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Abstract. In this paper we study the structures of an aniise semiring. It has been
proved that, for a semiring (S, -}%,if (S;) is anti-inverse idempotent semigroup, we
define a relationd’ on a semigroup S by @ b implies ab'= b™, bd'= a™* for any
positive integer n and for ang, bin S thenoc is congruence on S and also S is
distributive.we proved that if (S,+,.) be an amtiérse semiring then S is Quasi-
separative, weakly separative, separative and i€Sngprmal. If (S ,.) be an anti-inverse
Archimedean semigroup and if S is weakly separdten it is weakly reductive. If
(S,+,.) be an anti-inverse semiring, we definelatian p on a semigroup S a b if and
only if & = ab =bafor all a, bin S then (S,+,.p) is a partially order semiring. We
determine the additive and multiplicative structaféhese anti-inverse semirings and the
modern interest in semirings arises primarily friiads of applied mathematics such as
optimization theory, the theory of discrete eveynamical systems, automata theory, as
well as from the allied areas of theoretical compstience and theoretical physics.
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1. Introduction

Semirings is an algebraic structure, similar tong but without the requirement that each
element must have a multiplicative identity or aldiive zero. Depending on how much
other ring — like properties are also cancellingadded, various different concepts of
semirings (S,+,.) have been considered in thealitiee, since in 1934 the first abstract
concept of semiring was introduced by Vandiver[Mdsanthi and Amala[18 ] proved
results on some special classes of semirings atetedt semirings. Chowdary et al. [3,4],
Rajeswari [10] were proved some results in stmattproperties of semirings and on
invertibility matrices over semirings. Sharp [12]asv first introduced anti-inverse
elements in a semigroup. In 1982, The anti-invessenigroups were studied by
Blagojevic [3]. The first step in the Archimedeansgroups has been made by Tamura
[16 ]. The research of separative semigroup wasgbleégan from the famous paper of
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Hoeitt and Zuclevman [9]. Drazin [4] introduced tieem ‘quasi-separativity’ and studied
connection between it and other semigroup properfldey proved some results on
commutative separative semigroup. Venkateswarlal.e{19] studied “Boolean Like
Semirings”, Nagy [1], Pondelicek [2] proved thedkeaeparative, separative congruence
on a weakly commutative semigroup. Ghosh [5] stulidi@ the class of idempotent
semirings and also we follow the terminology praggbby Shobhalatha and Bhat [14,15]
in an anti-inverse semirings. Heinz Mitsch [6] defil partial order relation on a
semigroup.

1.1. Main results

In contrast to the above said references , if (5ig,an idempotent semiring in which
(S,.) is defined byeb = aabfor alla ,bin S then (S,+,.) is a Boolean semiring and it has
been proved some additive and multiplicative stmegd of an anti-inverse semiring as
noted in abstract.

2. Preliminaries
Definition 2.1. A semiring is a nonempty set S on which operatiohaddition ‘+'and
multiplications ‘." have been defined such that thibowing are satisfied:

i) (S,+)is asemigroup,

i) (S,.) is asemigroup,

iii) Multiplication distributes over addition from eithside.

Examples of semiring
Example 2.1(a). The set of natural numbers under the usual additiautiplication,
Example 2.1(b). Any ring (R,+,.)

Definition 2.2. A semigroup S is called anti-inverse if for emtémenta’ in S there is
an element ‘b’ in S such thaba = bandbab = a The elementa andb are then called
anti-inverses.

Example 2.2(a).

alb
alalb
b|b|a

a andb are their own anti-inverses sinaaa = a , bbb = ab = b.
aba = b, bab = 3 aandb are anti-inverses.

Definition 2.3. An elementx’ in a semigroup (S,+, . ) is said to be idempotemrtx = x
and x+x = X.

Definition 2.4. A semigroup (S,.) is called left (right) permutalf foreverya,b,cin S,
abc = acb (abc = bacand is permutable if it is both left and right ipertable.

Definition 2.5. A semigroup (S,.) is called quasi-separativé if xy = yx = y-.
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Definition 2.6. A semigroup (S,.) is said to be weakly separdfivé= xy = y* =>x =y
for all x,yin S.

Definition 2.7. A semigroup (S,.) is called quasi commutativioifany a,b in S we have
ab = bafor some positive integer r.

Definition 2.8. A semigroup (S,+,.) is completely regular if thexistx in S such that
a= atx+a, a+x = x +a and ifa(a+ x) = a+ xthen S is quasi-completely regular. A
semiring S is said to be completely regular if émery element of S is completely
regular.

Definition 2.9. A system (S,+,.) a Boolean semiring if and onlythf following
properties hold:

i) (S,+) is an abelian group.

ii) (S,.) is a semigroup.

i) a(b+c) = ab + acand

iv) abc = bac,for all a,b,cin S.

3. Some structural properties of semirings
Lemma 3.1. Let (S, .) be an anti-inverse semigroup théfa = b", for all a, bin S and n
is any positive integer.
Proof: We prove it by the method of Mathematical Induatio
LetP(n): ada =", for alla,bin S
P(1): aba = b=>P(1)is true.
Assumen = k such thaabfa = b
Considerab“'a = abba = a( atfa)(aba)a = a.a. ha.a.b.a.a = aa(af)(aba)
= (aaafhb = (afa)b = Kb = g+
Thus by the principle of Mathematical InductiB(m) is true for allnin N.

Theorem 3.2. let (S;) be an Idempotent anti-inverse semiring we dedimelation's’ on
a semigroup S bya o bimplies ab’= b™*, bd'= a™"* for any positive integem and for
anya, bin S thens is a congruence on S.
Proof: It has to be first prove thatis an equivalence relation on S.
Sincea.d = a'*" = a"" =>a g a=>ois reflexive.
Suppos@ o b=>ab"=b™" ....... (1) andbd'= a™*....... (2)
Replacea by b in (1) ando by ain (2), we gebd'= a™*, a'= b™* .Thuse is symmetric.
Suppos& o b=>ab"= b™*" and ba'= a™*
b c=>bd" = c™" andch™= b™"* for allm,nin Z*
ab’=b™ =>ab'c" = b"b.d"=>ad™" = b"¢"*t = ™" = ™M
Similarly we can prove thate™" = a™™! => a ¢ c. Thuso is transitive.
Therefores is an equivalence relation.
To prove compatibility,
Consider(ac)(bc) = ach'.c" = a(a.c.a)b.c” = acald'.c"= cb".c" = (bcb)(cH'c)c"
=b(cbc)d.c.d'=b.b. B.c.d = .b. B.c.d' = b™.c™* = (bc)™! =>ace be
And (bc)(ac) =bca’.c” = b(b.c.b)d.c" = (bb)cbdc" = b.c.b. d.c"=c. d'.c"
= (a.c.a)(ckr).d' = a.a. d.c.d = ad.c.d = a".¢"" = (ac)™* =>bco ac.
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Therefores is a congruence on S.

Theorem 3.3. Let (S,+, .) be an anti-inverse semiring then (9,4, Quasi-separative, ii)
Weakly separative, iii) Separative.

Proof: Since S is anti-inverse, for sorag,cin S thera + b + a = bandaba = h
Considera+a=a+b=>a+a+a=a+b+a=>a=b,alsoconsidea+b=b+Db
=>pb+a+b=b+b+b=>a=b.Thusa+t+a=a+b=b+a=>a=h.

Hence (S,+) is quasi separative.

Considera” = a.a = a.b=>a.a.a = a.b.a=>a = band also considetb = ¥ =>ab = b.b
=>bab = b.b.b=>a = bThereforea® = a.b =¥ =>a=h.

=> (S, +, .) is separative (D
Also considem+a=a+b=>a=bandb+a=b+b=>a=h.

We need to prove tha + b = b + a=>a = b. Considera+b = b+a => a+ (a+b) =
a+(b+a) => (ata)+tb =b=>a+b+b=b [Sincea+a=a + b
=pb+a+b+b+b=b+b+b=>b+a+(b+b+b)=b=>b+atb =b=>a=h.
Thereforea+a=a+b=b+a=b+b=>a=h.

Similarly we haves® = ab = ba =t =>a = b=> (S,+,.) is weakly separative (2)
From (1) and (2), (S, +, .) is separative.

Theorem 3.4. let (S,+, .) be an anti-inverse semiring then)(B8,.left normal, right
normal and normal.

Proof: Since (S,.) is an anti-inverse, for some a,b$,mba =h.

Considerabc = a(cbc)(bcb) = ac(bcb)cb = ac.c.cb = agb (S, .) is left normal.

Also bca = (cbc)(bcb)a = c(bcb)cba = c.c.c.ba = cba (S,.) is right normal.

Now consideabca = a(cbc)(bcb)a = ac(bcb)cba = ac.c.c.ba = ach> (S,.) is hormal.

Lemma 3.5. For any a,b in &pa = bab
Proof: aba = (bab)(aba)(bab) = b(aba)(bab)ab = b.b.a.zlhab.

Theorem 3.6. If (S,+,.) be an idempotent semiring in which X% .defined by
acb = aabfor alla,bin S then (S,+,.) is a Boolean semiring.
Proof: Sinceara = a.a.a=a,a0 =0a=0forallainS.

Fora,b,cin S
acb = aab = (bab)(bab)(aba) = ba(bb)a(bab)a = bab.aa b(aba)a = bbaa = bba
= bra.

ac(bec) = a°(bbc) = aabbc = a(bab)bbc = (aba)(bbb)c = ab(aa)jbb = (aba)abbc
= bab.bc = abc =4b-c).
Therefore (Ss) is a commutative semigroup.
Considerac(b + ¢) = aa(b+ c) = aab + aac = ab + a°c
and(a + b) ec = ce(a + b) [since (Sy¢) is commutativek cea + cob = a°c + bec
Thusas(b +c) = (a +b) °c
Sincea + a=0for all aiin S, every element of S has additiveehse.
Also acbec= (aabyc=(aab)(aab)c = (bab)a(aba)(bab)(bab)(aba)c
= b(aba)a(bab)abb(aba)bac = b.b.a.b.b.b.b.a.c = (bba)(bba)c
= (bbajc = bra-c.Hence (S,+ ) is a Boolean semiring.
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Theorem 3.7. Let (S,.) be an anti-inverse Archimedean semigrdbs is weakly
separative then it is weakly reductive.

Proof: Let S be an Archimedean anti-inverse semigroup.udssthat S is weakly
separativex’= xy =y* => x = y for all x,yin S.To prove that S is weakly reductive,

we need to prove for argyin S, ifax = ay, xa=ya=>x =Y.
Since S is Archimedean, for yin S and there exists some positive integers such
thatx™” = uav andy"= zawfor someu, v, 2, win S. Where S= S U {1}

Let ax = ay, xa = yaConsiderx™"= x".x

x™!= (uav) x = (aua)a(ava)x = (au)(aaa)(vax) = (au)@&¥) =(aua)v(ax) = u.v.ay [Since
ax = ay] X""*= u(ava)a(aya) = uav(aaa)ya = uavaya = uav(aya)waf)y= X'y D
and y*' = y"y = (zaw)y = z(awy) =(aza)a(awa)y = (az)(aaa)(wayjaza)w(ay)

= zw(ax) = z(awa)a(axa) = zaw(aaa)xa = za\/\a()ax (zaw)x y.x (2)

Form>2, (") % = x*™ = x®™x¢ = x*™2xy = X"2X"xy = X"2xX™ Ly = 2™ 22 = (x™LyY
=> X" = x™y
After (m-1)steps¢ = xy (3)
Similarly for n > 2, (y)? = y2y¥""? = yy"y"? = yy'xy? = y.(zaw)xy?
y(aza)aw.ax¥ = (ya)z.awaxy’ = (xa)zwxy? = xa(xzx)wx§? = a.z.w.y’
(xax)(aza)w§? = x.x.zaw§? = x2.zawy 2 = X2y .y = X2y = (xy" )2 => y"= xy™
After (n-1) stepsy”= xy ) (4
From (3) and (4)¢ = xy = Y*=>x = y. [Since S is weakly reductive]

Hence (S, .) is weakly reductive.

Theorem 3.8. If (S,.) is an idempotent anti-inverse semigrougntlS,.) iss — reflexive,
permutable, quasi-commutative.

Proof: To prove that ( S,.) i — reflexive, we apply the method of Mathematical
Induction. letP(n) : ab = (ba).

We haveaba = b=>abab = bb=>aba(aba) = ba=>ab(aa)ba = ba=>ab(aba) = ba
=>abb = ba=>ab = ba=>P(1)is true.

Assume thaP(k) is true that isb = (ba), for some positive integér

To proveP(k+1) is true, We havab = (ab).ab.(abf for some positive integéc

ab = ab.ab.(ab)= a(a.b)b(ab¥ = ab(ab} = (ab)** => P(k+1) is true.

HenceP(n)is true for alin in N.Therefore (S,.) is — reflexive.

To prove (S,.) is Permutable,

considerabc = a(cbc)(bcb) = ac(bcb)cb = accch = acb D
Since S is anti-inverse,
we havebab = a=> ba(bcb) = acb=>bac = acb=>ach = bac (2)

From (1) and (2) abc = acb = bacThus (S,.) is permutable.

To prove (S,.) is quasi-commutative, let us consitl@): ab = Ba for somek in z+
aba = b=>aba.ba = b.ba=> ab.(aba) = (bb)a=>abb = ba=>ab = ba=>P(1) s true.
ab = H(ab)d = ab.b.if = abb* = ab“"! => P(k+1) is true.

ThereforeP(n) is true for alln in N.

Thusab = (ba)'is true. Hence (S,.) is quasi-commutative.

Theorem 3.9. If (S,.) is an anti-inverse idempotent quasi-cortative semigroup then
(S,.) is weakly commutative.
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Proof: It has to be prove thgab) = xa = by for somex,y in S andk is any positive
integer.Considefab) = a*.b“ =xax.b = x.xa(alfa) = xx.aa.ab = xxab = xa(aba)
= xa(bab)ba = »dia = xaaa = xa.
And also considefab) = a“.b* = ba'b.yta = b.(ba)y(ab) = b.b.y.b = by.
Thus (ab) = xa = by.=> (S, .) is weakly commutative.

Theorem 3.10. If (S,+,.) is an idempotent anti-inverse semirihgrt (S,+,.) is completely
regular and hence quasi completely regular.
Proof: Since (S,.) is an anti-inverse semiring, we hexee = Xx.
(xax)(axa)a = axa=> x(axa)xa.a = axa
Post multiplied by&' x.x.x.a.a.a. = axa.&>X.a = a.axa=>xa = axand
xax = (axa)(xax)x = a(xax)ax.x = aaa.x.axa = a.Aax ax(aa)xa = (axa)(axa) = X.X = X.
Since (S,+) is an anti-inverse semiring, we havet+a = X =>a+a+x+a = a+X
=> x+atx+atx+a = at+x =>x+x+x+a = a+tx =>x+a = atx.
And alsox+a+x = (at+x=a)(x+a+x)+x = a+(x+a+x)+a+x+x = ata+a +x+a+x+a
= at+x+a+x+a = atx+(at+a)+x+a = x+x = x .Hence (S,+,.) is completely regular.
a(a+x) = a.a(a+x) = a.a.a + a.a.x = a + axfsincexa = a{ => a(a+x) = a+x.
Hence (S,+,.) is quasi-completely regular.

Theorem 3.11. Let (S,+,.) be an anti-inverse semiring. Defirmelationp on a semigroup
S as followsa p b if and only ifa® = ab =bafor all a,bin S then (S,+,) is a partially
order semiring.

Proof: Define a relatiop on a semigroup ‘S’ as follows.

ap bif and only if & = ab =bafor all a,bin S.

We havea’® = a.a = a.a = ap a.Thereforep is reflexive.

Letap bandbp athena? = ab = baandb? = ba =abfor alla,bin S.

Considera? = ab => a.& = a.ab =>a.a.a= aa(aba)=>a=aba=>a= b => p is anti-

symmetric. Lepb andbpc thena? = ab =baandb? = bc = cb

Considera”= ab =(bab)b = bal = babc = ac.

Similarly a*=ca = ac => apc .Hencep is transitive.

Letap b=>a’= ab =ba=>a’c*=abc® = bac® => a’c’= abcc=bacc.

=> a’c*= (ac)(bc) = (bc)(ac)=> acp besimilarly cap cb.

Letap b=>a’= ab = baConsider (a+c)* = (a+c)(a+c)

(a+c)® = a*+ac+ca+c? = ab+ac+ca+c®= a(b+c) + c(bab) + c.c = a(b+c) +c.b.arc.c

= a(b+c) +cb.aa+cc = a(b+c) + cba(bab)+cc = a(b+c} c.b.b.b+c.c

= a(b+c) + c.b+c.c =a(b+c) + c(b+c) = (a+c)(b+c)

Similarly we can prove thgt+a)? = (c+a)(c+b)
=> (a+c) p (b+c) and(c+a) p (c+b).Therefore (S,+,p) is a partially ordered semiring.

Theorem 3.12. Let (S,+,.) be an anti-inverse idempotent semitivan S is distributive.
Proof: Given that (S,+,.) be an anti-inverse idempotemigng. Thusaba = bfor all a,
binS.

To prove that S is distributive.lt is enough tosttbat ‘+' distributive over *.’.
(a.b) + ¢ = (a+c).(b+c)for all a,b,cin S.

220



Structures of Anti-Inverse Semirings

Consider (at+c).(b+c) = (atc).b+(atc).c = (a.b)+(c.b)+(a.c)+€.c) = (a.b)
+(c.b)+(a.c)+c = (a.b)+(c.b)+(cac.aca)+c = (a.b) +€.b) +(c.c.c.a)+c = (a.b) + (c.b)

+ (c.a) +c = (a.b) +bcb.cbc + (aca)(cac) + ¢ = (b) + bc(bb)cbce + (aca)(aca)c + ¢

= (a.b) + (bcb)(bcb)c + (aca)ac(aa)c + ¢ = (a.b) e.c.c + cac(aa)c + c= (a.b) + ¢

+ c.aca.c + ¢ = (a.b) + ¢c +c.c.c +c = (a.b) + ¢ +ec = (a.b) +c

Similarly we can prove the other distribution cdiui
c+(a.b) =(c+a).(c+b) forall a,b,cin S .Hence S is distributive.

4. Conclusions

If (S,+,.) is an anti-inverse semiring then (S,sgparative, (S,.) is normal, (S,+.) is
Boolean semiring, (S,+,p) is a partially order semiring and also S satisfEme
structural and multiplicative properties of sengi
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