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Abstarct. Theoretical concepts of graphs are highly utiliZzeg computer science
applications. Especially in research areas of caermcience such as data mining, image
segmentation, clustering, image capturing and nédwg. Fuzzy graph theory has
numerous applications in modern sciences and témgycsuch as neural networks,
artificial intelligence and decision making. A vaggraph is a generalized structure of a
fuzzy graph that gives more precision, flexibilignd compatibility to a system when
compared with systems that are designed using fgraphs. In this paper, we study some
results on point set dominating set and its nundberague graphs and semi complete
vague graphs. Likewise, we introduce the boundh wiher domination parameters of
vague graphs. Finally, we give some applicationgaifit set dominating sets in the other
sciences.
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1. Introduction

Graph theory is an extremely useful tool in solvommbinatorial problems in different
areas including geometry, algebra, number theopglogy, operations research, biology
and social systems. Fuzzy graph theory is findimgnareasing number of application in
modeling real time systems where the level of im@tion inherent in the system varies
with different levels of precision. In 1965, Zad@R®] first proposed the theory of fuzzy
sets. Gau and Buehrer [3] proposed the concegferset in 1993, by replacing the value
of an element in a set with a subinterval[6f1]. Namely, a true-membership function

t,(xX) and a false membership functiofy(X) are used to describe the bounderies of the

membership degree. The first definition of fuzzgmts was proposed by Kafmann [4] in
1993, from Zadeh's fuzzy relations [19]. Ramakrifir] introduced the concept of vague
graphs and studied some of their properties. Akeaal. [1] defined vague hypergraphs.
Somasundaram and Somasundaram [17] investigatednaibon in fuzzy graphs.
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Domination in intuitionistic fuzzy graphs introdwtéy Parvathi and Thamizhendhi [6].
Gani et al. [5] studied new concepts of dominatioimtuitionistic fuzzy graphs. Borzooei
et al. [2] defined domination in vague graphs. Raeshlou et al. [8,9,10,11,12,13,14,15,
16] invetigated some basic results on bipolar fupaphs and vague graphs. In this paper,
we study some results on point set dominatingrsegtita number of vague graphs and semi
complete vague graph. Also, we introduce the bowitisother domination parameters of
vague graphs. Lots of works have been done on famzyrelated graphs by several
researchers [20-43].

2. Preliminaries
In this section, we review briefly some definitidnsrague graphs and introduce some new

notations. A graph is an ordered p&= (V,E), whereV is the set of vertices o6
and E is the set of edges o6 . A fuzzy graphG = (o, 1) is a pair of functions
o:V -[0,1] and p:VxV - [0,1] with p(u,v)<o(u)Co(v), for all u,vOV ,
whereV is a finite non-empty set and denote minimum.

A vague setA in an ordinary finite non-empty seX , is a pair(t,, f,), where
t,: X -[0,1], f,:X - [0,1] are true and false membership functions, respaytiv
such thatO<t,(x)+ f,(X) <1, for all xOOX . Note thatt,(X) is considered as the

lower bound for degree of membership »fin A and f,(x) is the lower bound for
negative of membership af in A. So, the degree of membership »fin the vague set
A, is characterized by the intervfll, (x),1- f,(X)] . Hence, a vague set is a special case

of interval-valued sets studied by many mathenstikiand applied in many branches of
mathematics.

It is worth to mention here that interval valued#£y sets are not vague sets. In
interval-valued fuzzy sets, an interval valued membip value is assigned to each
element of the universe considering the evidenae Xo only, without considering
evidence againsk . In vague sets both are independently proposédhebglecision maker.
This makes a major difference in the judgment allogitgrade of membership. A vague
relation is a generalization of a fuzzy relatioretLX and Y be ordinary finite
non-empty sets. We call a vague relation to be gueasubset ofX XY , that is an
expressionR defined by

R={((% ¥),t:(%Y), Tr(x, y)) XD X, y Y}
where t;:XXxY - [0,1], f5:XxY -[0,1] , which satisfies the condition
0<tz(x y)+ fr(X, y) <1, forall (x,y)OXxY. (See[7])

Definition 2.1. [7] Avague graphisdefinedtobeapair G = (A,B),where A= (t,, f,)
is a vague set on V and B=(t;, f;) is a vague set on EOV xV such that
tz (Xy) <min(t,(x),t,(y)) and fg(xy) =max(f,(x), f,(y)), for each edge xy E.
Avaguegraph G issaidto beconnected if thereisa path between any two verticesof G
The underlying crisp graph of a vague graBte (A B), is the graphG™ = (V,E)

224



A Study on Domination sets in Vague Graphs witdv@® Applications

where V ={v:t,(v) >0and f,(v) >0} and E={uv:t;(uv)>0,f,(uv)>0}. V
is called the vertex set anl is called the edge set. A vague graph may bedalsoted as
G=(V,E).

A vague graplG is said to be strong if;(vv;) = min{t,(v),t,(v,)} and
fa(viv;) =max f,(v), fo(v,)}, for every edgev,v, O E . A vague graphG is said to
be complete iftg(v,v;) =min{t,(v),t,(v,)} and fg(vv,)=max{ f,(v), f,(v,)},
forall v,,v; V.

A vague graphG is said to ben -partite (multipartite) if the vertex s&f can
be partitioned inton subsetsV,,V,,---,V, such that: (i) For everyv,,v; 0V, and

1<i,j<n, we have
tz(vv;) =0and fg(vv;) =0.
(i) Foreveryv, IV, v, 0V, and 1<i, j<n, we have
ts(vv;) =0, fg(vv;)>0 or tz(vv;)>0, fy(vv,)=0.

Definition 2.2. [2] Let G = (A, B) bea vague graph.
(i) Thecardinalityof G isdefined tobe
|G|:|Zl+tA(Vi)2+ faM) £y 1+t (vv)) — fe(vv))

vlv]DE 2

B
(if) The vertex cardinality ofG is defined by
+t,(v)- .
|V |= Z 14, (%) = fa(v) , forall v, OV.

Vi v 2

(iii) The edge cardinality o5 is defined by

el Y ATV vy DE.

VV OE 2

(iv) The number of vertices (the cardinality \#f) is called the order of a vague graph
and is denoted by

+t,(v) - .
o(G) = Z(l tA(V')Z fA(V')), for all v. OV.
viDV
(v) The number of edges (the cardinality Bf) is called the size of a vague graph and is
denoted by

14, (vwv,) — f, (Vv
s@)= Y A TV vy nE.

viv]-DE 2

The complement of5 = (A, B) is a vague graplG = (Z, E) where A= A,
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t(VV;) = mMin(t,(v),ta(v;)) ~ts (vv;) and
fB(ViVj) =max(f,(v), fA(Vj ) - fB(ViVj

Definition 2.3. [2] Anedge e =uv of avaguegraph is called an effective edge if
ta (V) = min{t, (u),t,(V)} and f5(uv) = max f,(u), f, (W}

Definition 2.4. [2] Let G = (V,E) be a vague graph.

(i) The neighbourhood of any vertex v isdefinedas N(v) = (N, (v), N, (v)) , where
N, (v) ={wOV;t;(ww) =t,(v) Ot,(w)} and

N, (v) ={wOV; fy(w) = f,(v) O f,(W)}. N[v]=N(v)O{V} iscalledtheclosed
neighbourhood of v.

(i) The neighbourhood degree of a vertex isdefined as d, (V) = (dNt (v), de (v),

where dy, (V) = ZV\DN(V)tA(W) and dy (v)= ZWN(V) f (W) . The minimum
neighbourhood degreeis defined as J, (G) = (O'Nt (v), 5Nf (V) , where

5Nt (V) = D{dNt (v):vOV} and JNf (V) = D{de (v):vOV} .

(iif) Theeffectivedegreeof avertex v isdefined to be sum of the effective edgesincident

at v, and denoted dy d (V). The minimum effective degreeof G is
9 (G) = de(v)|vOV}.

Definition 2.5.[2] Let G=(V,E) beavaguegraphand u,v[lV.

(i) We saythatu dominatedv in G if there exist a strong arc between them. A subset
D OV is said to be dominating set i@ if for every v[1V — D, there existu in D
such thatu dominatedv. The minimum scalar cardinality taken over all dioatting set

is called domination number and is denoted)d{5) . The maximum scalar cardinality of
a minimal domination set is called upper dominatiamber and is denoted by the symbol
rG).

(i) A subsetD OV is said to be total dominating set @ if every vertex inV is
dominated by a node i . The minimum cardinality of all total dominatingtds called
total domination number and denoted py(G) .

(iii) An independent set of a vague gra@his a subsetS of V such that no two
vertices of S are adjacent inG.

Definition 2.6. [2] A bipartite vague graph G is said to be compl ete bipartite vague
graphif tg(viv;) =t,(v) Ot,(v;) and fg(vv;) = fo(v) OfL(v;), forall v, OV, and
v; UV, . Itis denoted by KV1i vy
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Definition 2.7. [2] Let G =(V,E) be a connected vague graph with effective edges.

Then G issaidto be semi complete vague graph if every pair of vertices have common
neighbor in G . Avaguegraph G issaid to be purely semi-complete vague graph if and
only if G issemi complete vague graph but not complete vague graph.

3. Paint set domination in the vague graphs

Domination in graphs has many applications to s#\feids. Domination arises in facility
location problems, where the number of facilitieg(, hospitals, fire stations) is fixed and
one attempts to minimize the distance that a pensauls to travel to get to the closest
facility. A similar problem occurs when the maximdistance to a facility is fixed and one
attempts to minimize the number of facilities neagg so that every one is serviced.
Concepts from domination set also appear in problénvolving finding sets of
representatives in monitoring communication or telegl networks, and in land surveyor
must stand in order to take height measurementarf@ntire region. In this section, we
introduce the concept of point set dominating setigue graphs and semi complete vague
graphs and obtain some interesting results foethesy parameters.

Definition 3.1. Let G =(V,E) beavaguegraph. Aset D [JV issaidto bea point set
dominating set or a psd-setof G if for every SOV —D, thereexistsanode d (0D
such that the vague subgraph (S[I{d}) inducedby S[I{d} isa connected strong
vague graph. The point set domination number ), (G) of G isthe minimum scalar
cardinality of point set dominating sets.

Example 3.2. Consider vague graph G inFigure 1.

1,(0.2,0.3)

u5(0.5,0.4) ’ (0.205)

1:(0.3,0.5)
u,(0.4,0.5) (03,05)

(0.3,05) (0.3.0.5)

u, (0.3,0.4) u,(0.6,03)

(0.3,0.4)

Figure 1: Vague graphG

By routine calculation we havety, |=0.45, |u,|=0.45, |u,|=0.55,
|u,|=0.65, [us|=0.4, |ug [=0.45. y; -setis{u,,u,,us} and ,,(G) =1.65.
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Theorem 3.3. For any vague graph G, min{| v [} < );,(G) < p.
Proof: If G is a complete vague graph, thm(G) -set contains only one vertex and we
know that y; (G) -set have at least one vertex. ThatrEn{| v, |} < ), (G) . Also,

suppose thaS be the psd -set andV — S is not an empty set. TheB contain at most
n-1 vertices. That is the cardinality db is less thanP . Therefore, j;,(G) <P.

Hence, we gemin{| v, [} < ;,(G) <P,

Remark 3.4.(i) y;,(K,) = min{| v, [}, where v, IV .
(i) yip(Kvﬂ ’V2j): min{| v; |+]v,; [}, where v, 0V, and v, OV,.

Theorem 3.5. Every psd -set is a dominating set but the converse is not correct in
general.
Proof: Let S be psd -set. By the definition, it is always a dominatseg of G but may

not minimum. For the minimal dominating s&, there exist a vertexi J D such that
(SO{d}) may not be connected arfd[1V — D . That is, converse need not be true.

Example3.6. InFigurel, y-set D ={u,u,}, y(G)=0.9,and y, -setis{us,u,,us}.
Here, y-setisnot J;,(G)-set. Since, for theset S={u,,us} OV —D, both (SO{u,})
and (SO{u,}) aredisconnected. Also, ¥(G) < J;,(G).

Theorem 3.7. Let G=(V,E) beavaguegraphand D is psd-setof G.Then

(V —D) isaproper sub graph of acomponent H of G.

Proof: Suppose there exist vertices and v belonging to two different components of
G. Since D is a psd -set of G, there existwOD such that{{u,v,w}) is strongly

connected vague graph which is contradiction toassumption, i.eV —D OV (H), for
some componenH of G. Also, DnV(H) #[ which implied (V —D) is a proper
sub graph ofH .

Theorem 3.8. Let G =(V,E) beavaguegraph. If S isa psd-setand u,vOV -S,
then there are at most two strong arcs between u and v.
Proof: Let D ={u,v}, u andv are not adjacent, an8 is the psd-set. Then, there

exist a vertexx in S such that the sub grapffu,v,x}) is strongly connected. This
implies there are at most two strong arcs betwieerwérticesu and v.

Theorem 3.9. Let G=(V,E) be a strongly connected vague graph and S is the
dominating set of G whichisnot psd-setin G. Then the minimal p -set contains at
least two vertices.
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Proof: Since S is not a psd -set, there is D [V =S such that(D O{v}) is not
connected for anyw[1S. Hence,(D) is not connected and therefore it has at least two

components. So, at least two verticesSnare not dominated by a single vertex frdtn
which implies y -set contains at least two vertices.

Theorem 3.10. Let G =(V,E) be the purely semi complete vague graph and has a
unique path between any pair of verticesin G . Then the intersection of all psd -setsin

G isasingleton set.
Proof: Since G is purely semi complete vague grapB, is a union of edge disjoint
triangles having a common vertex, say It follows that any psd -set contains the vertex

u. Also, {u} itselfis psd-set. Hence, their intersection §s} .

Remark 3.11. The converse of the above theoremis not truei.e. if the intersection of all
psd -sets in G is a singleton set, then G need not be a purely semi complete vague

graph with unique path between any pair of verticesin G . Following example shows this
subject.

Example 3.12. Consider purely semi-complete vaguegraph G inFigure 2.

11,(0.3,0.3) (0.1.0.4) 1,(0.1,04) us(0.5.0.2)

(0.3.0.4)

u5(0.3.0.4) (0.3.06)  1,(0.406) (0.3.06) 1, (0.3,05)

Figure 2: Purely semi-complete vague grafh

Here, all the psd -sets includeu, . But there are two different shortest pafhg,u,,u,}
and {u,,u,,u,} between the vertices, and u,.

Theorem 3.13. Let G=(V,E) be the purely semi complete vague graph with n
verticesand S be the dominating set with number of verticesis greater than or equal to
n—-2.Then, Sis psd-setin G.

Proof: Let DV —-S and assume thaB has n—2 vertices. Then eitheD is
singleton or contain two vertices. L& ={v} . Since S is dominating set, there is a
udS such thatv is adjacent tou . That is (D O{u}) is connected. Now, let
D ={v,V,}. If v; and vV, are adjacent, then there isud]S such that(D O{u}) is
connected. Suppose thgf and v, are not adjacent. Then, by the natureSfthere is a
uldS such that(D O{u}) is connected. ThuS is psd-setin G.

229



H.Rashmanlou, A.Lakdashti and S.S.Sabet

Theorem 3.14. Let G=(V,E) be the purely semi complete vague graph and S is a
dominating setin G. Then, S is psd -set if and only if for any independent vertex set

BV -S, thereisa vJS such that every vertex of B is strongly adjacent to v in
G.
Proof: Let S be a psd-setin G, B be any independent vertex set, aBd1V —S.

Then, there is av[0S such that(S{v}) is strongly connected. Since no two elements

in B are adjacent, by previous theorem there are tramgtarcs between two vertices.
Therefore, G is purely semi complete vague graph a8dis a dominating set irG .
Conversely, suppos& is a dominating set ifc and for any independent vertex set
BOV —S, there is avllS such that every vertex dB is strongly adjacent to in

G. Let DOV =S and (D) is connected. ThenS is psd-set. Otherwise, let there

are more than one componentsf. Then B={v,,V,,---,v,} is an independent set in
G. Now by hypothesis, since each is adjacent tov in G, then there exisv[1S

such that(B[J{v}) is connected. Thereforg,D [1{V}) is connected. HenceS is
psd-setin G.

Definition 3.15. Let G=(V,E) be a vague graph. A set D[V is said to be a
set-domination set if for everyset T [0V — D, there existsa non-empty set S D such
that the vague induced sub graph (SO T) is connected. The minimum cardinality taken

over all set-domination setsis called set-domination number and denoted by y.(G).
Example 3.16. In Example 3.2, it iseasy to see that {u,,U,,U.} isa set-domination set.

Theorem 3.17. Let G = (V,E) be avague graph with effective edges. Then,

V(G) = y,(G) = ¥, (G).
Proof: Let D be a point set dominating set of a vague graphetery setT 1V —D
there exist a non-empty singleton §84 1S D such that the sub grapt&S0T) is

connected. ThusD is a set-domination set. Sg;(G) < );,(G). Now, let D be a

set-domination set of a vague gragh. Then, for any se{x} =T [0V - D, there exist a
non-empty singleton setv} DS D such that the sub graptSCT) is connected.
Thus, D is a domination set. S/(G) < y.(G) . Therefore, we have

VG) =y (C) = ),(G).

4. Application of point set dominating setsin vague graphs
In this section, we give some applications of pséttdominating sets in the other sciences.

4.1. Modeling social networks
Point set dominating sets can be used in modeliujpk networks and studying the
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dynamics of relations among numerous individualdifferent domains. A social network

is a social structure made of individuals (or gmopindividuals), which are connected by
one or more specific types of interdependency. Theice of initial sets of target

individuals is an important problem in the theorfysocial networks. In the works of

Kelleher and Cozzens, social networks are modelgdrms of graph theory and it was
shown that some of these sets can be found by tisngroperties of dominating sets in
graphs.

4.2. Social groups

It is observed that in social group some peoplefiurence others and it can happen only
when there is a strong relationship between themm,Net us consider a vague graph of a
social group as given in Figure 3.

ALi(0.2, 0.4)

(0.2,0.7) (0.1,0.9)

Jafar(0.2,0.3) Hassan(0.1,0.5)

(0.2,0.7) (0.1,0.7)

Mohammad(0.3,0.4) Asghar(0.2,0.7)

(0.1,0.6) (0.1,0.8)

Reza(0.1,0.6)

Figure 3: Vague graphG of social relation

The nodes are depicting the degree of power ofsopebelongs to a set of social
group. The degree of power of a person is defingerims of its true membership and false
membership. Degree of true membership can be neteghas how much power a person
possess and false membership can be interpretemhasiuch power a person losseAli
has 20% power within the social group but he loss#8% power in the same group. In
this example, { Ali,Jafar} , {Asghar,Hassan} , {Jafar,Mohammad} , and
{Mohammad, Reza} are strong edges. So, we can say there is a gtetatgpn between
Ali and Jafar . It is true for Asghar,Hassan and Jafar, Mohammad too. Hence,
we see thatJafar dominates Ali,Hassan dominates Asghar , and Mohammad
dominates Jafar . It is clear that{ Ali, Mohammad, Asghar},

{ Ali, Mohammad, Asghar,Reza} , and {Ali, Mohammad, Reza, Hassan}
are dominating sets. By routine calculation we hgwdi|=0.4, |Hassan|=0.3,
| Reza |=0.25, | Jafar |=0.45, and | Asghar |=0.25.
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¥, -setis{Jafar, Ali,Hassan} . The edges of a vague graph show the influenamef

person to another person. The degree of true maimpeand false membership of edges
can be interpreted as the percentage of true mefipeand false membership influence.
For example, Hassan follows 10% Mohammad’s suggestions but he/she does not
follows 60% his/her suggestions. Therefore, domination cap hslto find people who
have strong relation in a social group.

4.3. Social network theory

The online social network has been developed sagmifly in the recent years as a medium
of communication, sharing the information and sgieg the influence. Most of the
current research has been carried out on undenstptite property of how the online
social network has been utilized in disseminathgihformation and ideas. The problem
of utilizing the online social network for solvitige social problems in the physical world
such as drinking, smoking, and drug problems drexglored well. The dominating set
plays a vital role in analyzing the effect on al i@aline social network data set through
simulation. The dominating set concept can be agpio the social network graph to
determine the amount of positive influence thaddssessed by an individual as well as its
impact to their related neighbor. This dominatimgipve degree threshold can spread the
positive educational influence throughout the entiommunity in the social network.

In a social setup people may have both positivegedlsas negative impact on each
other and persons can play different roles asahewpffected by their peers. The positive or
negative influence in social issues can move indinections. That is, a positive individual
can convert into a negative individual and can mbaek and forth between these two
states for multiple times. A vague undirected grdpt= (V, E,C) is used to denote the

online social network, because friendship in aninenlsocial network are usually
bidirectional as shown in below.

Online social network can be representedaagraph of relationship with
individuals representing the nodes of a grayh, (the social interactions as edgé&s)(and
C is the compartment vector that saves the compattofeeach node. The compartment
part of a node decides whether the social issoé@) individual has positive or negative
impact on its neighbors.

5. Conclusion

It is well known that graphs are among the mostuitbus models of both natural and
human-made structures. They can be used to mods} types of relations and process
dynamics in computer science, physical, biologiaat] social systems. In general graph
theory has a wide range of applications in divéields. In this paper, we studied some
results on point set dominating set and its nundberague graphs and semi complete
vague graph. Also, we introduced the bounds witlelotlomination parameters of vague
graphs.
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