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1. Introduction

Levin [10] introduced the concept of generalizedsed set in topological
spaces. The concept of locally closed sets in alagjral space was introduced
by Bourbaki [4]. Ganster and Reilly [5] further died the properties of locally
closed sets and defined the LC—continuity and lt€swluteness. Balachandran
et al. [3] introduced the concept of generalizezhlly closed sets and GLC —
continuous functions and investigated some of thedperties. Arockiarani,
Balachandran and Ganster [2] introduced regulaegdized locally closed sets
and RGL- continuous functions. The Authors [12] daalready introduced
(r*g*)* closed sets and investigated some of th@ipperties. The aim of this
paper is to introduce (r*g*)* locally closed setdar*g*)* locally continuous
function and investigate some of their propertfasithermore the notions of
P* sets, P** sets, Q* sets, W* sets and A* setg arsed to obtain the
decompositions of (r*g*)* closed sets.

2. Preliminaries

Definition 2.1. A subset A of a Topological space X is called
1) A generalized closed set (g-closed) [10] if cIgAY whenever Al U and U is open.
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2) A regular generalized closed set (rg-closed) [1@](A) OU whenever AU and U
is regular open.

3) A(r*g*)* closed set [12] if cl(A)OU whenever AlU and U is r*g*- open. The
complement of (r*g*)* closed set is (r*g*)* open.

4) Alocally closed set [5] if A = $) F where S is open and F is closed.

5) A generalized locally closed set [3] if A =(% F where S is g-open and F is g-
closed.

6) A glc*-set[3] if A=SN Fwhere Sis g-open and F is closed.

7) Aglc**-set [3] if A=SN F where Sisopenand F is g- closed.

8) A regular generalized locally closed set [2] is & fi F where G is rg-open and F is
rg-closed in (X3J) .

9) A rglc* [2] if there exists a rg-open set G andl@sed set F of (X§ ) such that S=G
nF.

10) A rglc**[2] if there exists an open set G and actgsed set F such that B =(GF.

Definition 2.2. A subset S of a topological space is called a

tset [17] if int(S)=int(cl(S)).

t*set [7] if cl(S)= cl(int(S)).

a* set if [15] int(S)=int(cl(int(S))).

C set[16] if S= @) Fwhere Gisopenand Fis at set.

Crset [16]if S=LN M where L is rg open and M is a t set.

Cr*set [16] if SSLN M where Lis rg open and M ix& set.

A set if [18] S= @) F where G is open and F is a regular closed set.

NoghkrwnpE

Definition 2.3. Let X be a Topological space. Let A be a subseét.of (r*g*)*
closure [14] of A is defined as the intersection aiff (r*g*)* closed sets
containing A.

Definition 2.3. A function f: (X3) — (Y, o) is called

® g- continuous [10] if F(V) is g closed in ( X3) for every closed set V of (¥).

(i) (r*g*)*-continuous [13] if the inverse image of ayeclosed set in (Yg) is
(r*g*)*-closed in (X,3)

(i) (r*g*)*-irresolute map [13] iff ~1(V) is a (r*g*)*-closed set in () for every
(r*g®)* closed set V of (Y 0).

(iv) LC-continuous [5] iff “1(V) is a locally closed set in (¥X) for every open set

V of (Y, o).

(V) G LC-continuous [3] iff "1(V) is a gl-closed set in () for every open V of
(Y, o).

(vi) Rgl continuous [2] iff ~1(V) is a rgl closed set in (¥) for every open V of
(Y,0).

3. (r*g*)* locally closed sets

Definition 3.1. A Subset S of (5 ) is called (r*g*)* Locally closed if S = A1 B where
Ais (r*g*)* open and B is (r*g*)* closed.

Example 3.2.Let X ={a, b,c}. Let3J = (¢ ,X{a}{b}{a,b}}.
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Closed sets afa X, {c},{b,c}.{a,c}}

(r*g*)* closed sets are §, X, {c},{b,c}.{a,c}}

(r*g*)* open sets are { , X, {a,b} {a}.{b}}

Now {a} = {a,b} N {a,c} where {a,b} is (r*g*)*open and {a,c} (r*g*)*closed
and hence {a} is a (r*g*)*locally closed set.

Here {a},{b},{c}.{a,b},{b,c}.{a,c} are (r*g*)* Loca lly closed sets.

Definition 3.3. A Subset S of (X,3 ) is called (r*g*)* Locally * closed if S =
A N Bwhere Ais (r*g*)* open and B is closed.

Example 3.4.In Example 3.2 {b}={a,bh {b,c}is (r*g*)* Locally * closed.

Definition 3.5. A subset S of (X,3 ) is called (r*g*)* locally** closed if S =
A NB where Ais open and B is (r*g*)* closed.

Example 3.6.In Example 3.2 {a}={a,bh {a,c} is (r*g*)* locally **closed.
Remark 3.7. Every closed set is (r*g*)* locally closed set

Theorem 3.8.

® Every Locally closed sets is (r*g*)* locally closed

(i) Every g* locally closed set is (r*g*)* locally clesl

(i) Every (r*g*)* locally closed set is gpr locally ded

(iv) Every (r*g*)* locally closed set is rwg locally cded

(V) Every (r*g*)* locally closed set is rg locally cled
Proof:
() Let S=AN B where Ais open and B is closed in X. Buery open
set is (r*g*)*open and every closed set is (rgtpbsed and hence S is
(r*g*)*locally closed set.
(ii) Proof follows from the fact that every g* cled set is (r*g*)* closed set
[12].
(i) Proof follows from the fact that every (r*g*)closed set is gpr closed set
[12].
(iv) Proof follows from the fact that every (r*g*®tosed set is rwg closed set
[12].
(v) Proof follows from the fact that every (r*g*)¢losed set is rg closed set
[12].
The converse of the above statements need noagrgeen from the following
example.

Example 3.9.

() LetX={a, b,c}. Let3J3={e,X {c}{b,c}}

Closed sets ar¢ ¢, X, {a},{a,b}}

(r*g*)* closed sets are ¢, X, {a},{a,b},{a,c}}

(r*g*)* open sets are { , X, {b,cHc},{b}}

Here {a,c} is (r*g*)*locally closed set but not lally closed set.
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(i) Let X={a,b,c}, 3 ={o ,X ,{a}}

Closed sets are¢,X,{a}}

Here {b} is not a g* locally closed set but it igréig*)* closed set.

(iii) let X={a,b,c,d}, I3 = (¢ ,X ,{a},{a,c}.{a,d},{a,c,d}}

Closed sets ared, X,{b,c,d},{b,d},{b,c},{b}}

Here {c,d} is gpr closed set but not (r*g*)* closedt.

(iv) In the above example {a,c,d} is rwg closed Iset not (r*g*)* closed set.
(v) In the above example {c,d} is rg closed set it (r*g*)* closed set.

Remark 3.10.

(r*g®)* locally closed sets are independent of denally closed setsy locally
closed sets, wg locally closed setsand the follgwixamples support our
statement.

Example 3.11.

Let X ={a,b,c,d} I ={ o, X, {a,b} {c,d} }. Here {a} is (r*g*)* locally clo sed
but not semi locally closed set.

Let X={a,b,c,d},3 ={ ¢, X, {a}{a,c}{a,d},{a,c,d}. Here {c,d} is semi |aally
closed set but not (r*g*)* locally closed set.

Example 3.12Let X = {a,b,c,d}, 3 ={ o, X, {a,c}, {a,d} {a}, {a,c,d}}
Here {a,c} in nota locally closed set but {a,c} is (r*g*)* locallylosed set
Here {c,d} is a locally closed set but {c,d} is not (r*g*)* localiclosed.

Example 3.13.From the above example, {c,d} is wg locally closset but
{c,d} is not (r*g*)* locally closed set.

Let X={a,b,c,d}, 3 = { ¢, X,{a,b,c}{a,c,d},{a,c}.{a}.,{c}}. Here {a,d} is
(r*g*)* closed set but not wg locally closed set.

Theorem 3.14Every locally closed setis (rg*)* locally* cked.
The converse need not be true as seen from tbevilog example.

Example 3.15.In example 3.8 {a,c} is (r*g*)*locally*closed butat locally
closed.

Theorem 3.16Every locally closed setis (r*g*)* locally**losed.
The converse need not be true as seen from ltbevilag example.
In example 3.9 {a,c} is (r*g*)*locally**closed butot locally closed.

Theorem 3.17.If A is (r*g*)* locally closed in X and B is (r*g¥* open then

A NB is (r*g*)* locally closed in X

Proof: Since A is (r*g*)* locally closed A=P Q where P is (r*g*)*Closed
and Q is (r*g*)* open. Now A B = (PN Q)N B=PN (QN B).

Since (QN B) is (r*g*)* open and P is (r*g*)* closed A B is (r*g*)* locally
closed.
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Theorem 3.18.A subset S of (X,3J) is (r*g*)* Locally closed (X —S) is the
union of a (r*g*)* open and a (r*g*)* closed set.

Proof: If Sis (r*g*)* locally closed then S = R Q where P is (r*g*)* closed
And Qis (r*g*)*open.Now X - S = X- (PR Q) =(PNQ)f = PUQ
Now P°¢is (r*g*)* open& Q is (r*g*)* closed. Hence the result.

Result 3.19.The complement of a (r*g*)* locally closed set de®t be locally
closed.

Example 3.20.Let X ={a,b,c}, I ={ 0, X, {c}, {b,c}.

Closed sets are ¢, X, {a,b}, {a}}

Here {b} is (r*g*)* locally closed .But its compleant {a,c} is not locally
closed.

Theorem 3.21.Let A and B are subsets of (X5 ). If Ais

(r*g*)*locally**closed and B is open then A B is (r*g*)*locally**closed.
Proof: Let A be (r*g*)*locally**closed in (X, 3 ).Then there exists an
open set P and (r*g*)*closed set Q such that A=Q. Now

A NB=(PNQNB=(P N B)N Q which is (r*g*)*locally**closed set.

Theorem 3.22.f A is (r*g*)*locally* closed subset of (X, 3 ) and B is
(r*g*)* closed then AN B is (r*g*)* locally closed.

Proof: Let A be (r*g*)*locally* closed. Then A=F Q where P is (rg*)*
open and Q is closed. NowAB = (PN Q) N B=PN(B N Q). Hence AN B
is (r*g*)* locally closed.

Theorem 3.23.1f A is (r*g*)*locally*closed subset of (X5 ) and B is
(r*g*)*open then AN B is (r*g*)*locally closed.

Proof: Let A be (r*g*)*locally closed. Then A=P Q where P is (r*g*)*open

and Q is (r*g*)*closed. Now A1 B = (PN Q) N B=(PN B) N Q. Hence AN

B is (r*g*)*locally closed.

4. (r*g*)* locally continuous functions

Definition 4.1. A function f :( X3 )— (Y, o ) is called (r*g*)* locally
continuous ,if (V) is (r*g*)*locally closed in (X3 ) for every open set V in
(Y,0).

Example 4.2.Let X = {a,b,c} and3 ={X, o, {c},{b,c}}.

Closed sets are {Xp, { a,b} {a}}. (r*g*)*Closed sets are {X ¢, {a} { a,b}
{a,c}}. (r*g*)*open sets are {X ¢, {b,c} {c},{b}}.

(r*g*)*locally closed set are {Xq, {a},{ a,b},{a,c}, {b,c} {c}.{b}}.

LetY ={a,b,c}o={Y, o, {b}}

Define f: (X, 3)— (Y, o) defined by f(a) =a, f(b)=c f(c)=b.

Now {b} € o and f({b}) = {c} which is(r*g*)*locally closed in(X, ).
Hence f is (r*g*)*locally continuous function.
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Definition 4.3. A function f (X3J) — (Y, 0) is said to be a (r*g*)* locally
irresolute function if ~*(V) is a (r*g*)* locallyclosed set in (X5) for every
(r*g®)* locally closed set V of (Yp).

Example 4.4.Let X={a,b,c} I = {p X, {a}}. Closed sets = {p,X, {b,c}}

(r*g*)* closed sets are {,X,{b},{a,b} {c},{b,c}.{a,c} }

(r*g*)*open sets are {,X {a},{bH{a,b} {c}.{a,c}}

(r*g®)*locally closed sets are §,X, {a},{bKa,b} {c}.{b,c}.{a,c} }

Y={a,b,c},oc = { ¢,X, {a},{b}.{a,b}}. Closed setofY ={¢,X, {b,c}{a,c}{c}}

(r*g*)* closed set of Y are §,Y, {c},{b,c},{a,c} }

(r*g*)*open sets of Y are &,Y, {a},{b}.{a,b}}

(r*g*)*locally closed sets are §,Y, {al{bHa,b} {c},{b,c},{a,c}}

Here Letf: (X3) — (Y, o) be defined by f(c)=c,f(b)=a,f(a)=b

fi{ah)=fb}, f *(b)={a}, F{ch={c} f *(fab})=fa,b}, F*({b,ch={a.c}, f *({a,ch)={b.c}
which are (r*g*)* locally closed in (). Hence f is a (r*g*)*locally closed irresolute
map.

Theorem 4.5.Every locally continuous function is (r*g*)* lothg continuous.

Proof: Let f: (X,3 )— (Y, o) be a locally continuous map. Let F be an opelinsgt, o).
Thery~1(F) is locally closed in (X). Since every locally closed set is (r*g*)*locally
closed f~1(F) is (r*g*)*locally-closed set. Therefore f is (r*§* locally continuous.

The converse need not be true as seen from lbevilag example.

Example 4.6.Let X ={a,b,c}J ={¢,X, {c},{b,c}}.

Closed set of X = §,X,{a,b},{a}}

Locally closed sets arep{X.{a},{cH{a,b}.{a,c}}

(r*g*)* closed sets are {,X, {a},{a,b}{a,c}

(r*g*)*open sets arefp,X,{b,c}, {c}, {b}}

(r*g®)*locally closed sets ared, X, {a},{b}{a,b} {c}.{b,c}.{a,c} }

Let Y ={a,b,c}, o={¢,Y,{b}}. Closedsetof Y ={p,Y,{a,c}}

Locally closed sets areq,Y,{b},{a,c}. Define f by f(c)=a ,f(b)=b,f(a)=c.

Now {b} is open in (Y,o).f{b}={b} which is(r*g*)* locally closed set. Theredre f is
(r*g*)* locally continuous. But f{b}={b} is not locally closed in (X,S). Hence f is not
locally continuous.

Similarly we can prove the following results.

Theorem 4.7.

() Every g* locally continuous function is (r*g*)* ladly continuous.

(i) Every (r*g*)* locally continuous function set is gfpcally continuous
function

(i) Every (r*g*)* locally continuous function set is gw locally
continuous function

(iv) Every (r*g*)* locally continuous function set is tgcally continuous
function.
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Definition 4.8. A function f :( X3 ) —( Y, ¢ )is called (r*g*)*locally *continuous, if
(V) is (r*g*)*locally* closed in (X, J) for every \[Jo.

Example 4.9.In example 4.6 the function f is (r*g*)*locally*edginuous function.

Definition 4.10. A map f : (X, J) — (Y, 0) is said to be a (r*g*)* locally* irresolute
map iff~1(V) is a (r*g*)* locally*closed set in (X3) for every (r*g*)* locally*closed
set V of (Y,0) .

Example 4.11.In example 4.4 fis (r*g*)*locally*irresolute.

Definition 4.12. A function f :( X, 3 ) —» (Y,o )is (r*g*)*locally **
continuous, iff (V) is (r*g*)*locally** closed in (X,3 ) for every V open in
(Y, o).

In example 4.6 the function fis (r*g*)*locallytiosed continuous

Definition 4.13. A function f : (X, J) = (Y, 0) is said to be a (r*g*)*
locally**irresolute function if f~1(V) is a (r*g*)* locally**closed set in
(X, ) for every(r*g*)* locally**closed set V of (Yg).

Example 4.14.The function f defined in example 4.4 is a (r*g¥gcally**
irresolute.

Theorem 4.15. Let f: (X, J) — (Y, o) be a function. If f is locally continuous, theris
(r*g®)* locally*continuous and (r*g*)*locally**continuous.

Proof: Let f: (X,3) - (Y, o) be a locally continuous function. LetlFo. Therf~1(F) is
locally closed in (X). Since every locally closed set is (r*g*)*locaityosed,f ~1(F)
is (rg*)*locally* closed set. Therefore f is (r*g*locally*continuous. Also since every
locally closed set is (r*g*)*locally**closedf ~1(F)is (r*g*)*locally**closed set. Hence
fis (r*g*)*locally **continuous.

The converse need not be true as seen from Hbevilog example.

Example 4.16.Let X = {a,b,c}and3 ={ X, o, {c}{b,c}}.

Closed sets are{Xp, { a,b}, {a}}

Locally closed sets of X are{ X, {b}.{a,c}}.

(r*g*)*Closed sets of X are {Xq, {a} { a,b} {a,c}}

(r*g*)*open sets of X are {X¢, {b,c} {c}.{b}}

(r*g*)*locally closed set of X are {Xq, {a},{ a,b},{a,c}, {b,c} {c},{b}}
(r*g*)*locally* closed set of X are {Xg, {a},{ a,b}, {b,c} {c}.{b}}
(r*g*)*locally** closed set of X are {Xg¢, {a},{ a,b},{a,c}, {b,c}, {c}}
Let Y = {a,b,cl,6 ={¢,Y, {a}} Closedset ={p,Y, {b,c}}

Define amapping f. (XJI)— (Y,0) by f(a)=a, f(b)=c, f (c)=h.
Here f{a}={a} is (r*g*)*locally*closed and (r*g*)*locally **closed but not a
locally closed set. Hence f is (r*g*)*locally*clodecontinuous and
(r*g*)*locally**continuous  but not locally cotiriuous.
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Theorem 4.17.Let f: (X, J) - (Y, o) be a function. If f is (r*g*)* locally*
continuous, then it is (r*g*)* locally continuous.
Proof: Let f be (r*g*)* locally*continuous. Let Vlo. Then f(V) is

(r*g*)*locally*closed .. (V) = FN G where F is (r*g*)* open and G is
closed. But every closed set is (r*g*)*closads is (r*g*)*closed and.

= fYV) is (r*g*)*locally closed . Hence f is (r*g*Jocally continuous.
The converse need not be true as seen from tloanvioly example.

Example 4.18.In example 4.16Let Y = {a,b,cs={¢,Y, {b,c}}.

Closed set = {,Y, {a}}Define f by f(a)=b, f (c)=c f(b) =a.

f{b,c}={a,c} is (r*g*)*locally closed and hence f i§*g*)*locally continuous
but f{b,c}={a,c} is not (r*g*)*locally*closed. Therefoe f is not (r*g*)*
locally* continuous .

Similarly, we can prove the following theorem.

Theorem 4.19.Let f: (X, J)— (Y,o0) be a map. If f is (r*g*)* locally**
continuous, then it is (r*g*)* locally continuous.

The converse need not be true as seen from tloavioly example.

In example 4.16let Y = {a,b,c},={¢,Y, {b,}}. Closed set ={¢,Y, {ac}}
define f by f(b)=b, f (c)=a, f (a) =c. Now {b}={b}is (r*g*)*locally closed
and hence f is (r*g*)* locally continuous. But'{b}={b} is not (r*g*)*
locally** closed in X. Therefore fis not (r*g*)dcally** continuous.

Theorem 4.20.Let f: (X, J)— (Y,0) be a map. If f is (r*g*)* locally*
irresolute, then it is (r*g*)* locally continuous.

Proof: Let VLI ¢. Then V=VNY. Hence V is (r*g*)*locally closed in Y. Since
fis (r*g*)* locally*irresolute, f(V) is (r*g*)* locally*closed. Now (V) = F
NG, where F is (r*g*)* open and G is closed. But mvelosed set is
(r*g*)*closed .. f(V) is (r*g*) locally closed. Hence f is (r*g*)*loally
continuous.

The converse need not be true as seen from ttoanvioly example.

In example 4.16, let Y = {a,b,c§ ={¢,Y, {ab}}. Closed set = {¢,Y,
{c}}. Let f be defined by f(a)=a, f (c)=b, f (b¥ c. Now f{a,b}={a,c} is
(r*g*)*locally closed but not (r*g*)*locally*closel. Hence f is (r*g*)*locally
continuous but not (r*g*)*locally* irresolute.

Remark 4.21.Composition of two (r*g*)* locally continuous faetion need
not be (r*g*)* locally continuous.

Let X=Y={a,b,c,d}.

Let f:(X,3) — (Y ,o)where3={¢, X {a,c}, {a,d}, {a}, {a,c,d}}.

o ={ ¢o,X,{a,b},{c,d}}.

Let f be defined by f(a) = a, f(d) =c, f(d=f(b)=d

! (a,b) = {a,c}, f(c,d) ={d,b}

1 (a,b) is (r*g*)* locally closed.t {(c,d)} is (r*g*)* locally closed. Hence
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f: X =Y is (r*g*)* locally continuous

letg:(Yo)— (Z,n) wheren ={ ¢,X, {a,b}} be defined by g (c) = b, g(a)
=¢, g(d) =d, g(b)=a.

g'({a,b)={b,c} is (r*g*)* locally closed and hence g is (r*g*)* locally
continuous but (g o ) {fa,b}) = f* (g* ({a,b}) = f* ({b,c}) ={c,d} is not
(r*g®)* locally closed. Hence g o f is not (r*g*)focally continuous.

The following theorem gives the condition under ethihe composition of two
functions is (r*g*)*locally continuous.

Theorem 4.22Let f: (X, 3) - (Y,0)and g: (Yg) = (Z,n) be two function.

Then

1) gof is (r*g*)*locally continuous if g is(r*g*)*locally continuous and f is (r*g*)*
locally irresolute

2) gofis (r*g*)*locally irresolute if both f and g ar@*g*)*locally irresolute.

3) gof is (r*g*)* locally* continuous if g is (r*g*)* locally* continuous and f is
(r*g*)*locally*irresolute.

5. Another decomposition of (r*g*)* closed sets
The following definitions are introduced to obtaiecompositions of (r*g*)*closed set.

Definitions 5.1.A subset A of a topological space X is called a

1) P*setif A=LN M where L is (r*g*)* open and M is a t set.

2) P*set ifA=LN M where L is (r*g*)* open and M is a t* set.

3) Q*set ifA=LN M where Lis (r*g*)* open and M is a C set.

4) W*rset ifA=LN M where L is (r*g*)* open and M is am* set.

5) A*set if A=L N M where Lis (r*g*)* open and M is a regular sk set.

Propositions 5.2.

1. Every C setis a P* set

1) Every P*setis Cr set.

2) Every W*setis Cr*set.

3) Every Asetis A*set.

4) Every A*setis P**set.

5) Everytsetis P *set.

6) Every Csetis Q**set.

7) Every o*setis W* set.

8) Every (r*g*)* open setis P* set.
9) Every (r*g*)* open setis W* set.

Remark 5.3.The converses need not be true as seen from tbaifiod) examples.

Example 1. Let X={a,b,c}3={®,X, {a},{b,c}.
Here {b}is P*but not C.

Example 2. Let X={a,b,c}3={0,X ,{b},{a,b}}.
Here {b,c} is a Cr set but not a P* set.

Example 3. In example 2 {b,c} is Cr* but not W*,
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Example 4. In example 2 {b,c} is P** but not A*.

Example 5. In example 2 {a}is A* but not A.

Example 6. In example 2 {a,b}is P* but nott

Example 7. In example 1 {a,b} is Q** but not C.
Example 8. In example 2 {b} is w* but nat

Example 9. In example 2 {c}is P* but not (Htppen.
Example 10. In example 2 {a,c}is W* but not‘df)*open.

10.

11.

12.

13.

14.

15.

16.
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