Annals of Pure and Applied Mathematics

Vol. 16, No. 1, 2018, 193-201 Annals of

ISSN: 2279-087X (P), 2279-0888(online) .
Published on 15 January 2018 Plll’e and Appll@d
www.researchmathsci.org :
DOI: http://dx.doi.org/10.22457/apam.v16nla2l Maﬂ‘e—m

Some Resultsin Generalization of Janowski Functions
Associated with (j,k)-Symmetric Points

Renuka Devi K}, Fuad. S. Al Sarari? and S.Latha®

Department of Mathematics, Yuvaraja’s College, @nsity of Mysore
Mysore 570 005, INDIA
renukk84@gmail.copmalsrary@yahoo.copdrlatha@gmail.com
'Corresponding author.

Received 6 December 2017; accepted 26 December 2017
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[Z' (1 /f] (D) _ 1+ A" (2)If'(2)
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1. Introduction
Let A denote the class of functions of form

f(2) = z+ianz“, (1.1)

which are analytic in the open unit dikk= {ZDC | z|<]}, andS denote the subclass
of A consisting of all function which are univalentlih
For f and g be analytic inU, we say that the functiof is subordinate ta

in U, if there exists an analytic function in U such thajw(z)|<1 with w(0) =0,
and f (2) = g(wW(2)), and we denote this b§(z) < g(2). If g is univalent inU, then
the subordination is equivalent #(0) = g(0) and f (U) O g(U). The convolution or
Hadamard product of two analytic functiorisg [JA where f is defined by (1.1) and

9(2=z+> " p2",is

(F*o)(D=2+3ab7"
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Using the principle of the subordination we defihe classP of functions with positive

Definition 1.1. [2] Let P denote the class of analytic functions of the form

p(z) =1+ anz” defined onU and satisfyingp(0) =1, Refdz) >0, zOU.

n=1
: : , 1+w(z
Any function p in P has the representatiop(z) = 1 (2)

-W(2)

Q={wOA:w(0)=0,]wW(z)|<1}. (1.2)

, WherewQ

and

The class of functions with positive real pBrtplays a crucial role in geometric
function theory. Its significance can be seen fribma fact that simple subclasses like

class of starlikeS", class of convex function§, class of starlike functions with respect
to symmetric points have been defined by usingctvecept of class of functions with
positive real part.

Like in [1], let P[A,B], with —1<B< A<1, denote the class of analytic

+
function p defined onU with the representatiorp(z)=LW(Z), z[OU, where
1+ BwW2)
: . 1+ Az
wlQ. Remark thatp JP[ A, B] if and only if p(z) < 1vBs
z

In [13] the clasP[ A, B,a] of generalized Janowski functions was introduced.
For arbitrary numberd\, B,a, with —1<B< A<1, 0<a <1, a function p analytic
in U with p0)=1 is in the class P[AB,a] if and only if
1+[(1-a)A+aB]z

1+ Bz '
In our work we define the clasy A, B, a, ] of generalized Janowski functions
was introduced. For arbitrary numbefsB, a, S with -1<B< A<1, 0<a,f<1,
anda + <1 afunction p analytic inU with p(0)=1 is in the clas®[A B,a, f] if
and only if

p(2) <

1+[(1-a)A+aB]z - p(2) = 1+[(1-a)A+aBlw(z)
1+[(1- 5)B+ LAz 2= 1+[(1- B)B+ SAIW(2) '
A function f is belongs to the clasS [A B,a, f] if %DP[A, B,a,[].

p(2) <

In order to define a new class of generalized Jakbwymmetrical functions
defined in the open unit didd, we first recall the notion ok -fold symmetric functions
defined ink -fold symmetric domain, wherk is any positive integer. A domald is

said to bek -fold symmetric if a rotation oD about the origin through an ang%(éZ
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carriesD onto itself. A functionf is said to bek -fold symmetric inD if for every z
in D we have

2r 2r
f[ek z]:ek f(2), zOD.

The family of allk -fold symmetric functions is denoted I8/, and fork = 2 we get
class of odd univalent functions. In 1995, Liczkeend Polubinski [19] constructed the
theory of (], k) -symmetrical functions foj =0,1,2,..,k-1) and(k=2,3,.... If D

is k -fold symmetric domain and any integer, then a functiofi:D — C is called
(j,k) -symmetrical if for eachz0D , f(sz)=¢&'f(z). We note that thej,k) -

symmetrical functions is a generalization of théiows of even, odd, ankl -symmetrical
functions
The theory of(j,k) -symmetrical functions has many interesting appbees;

for instance, in the investigation of the set @kl points of mappings, for the estimation
of the absolute value of some integrals, and fdaiolng some results of the type of
Cartan’s uniqueness theorem for holomorphic magpisee [19].

Denote the family of al( j, k) -symmetrical functions b . We observe that

S@2  St2 and S are the classes of even, odd akdsymmetric functions
respectively. We have the following decompositioadrem:

Theorem 1. [19, Page 16] For every mappirfg: U C, and ak -fold symmetric set
U, there exists exactly one sequencd pk) -symmetrical functionsf; , such that

k-1
f(2)= ij,k(z),
i=0
where
1 k-1
f, (2)= EZ_;{V‘ f (5"2), zOU. (1.3)

Al Sarari and Latha [3] introduced and studied thessesSU* (A B) and

KU (A, B) which are starlike and convex with respec( jok) -symmetric points. For
more details about the classes w(th k) -symmetrical functions see [9, 10, 14].

Definition 1.2. A function f OJA is said to belongs to the claS*[ A B,a, 3], with
~1<B<A<1,0<a,B<1,anda+B<1if

zx'(2) - 1+[(1-a)A+aB]z

f, (2 1+[(1-B)B+pAIz’

where f; , are defined by (1.3).
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We note that special values ¢fk, A, B,a and £ yield the following classes:

For a = =0 we get the class introduced and studied by Alsaraf Latha [3]

For j =1 anda = £ =0 the class studied by Ohsang K and Yaungjae [5].

For j=k=A=-B and f=0 the class introduced by Polatoglu, Bolcal, Sen and
Yavuz, [13].

For j= A=-B=1,a=0 andf =0 the class is studied by Sakaguchi [16],
etc. The second and third authors studied somsedagith( j, k) -symmetrical functions
[3, 9, 10, 14]. In this paper we will study the edng theorem also the quotient of
analytical representations of starlikeness and exity with respect toj, k -symmetric
points, we will study the expression

[Z' () /f] (D) _1+ A" (2)/f'(2)
z'(9/; (2 #;, (29, (2
We need the following lemmas to prove our mainltesu

Lemma 1.3. [4] Let Q be a subset of the complex pl&h and let the function
:C*xU - C satisfy y(Me? ,Ne?;2)[1Q for all real 6, N>M and for all

z0U , if the functionp(z) is analytic inU, p(0)=0 and¢(p(2), 20'(2);2)0Q for

all zOU then| p(z)|<M, zOU.

2. Main results
Theorem 2.1. Let f OSYM[A B,a, ], with -1<B< A<1, 0<a,B<1, and
a+ [ <1.Then

f.(2) = zex (A—B)(l—a—ﬁ)%kifogvz WO 4| zou,
T I+~ BB+ SAIW(D)
(2.1)

Wherev/\/E;)DQ.
Proof: Suppose thaf JSUM[A B,a, g].

4'(2) _1+[(1-a)A+aBlz 22)

f«(2 1+[(1-B)B+ Az
and

zx'(2) _ 1+[(1-a)A+aB] W(Z), 2.3)

fix(2) T
' 1+[(1-B)B+ BAIW(2)

for somew(z) 0Q . Substitutingz by £z in (2.3), it follows
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e'7'(€'2) _1+[(1-a)A+aB] w(e'2)

f; (&72)
| 1+[(1- BB+ LAIW(E"2)
Lettingv =0,1,2,..,k =1 in (2.4) respectively, and summing them we have
1 k-1 L
z= Y ez N
k VZO (£'2) _1 1+[(1-a)A+aB]w(e'2)

fix(2) K= —
| 1+[(1-B)B+ BAIW(£"2)

, (zOU), (R.4

(2.5)

that is

—_—

[T A P R w(e'2)
e Z—(A B)(1-a ’B)kz —

= 2(1+[(1- BB+ BAW(E"2)
Integrating get (2.1)

(2.6)

Theorem 2.2. Let f OSYY[A B,a,B], with-1<B< A<1, 0<a,B<1, and
a+[<1.Then

f(z):LZex (A—B)(l—a—ﬁ)ik_1 Ov{ Vqt; —dt {H[(l_a)AJ"’B]"m

dé,
1+[(1- BB+ }
t(1+[(1-/)B+AWD) EAET AN

(2.7)
for zOU and somen(z) 0 Q.
Proof: Suppose thaf OSU[A B,a, g].
z'(2) - 1+[(1-a)A+aB]z
f,.(2) 1+[(1-B)B+pAIZ’
we have

(2.8)

1+[(1-a)A+aBlw(2)
1+[(1- BB+ LAW(Z)’

#'(29=f1,,(2

and by Theorem 2.1 we have

S wo) L [0 A+ B

& e pay | AB NG

f'(2) =ex (A—B)(l—a—,[)’)%

(2.9
Integrating get (2.7).

Theorem 2.3. Let f 0A,k=>2,j=0,1,2,...k -1 are a natural numbers,
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1<B<A<l,0ga,B6<landa+[<1.Also, letQ=C\Q,, where

_ AL ij,k(z)y d’ .
Ql'{w(l A @ (1+[(1—a>A+aB]é€>(B[(l—@wqéﬂ)'ZDueDRNZl}

if
A @D oy
'), (2

then f OSUY[A B, a, ).
Proof: Let us define the functions

_#'(2) :1+[(1—a)A+aB]q(z)
P(2) = f (2 and () 1+[(1-B)B+BAla(2)’

we note that both functions are analytidinand p(0)-1=q(0) =0, using Lemma 1.3
with N =1 and

~ . >(fj]k(z)x S
VSR ATBIEe IS @ @ mAr e ra- A+ AN’

Since|q(z)|<1,z00U, we have
4 @)1,(2) 2.10)
z' (9, (2)
Equation (2.10) is equivalent to the following stdinations,
wW(2) = 1~ p(2) <z and p(2) < 1+[(1_0)A+GB]Z,
[(1-58)B+BAIp(2) -[(1-a)A+aB] 1+[(1-B)B+ SAz
which proves thatf 0SU¥[A B, a, A].

¢Y(a(2), 7 (2);2) =

Theorem 2.4. Let f A, k=>2,j=0,1,2,...k—1 are a natural numbers,
1<B<A<l,0<a,B<landa+ [ <1.Also let

(A-B(ta-Bu
T
Bitasgy
o (@A) (H(E 5B (FABHA((Fand=0.
ﬂiﬁﬁiﬁﬁ‘fﬁ;ﬁ" [(+-AB+A<0<(ra)A+d and
(FA+BH(EAB+A)(H(EAA-E(E/B+A)
<A[(EAA+E[(HABHA.

If
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ij,,k(z)
fix(2

1
>
U

and

@@ _|_,
| #'(2)If,(2)
for all zOU then f OSYY[A B,a,A].

Proof: Let us defineQ, ={w:|w-1|< A} a setdefined in the complex pl&h.
In view of Theorem 2.3, to prove this theorem iefough to show tha®, n Q, = @. If
wlIQ, then for somez[JU, [JR and N =1, we have

|w-1|=|N(A-B)(1-a - B)x k(@ d° |
A (- ) A+aBIE )1+ [(1- A)B + AAE"))

(A-B)1-a-p)xu
11+[(1-a)A+aB]e’ ||1+[(1- B)B+ BAlE” |
_ (A-B)(1-a-P#
JI+H[(1- @) A+aB)? +2[(1-a) A+aBlt X[ 1+[(1- B+ BN +2[(1- BB+ At]
wheret = cosf[—1,1]. If we show thath(t) = A for all t ([-1,1].
We will split this proof in the next three cases:
Case 1For 0<[(1-B)B+ Al <[(1-a)A+aB], and
(1+[(1-a)A+aB])(1+[(1-B)B+ LA])

=h(p),

andtO[-1,1].
Case 2For,[(1- 8)B+ SAl <[(1-a)A+aB] <0 then
h(t) > h(_l) - (A_ B)(l_a - ﬁ),u -
(1-[(1-a)A+aB])(1-[(1-5)B+ FA])
andt[-1,1].

Case 3.For[(1-8)B+ SAl <0<[(1—-a)A+aB]. Then the functiorh(t) attains its
minimal value for

¢ = [A+S-a)A+(1+a-p)B|(1+[(1-a)A+aB](1-5)B+ FA)
) 4[(1-a)A+aB][(1- B)B+ BA]

0[-1,1]
if and only if
4[(1-a)A+aB][(1-4)B+ BA]
<{(1+pB-a)A+(1+a-B)BH1 +[(1-a)A+aB][(1- B)B+ LA}
<4[(1-a)A+aB]|[(1-£)B+ LA]].
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2u[(1-a) A+ aB]I[(1- f)B+ BA]|
1-[A-a)A+aB][(1-5)B+ BA]
w7 Q, and the proof is complete.
For A=1-2y (Osy<1l),a==0andB=-1in Theorem 2.4 we get the
following corollary.

That value ish(t.) = = A. It will imply that

Corollary 25. Let f OA,k= 2 is a natural number,j =0,1,2,..k-1
(0Osy<1)andu>1. Also let

2, i 0<y<1/2,
A=V <y <t

2y
If
4.2 1 @) _]‘< ;
@ u | &' (2) '
and for allzOU then f OSUM[].
A-pu _ (A-B)(1-a-B)u

Proof: First, letA, = = )
+1-2y] (+[[1-a)A+aB]|)(1+|[(1-B)B+LA]))

Further, if0< ys% then
[A-a)A+aB]=0,[(1-a)A+aB][(1- £)B+ Al = 0 and the conclusion of
the Corollary follows sincel, = A . In the case whe%r <y<1, we have
[A-a)A+aB] >0 and[(1-a)A+aB][(1-B)B+ [BA] <0, but
{A+B-a)A+(1+a-L)BH{1l +[(1-a)A+aB][(1- B)B+ BA]}
= —-4y* > 4(1-2y) = 4[(1- a) A+ aB]|[(1- B)B + BA]].

Again the conclusion follows becauseAf= A .
Putting y = 0 in Corollary 2.5 we obtain the following result.

Corollary 2.6. Let f A,k =2 is a natural number,j =0,1,2,..k-1, and x> 1.
Also, let| Zf{, (2)/f;  (z)|>L/u for all zOU.
If

QU2 _ | _u
| Z'(2f,(2) 2

for all zOU then f OSUM[0] =SU9[1,1]=SUw,
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