to v and is denoted by
N(V).

Definition 2. [4] Let G be a graph on n vertices. A Gaussian neidgidmat prime
labeling of G is a bijection f :V(G)> [y,] such that for each vertexW(G) with deg(v)
>1, {f(u) : ueN(v)} are relatively prime. A graph which admita@sian neighborhood
prime labeling is called Gaussian neighborhood emmaph.
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3. Gaussian neighbor hood prime labeling of some graphs

Patel and Shrimali [3] introduced neighborhood jrilmbeling and the discussion of the
labeling on some graphs is in [5]. Gaussian neididmmd prime labeling of some graphs
were discussed in [6]. We now discuss the Gausséghborhood prime labeling for
some graphs using the properties of spiral orderitge Gaussian integers.

Definition 3. Let p, n, mn< m be integers. The (p, n, m) double star trebéaunion of
two star graph K, and K, together with a path of length p joining their apertices.

Theorem 1. Any (p, n, m) double star tree is a Gaussian naighdod prime graph.

Proof: Let G be a (p,n,m) double star tree which is thie of two star graphs ; and
Kim (n< m).Let w,v,,vs,..., 4, be the vertices of the patl Which joins the star graphs
Kinand K, where y and y are the apex vertices of them. The pendant vert€é, ,
are \p+1,Vpsa...,Vpen and the pendant vertices of Kare \oiniy,Vpinsa...,Vpsnim Label the
vertex v with y,= 1+i and label the vertex, with y; = 1.Label the remaining p-1 vertices
of the path RPby defining the labeling f:V({ — {y3,y4,...5yp} @S

Case (1): if pis even
. _p—2
f(vapy) = Y@iisn) Asis——
, -2
fW@iry) = Yy A SIS pT
Case (2): if p is odd
- . _p—1
flvay) = y(pT_1+i+1) 1<i < ——
, -1
f(W@it1) = V@) 1 S0 < —

The labeling on the path is a Gaussian neighborhpocthe labeling since the
neighborhood vertices are consecutive GaussiagargeNow, label the pendent vertices
Vp+1, Vps2,-,Vpen OF the star graph K, with the remaining n odd Gaussian integers. Label
the pendant vertices in;K;, with the remaining m Gaussian integers. Then, @itsda
Gaussian neighborhood prime labeling.

Definition 4. A comb graph is a caterpillar in which each velitexhe path is joined to
exactly one pendent vertex and is denoted KR .

Theorem 2. Any comb graph J®K; ,neN is a Gaussian neighborhood prime graph.
Proof: Let vi, V,,...,.\, are the vertices in the path Bnd y,u,,...,u are the pendant
vertices of the comb graph®K; . The pendent vertex, is labeled withy, =1+i and the
remaining pendant vertices are labeled with n-laiemg even Gaussian integers. The
vertices in the path are labeled with odd Gaussitagers by defining the labeling f: V
(POKY) — {y1, v3... Y2n.1} @S

Case (1) if nis even
f(v(Zi—l)) = Y(znz_—zm),l <i<

NS
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fa) = v@i-1,1 <1 S%

Case (2) if nis odd
. o n+1
fei-n = V(2n2—4+2i)'1 <i< >

fa) =v@i-y,1<i< —

The labeling shows that adjacent vertices of everjex in the path except and v are
consecutive odd Gaussian integers and they arévedyaprime. The adjacent vertices of
v; contains the Gaussian integgr =1 which is relatively prime to all the Gaussian
integers. The adjacent vertices qf aontains the Gaussian integgr =1+i which is
relatively prime to all the odd Gaussian integeBa the labeling is a Gaussian
neighborhood prime labeling for the comb graph.

Definition 5. A spider graph is a tree in which one vertex isledree at least 3 called
the center of the spider and all other verticesritpdegree at most 2. A leg of a spider is
a path from center to a vertex of degree one. $pider graph $, meN there are m
paths R,P,,..,R, attached to the center vertex.

Theorem 3. A spidergraph $, is a Gaussian neighborhood prime graph.

Proof: Let v be the center vertex of the spider grapm8ich has degree m. Then if we
remove v from § we are left with m paths,PP;,...,R, of lengths {1,,...,I.. Label the
vertex v with Gaussian integer =1. Let \, Vs, Uy, are the vertices of the path ®ve
now label the vertices of,Rvith the following labeling.

Case (1) if{ is even
.1
f(v(Zi—l)) = Y+ 1 SIS ;1
Ly
2

IA

f(y) = Y(l_1+i+1),1 i<
2
Case (2) if {is odd

i 1 +1
f(v@i-n) = Yi+n, 1Sis—

. ;-1
fz) = yun,,,,)y 1sis™

2

Let v, Vo.., vy, are the vertices of the path. Rabel the vertices of path, Rvith the
following labeling

Case (1) ifJ is even
.1
f(v(Zi—l)) = Yy+it1) 1 ST ;2
— . l_z
fa) = V(%+zl+i+1)'1 <i<?
Case (2) ifdis odd

R A |
f(v(zi—1)) = Yu,+i+1)» 1<i<>2
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. _ -1
fv) = V(i) sis—
and so on.
In generally, the labeling on the arbitrary pattoPlength | if the previous pathPhas
length | is

Case (1) ifdis even
. g
f(v(Zi—l)) = Y +it1) 1 SIS 5

)= <i<Z2
f(‘721) Y(ljs SIS 2
Case (2) if Jis odd

f(v(Zi_l)) = y(lt+i+1) 1] 1 S l S

R =
fvy) = y(ls%+lt+i+1)’ 1<i< ST

vl
+lt+1+1)

Ig+1

From the above labeling, it is to be clear thag, lébeling on the neighborhood vertices
of all the vertices in the paths have consecutieeigSian integers. So spider graph S
admits Gaussian neighborhood prime labeling.

Definition 6. The (n,2) —centipede tree,gs the graph with V() = {V,Va,..,Va}, and
E(G2) = {Vak1Vaka VakaVak ;1< K< nYU {VaeiVaker - IS k< n-1}. C,, has n vertices on
its spine with indices that are congruent to 2(r8pdnd each vertex on the spine has two
pendant vertices adjacent to it. We call each spémtex ¢, and its neighboring vertices
Va2 and v the K" segment of the tree.

Theorem 4. Any (n, 2) — centipede tree is a Gaussian neighborhoomraph.

Proof: In the spine of the tree,Gwe set the vertices afe;,_,};-,Which have degree
greater than one and the other vertices are peneééites. The vertices in the spine are
{V2,Vs,....\Nks5,-..}. The spine vertices are the only verticeschifiave degree greater than
one in G, . Label the vertices; with y;. In a same segment each spine leaf pair will be
labeled with consecutive Gaussian integers. Bulaheling on the neighborhood vertices
of the spine vertex is not relatively prime. Nowe wiill swap the labels of the spine
vertex with labels of one of their pendant verticd& swap eachs.;0n the spine with

its neighboring pendent vertex.In the new labeling, the pendant vertices in each
segment have labeled with consecutive Gaussiagergeln each segment where a swap
occurred the labeling on neighborhood verticeshef $pine vertex have consecutive
Gaussian integers. Then, £admits a Gaussian neighborhood prime labeling.

Theorem 5. Every cycle Gif nz2 (mod4) is a Gaussian neighborhood prime graph.
Proof: Let w, vs,..., i be the vertices of the cyclg.Consider the labeling f: V({E—
[vn] as follows

Case (1): If nis odd
f(”z;’—1) = y(nT_l)” 1<) < nTH

S n-1
fp)=yvjlsj<s—
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The neighborhood vertices of each vertex in thesllab have consecutive Gaussian
integers. Consecutive Gaussian integers in thelsmidering are relatively prime. Sq, C
if n is odd and &z 2(mod4) admits Gaussian neighborhood prime lagelin

Case (2): If nis even
f(”zj—1) = V%ﬂ- A<j<
n

f))=vj1=sj=<3
The neighborhood vertices of each vertex in theellag have consecutive Gaussian
integers except the vertex vThe labeling on the neighborhood vertices,pamy(gﬂ)
2

NS

andy,. If n 2 2(mod4) the difference of the labeling on the hbiyhood vertices in

spiral ordering are prime Gaussian integers. Thémguproperty (5) in spiral ordering of

Gaussian integers Y andy, are relatively prime. Therefore the above labelgg
2

Gaussian neighborhood prime labeling for the c@lé n & 2(mod4).

Theorem 6. Every cycle G with a chord is Gaussian neighborhood prime fardn

Proof: Let G be a graph joining two non-adjacent vertioesycle G with a chord. Let
Vi, V2,..,\iy be the vertices of G and and y are the vertices joined by a chord . Ifn
2(mod 4) choose the same labeling as in above gheoiThen G is a Gaussian
neighborhood prime. Now consider the case wher= 2(mod4) and choose the same
labelling as in above theorem. Then there exisksaast one vertex whose neighbourhood
set is not relatively prime. Let be the vertex whose neighborhood set is not veligti
prime. Now join a chord with the vertexwhich is relatively prime to the neighborhood
setin v. Then G is Gaussian neighborhood prime.

Corollary 1. Every cycle G with n-3 chords from a vertex is Gaussian neighbod
prime for n>5.

Proof: Let v, v,,.., Vi, be the vertices of the cycle.(Choose an arbitrary vertexand
joining v to all the vertices which are not adjacent tolwen there are n-3 chords from
v; and the above theorem shows that it is Gaussighl@hood prime.

Definition 7. A vertex switchings, of a graph G is obtained by taking a vertex \Gof
removing all the edges incident with it and addialges joining it to every verte x which
are not adjacent to G.

Theorem 7. The graph obtained by switching of any vertex inyale G, is Gaussian
neighborhood prime graph.

Proof: LetG, be the graph obtained by switching the vertex thefcycle G. Then v is
adjacent to all the n-3 vertices in.QNow, label the vertex v witl;=1 and label the
remaining n-1 vertices with the Gaussian integeng, vs.-;yn- Then labeling on the
neighborhood vertices of every vertex with degresater than one except the vertex v
containsy;=1.Since 1 is relatively prime to all the Gaussiategers, the labeling is
Gaussian neighborhood prime.
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Definition 8. The duplication of a vertex v of a graph G produaesew graph by
adding a vertew with N (v) = N @) . In other words a vertex is said to be a
duplication of v if all the vertices which are aciat to v are now adjacent 1o.

Theorem 9. The graph obtained by duplicating arbitrary verte#xa cycle G is a
Gaussian neighborhood prime graph.
Proof: Let vi, vs,...,\i, are the vertices of the cycle.@et G be the graph obtained by
duplicating the vertex vandv; be its duplicated vertex. Then there exists areedg
joining v; to v andv;, to v, Consider the labeling f: V (E— [y.] as follows
Case (1): If nis odd

n+1

f(vzj-1) = Y(2)4) Asjs—

. n-1
fp) =y l1sj<—

f@D) = Yn
Case (2): If nis even

f(vzj—l) = Y%ﬂ- ,1
f))=vy;,1<j<
f(1) = Va1 ,
The labeling on the neighborhood vertices of ewarstex in G exceptvandv, have

consecutive Gaussian integers. The neighbourhodite® of \ andv; contains the
Gaussian integey; = 1. Therefore G is Gaussian neighbourhood prime.

4. Conclusion

In this paper, we discussed the Gaussian neighbdrhdme labeling of (p,n,m) double
star tree, (n,2) centipede tree, comb graph ,spjdgrh and cycles. The labeling on more
classes of graphs will be discussed on forthcormaguers.
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