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Abstract. A graphG is said to be one modulo three root square megrhgfahere is an
injective functione from the vertex set d& to the set {0, 1, 3, ...39-2, 3¢ whereq is
the number of edges & andg induces a bijectiop* from the edge set of G t&{ 4, ...,

30-2 given by ¢*(uv) = [ /wl or[ /MJ and the functionp is

called one modulo three root square mean labelfnG.orhe concept of one modulo
three root square mean labeling was introducedalpgsékaran and Jaslin Melbha and
they investigated some graphs are one modulo ttueesquare mean graphm this
paper we prove that some disconnected graphs &enodulo three root square mean
labeling.
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1. Introduction

We begin with simple, finite, connected and undedcagraph. For standard terminology
and notations we follow Harary [1]. graph labelingis an assignment of integers to the
vertices or edges or both subject to certain camrdg). If the domain of the mapping is
the set of vertices (edges) then the labeling lledavertex labelinglan edge labeliny
Several types of graph labeling and a detailedesuare available in [2]. A very good
application of graph labeling is given in [3,4]

Jayasekaran and David Raj introduced the conceptnuodulo three harmonic
mean labeling of graphs in [5]. Root square meéarliag was introduced by Sandhya,
Somasundaram and Anusa in [6]. Jayasekaran alial Ndbha introduced the concept
one modulo three root square mean labeling of graph7]. Further they investigated
some graphs are one modulo three root square nmiaphgg[8]. Not every graph is one
modulo three root square mean. For example, stghgl; , where n> 4 is not a one
modulo three root square mean graph. We are inéerde study different classes of
graphs, which are one modulo three root square meguhs.
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We will provide a brief summary of definitions anther information’s which
are necessary for our present investigation.

Definition 1.1. A graphG is said to be one modulo three root square meghdfahere
is an injective functiorp from the vertex set d& to the set {0, 1, 3, ...39-2, 34 where
g is the number of edges Gfande induces a bijectiop* from the edge set of G t&{ 4,

... 3-3 given by g*(uv) =[ \/[<p(u)]z;[<p(v)]z Or[ \/[w(u)]z;[tp(vnzj and the function s

called one modulo three root square mean labefiltg o

Definition 1.2. The corona of two graphs,@nd G is the graph G = ®G, formed from
one copy of G and|V(G,)| copies of Gwhere {" vertex of Gis adjacent to every
vertices in the" copy of G.

Definition 1.3. The graph FoK, is called a&comb

Definition 1.4. The product BxP, is called dadderand it is denoted by,L The ladder
graph Lyis a planar undirected graph with 2n vertices am@ &dges.

Definition 1.5. The union of two graph8&, = (V, E;) andG; = (V,, E) is a graphG =
G1UG,with vertex seV = V;uV,and the edge sé&t = E,UE,.

Theorem 1.6. The ladderL, is a one modulo three root square mean graph for
n=+ 2 [6].

Theorem 1.7. P, U(P,0K,) is a one modulo three root square mgaaph [6].

2. Main results

Theorem 2.1. (L,,OK;) U P, is one modulo three root square mean graph.

Proof: Let wU,...u, and vyv,...vimbe two paths of length m. Joinand v, 1< i< m. The
resultant graph is .. For X i<m, let x be the pendant vertex adjacent tand ybe the
pendant vertex adjacent tp Yhen we get the gragh,© K;. Let wws,...w, be the path
Pn. LetG = (LmOKy) U P, with V(G) ={u;, v, X%, ¥, W/1<i<m, I<j< n} andE(G) =
{uivi, UXi, ViYi, ViV, YU, WWj1/1<i<m, 1< j< n-1}. Then G has 4m+n vertices and
5m+n-3 edges. Define a functign: V(G)— {0, 1, 3,..., 39-2, 3gby ¢(uy) = 1, p(up) =
15, ¢(uz) = 33,d(ug) = 46,0(u) = 15i-12, 5<i < m; d(x1) = 0, ¢(x2) = 22, d(x3) = 28,
O(xq) = 45,0(x) = 15i-17, 5< i <m; d(vy) = 6,0(v2) = 18,d(vs) = 36,(v;) = 15i-9, 4<i
<m; d(y1) = 9,0(Y2) = 24,6(ys) = 39,¢(yi) = 15i-8, & i <m; ¢(w;) = 15m+3i-9, ¥ i <n.
Then¢ induces a bijectiog™: E(G) — {1, 4, ..., 39-2} whered*(u;u1) = 15i-5, Ki <
mM-1; o*(uiXs) = 1,0*(U2xz) = 19,0*(uix;) = 15i-14, 3<i <m; ¢*(usvy) = 4, 6*(u,vy) = 16,
o*(uivi) = 15i-11, 3<i < m; o*(Vay1) = 7, 0*(Vay2) = 22, o*(viyi) = 15i-8, 3<i < m;
0*(Vivisr) = 15i-2, Ki<m-1; ¢*(w;wi) = 15m+3i-8, ¥ i <n-1. Hencel(,,OK)) U P, is
one modulo three root square mean graph.

Example 2.2. A one modulo three root square mean labeling-g®K,)UP; is given in
figure 1.
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Figurel: (LsOKy) U P;

Theorem 2.3. (L, OKy) U(P,OK}) is one modulo three root square mean graph.
Proof: Let wu,...u, and \v,...v,be two paths of length m. Joinand vy, 1< i< m. The
resultant graph is .. For X i< m, let x be the pendant vertex adjacent tand ybe the
pendant vertex adjacent tp Vhen we get the graph, O K;. Let R, be the pathw,...v,.
Let w be the vertex adjacent tg V<i<n. The resultant graph is®K,. LetG = (L,
OKy) U(P,OK,) with V(G) ={ui, vi, X, Vi, S, §/1< i< m, I j< n} andE(G) = {uvi, uXi,
ViVi, ViVis1, Ul St, §S+/1<ism, I< j< n-1}. Then G has 4m+2n vertices and 5m+2n-3
edges. Define a functigh: V(G)— {0, 1, 3,..., 3R, 3q}by ¢(uy) = 1, d(uy) = 15,0(us) =
33,0(ug) = 46,6(u) = 15i-12, 5<i<m; d(X1)= 0, d(X2)= 22, d(X3)= 28, d(X4)= 45, o(X)=
15i-17, 5<i< m; ¢(vy)= 6, d(V2) = 18,d(v3) = 34,6(vi) = 15i-9, 4<i<m; d(y1) = 9, d(y2)
= 24,6(ys) = 39,0(yi) = 15i-8, &£ i< m; ¢(s) = 15m+6i-9 for all odd & n; ¢(s) =15m+6i-
12 for all even K n; ¢(t) = 15m+6i-12 for all odd £ n; ¢(t) = 15m+6i-9 for all even<
n. Theng induces a bijectiory*: E(G)— {1, 4, ..., 39-2}whered*(u;u1) = 15i-5, Ki<
m-1; o*(U1Xq) = 1, 0*(UoX2) = 19,0*(uix;) = 15i-14, 3<i <m; ¢*(uvy) = 4, 0*(uvy) = 16,
O*(uivi) = 15i-11, 3<i < m; o*(Vay1) = 7, 0*(Vay2) = 22, o*(viy;) = 15i-8, 3<i < m;
0*(Vivir1) = 15i-2, Ki<m-1;¢*(sit) = 15m+6i-11, £i <n; ¢*(SiS+1) = 15mM+6i-8, ¥i <
n-1. Hencel(, OK;) U(P,OK;) is one modulo three root square mean graph.

Example 2.4. A one modulo three root square mean labelingLe®K,) U (PsOK;) is
given in figure 2.
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Figure2: (LsOKj) U (PsOK4)

Theorem 2.5. P,,UP,,is a one modulo three root square mean graph.

Proof: Let wu,...u, be the pattP, and yv,...v,,be the pathP,. LetG = P,UP,, with

V(G)= {u;, v /I<i< n, K j< m} and E(G) = {ujUi+1, Vi1 /1< i< n-1, K j< m-1}. Then
G has n+m vertices and n+m-2 edges. Define a fumgtioV(G) — {0, 1, 3,..., 3R, 3q}
by ¢(u1) = 0, d(W) = 1, ¢(u) = 3(i-1), 3<i < n-1,(un) = 3n-5;¢(v;) = 3n+3j-6, ¥ j <m-

1, ¢(vm) = 3n+3j-8. Thend induces a bijectiop*: E(G) — {1, 4, ..., 39-2} where
¢*(uilig) = 3i-2, K i < n-1; ¢*(vjvj1) = 3n+3j-5, ¥ j< m-1. HenceP,U P, is a one
modulo three root square mean graph .

Example 2.6. A one modulo three root square mean labelind?0§ Ps is given in
figure 3.

12 15 16

, 10 g 13 up 0 W

19 v, 22 vz 25 Vi 28 yg 31

Figure3: P;U Py

Theorem 2.7. LU P, is a one modulo three root square mean grapmfer2 and
n= 3.
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Proof: Let uU,...uy, and vv,...vi,be two paths of length m. Joinand v, 1< i< m. The
resultant graph is . Let wyw,...w, be the path PLetG = L U P, with V(G) = {u;, v,
w; /1< i< m, K j< n} and E(G) = {Uilis1, ViVie1, WVi, UVn, WW;./1< i< m-1, K j< n-1}
ThenG has 2m+n vertices and 3m+n-3 edges.
Cael m=1

In this casel.,U P, = P,U P,. By Theorem 2.%°,U P, is a one modulo three root
square mean graph.
Case2. m=2

Subcase21.n=2

In this case,L,U P, = LU P,. Define a functiong : V(G) —{0, 1, 3, ..., 39-2, 3gby
o(uy) = 3, d(u) = 4, ¢(vy) = 15, d(v2) = 10, d(wy) = 0, d(wp) = 1. Then¢ induces a
bijection ¢*: E(G) — {1, 4, ..., 39-2} whered*(uiUp) = 4, d*(uvy) = 10, d*(upv,) = 7,
0*(v1vo) =13, ¢*(wiw,) =1. Thus the edges get distinct labels 1, 4, 3., Ih this case

is a one modulo three root square mean labelingsfoh one modulo three root square
mean labeling ok, U P, is given in figure 4.

15 13 10
Vi Va
0 1 g.
[ 4
1 7 Wy Wy
3
Ug 4 Uz

Figure4: LU P,

Subcase2.2.n=3

In this case, L, U P, = L,U Pa. It has 6 edges and 7 vertices. When we labektlies
vertices from the vertex set {0, 1, 3, ..., 18}, adetwo edges get the same labels and
hencel.,U P; is not one modulo three root square mean labeling.

Subcase23. n=>4

In this case,L,U P, = L,U P,. Define a functiong : V(G) —{0, 1, 3, ..., 3R, 3q} by

o(u) = 3n+9,0(uz) = 3n+4;¢(v1) = 3n-3,4(v2) = 3n-2;¢(Wa) = 0, p(w2) = L, ¢(W;) = 3(i-

1), 4<i < n-1; ¢(w,) = 3n-5. Thenp induces a bijectiog*: E(G) — {1, 4, ..., 39-2}
whered*(uiup) = 3n+7,0*(Uovo) = 3n+1,0*(usvy) = 3n+4,¢*(V1vo) = 3n-2; o*(WiWi.q)=

3i-2, K i< n-1. Thus the edges get distinct labels 1, 4, g-2.3 In this casé is a one
modulo three root square mean labeling for G.

Cae3d. m=>=3

Define a function¢ : V(G) —{0, 1, 3, ..., 39-2, 3gby ¢(uz) = 0, d(u) = 1, ¢p(ug) = 6,
o(u) = 9i-6, L i< m; ¢(v;) = 6i+3, K i< 3; d(vi) = 9i-9, &L i< m; ¢(wy) = 9m-8,b(w;) =
9(m-1)+3i, X i < n. Then¢ induces a bijectiop*: E(G) — {1, 4, ..., 39-2} where
0*(uily) = 1, d*(Uouz)= 4, ¢*(Uzug)= 22, ¢*(UiUi)= 9i-2, & 1 < m-1; ¢*(ViVie1)= 6i+7, K

i <3; ¢*(Vivie)= 9i-5, L i< m-1; ¢*(uvy)= 7, *(usvy) = 10,0*(usvs) =16, o*(u;vi) = 9i-

8, &K i< m; ¢*(wiwi.1) = 9M+3i-8, ¥ i< n-1. Thus the edges get distinct labels 1, 4, ...,
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30g-2. In this casé is a one modulo three root square mean labelinGfddencd.,,UP,
is a one modulo three root square mean grapmfer2 and n = 3.

Example 2.8. A one modulo three root square mdabeling ofL,U P, andLgU P are
shown in figure 5 and figure 6 respectively.

9 10 10
\41 V2
0 1 1 6 7 7
[ L \ 4 ]
16 13 Wi Wa W3 Wy
21 16 .
u 19 W Figure5: LU P,
W8 13 15 g0 21 55 27 3 36 40 45 49 4 53 g O m
’ wa kY Vg Vs Ve V7 Vi Vo
7 10 16 28 37 46 33 64 73
Uz sz L4 115 s 117 g
Wy 1 1 4 & 22 30 34 30 43 45 2 57 61 g5 10 752
73 78 81 84 87 90 9.3
. * —& —o —e —e 51
Wy % w, & W3 82w, 8 Ws 88 We Wz

Figure6: Lyu Py

Theorem 2.9. L,U (P,0K;) is a one modulo three root square mean graph.

Proof: Let wu,...u, and vyv,...vi,be two paths of length m. Joinand v, 1< i< m. The

resultant graph is. Let §%,...s, be the path PFor X i< n, join t with 5. The resultant
graph isP,OK;. Let G = L, U(P,OKy) with V(G) = {u;, v, §, § /1< i< m, I j< n} and

E(G) = {Uilix1, ViVis1, UVi, UnVm, §S+1, Stj, Sitn /1< i< m-1, K j< n-1}. ThenG has 2m+2n
vertices and 3m+2n-3edges.

Cael m=1
In this case,l; U (P,OKy) = P,U (P,OK,). By Theorem 1.7P,,U (P,0K,) is a one
modulo three root square mean graph.

Case2. m=2

Subcase2l.n=1

In this caselL,U (P,0OK,) = L, U P,. By Theorem 2.7l,U P, is a one modulo three root
square mean graph.

Subcase22.n=2

In this caselL,U (P,0OK,) = L, U P,. By Theorem 2.7l ,U P, is a one modulo three root
square mean graph.
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Sub case2.3.n >3

In this casel,U(P,0OK;) = L, U(P,OK;). Define a functiong : V(G)— {0, 1, 3, ..., 39

2, 3g}by ¢(u;) = 6n+9,d(uy) = 6n+4;0(V1) = 6n-3,0(V2) = 6n-2;0(s1) = 0, d(s) = 6i-5, 2
<i<n; o) = 1,6() = 6i-6, 2<i < n. Then¢ induces a bijectiop*: E(G)— {1, 4, ...,
30-2}, where ¢*(UUp) = 6N+7, d*(Usvy) = 6n+1, ¢*(Usvy) = 6n+4, p*(Vvo) = 6N-2;
0*(sis+1) = 6i-2, K i< n-1;¢*(sit) = 6i-5, K i< n. Thus the edges get distinct labels {1, 4,
..., 39-2}. In this casé is a one modulo three root square mean labelinGfo

Case3. m=3

Define a function¢ : V(G) —{0, 1, 3, ..., 3R, 3q} by ¢(us) = 0, d(u2) = 1, d(us) = 6,
o(u)= 9i-6, &L i< m; ¢(v;) = 6i+3, K i< 3; d(v;) = 9(-1), &£ i <m; ¢(t) = 9m-8,6(t) =
9Im+6i-12 for all odd i, 8 i< n; o(t) = 9IM+6i-9 for all even £ n; ¢(s) = IM+6i-9 for all
odd i< n; ¢(s) = 9m+6i-12 for all even £ n. Then¢ induces a bijectiog*: E(G) — {1,
4, ..., 3g-2} wherep*(uiuy) = 1, 0*(usus) = 4,0*(UsUy) = 22, ¢*(UiUisg) = 9i-2, L i<m-1;
O*(ViVie1) = BI+7, K i < 3; ¢*(ViVier)= 9i-5, K 1 < m-1; ¢*(uyvi) = 7, ¢*(upv,) = 10,
0*(usvz) = 16,¢*(uyv;) = 9i-8, & i < m; ¢*(siti)= 9IM+6i-11, K i< n; ¢*(SiS+1)= IM+6i-8,
1< i< n-1. Thus the edges get distinct labels 1, 4, g-2.3In this casé is a one modulo
three root square mean labeling for G. Hebge (P,0OK;) is a one modulo three root
square mean graph.

Example 2.10. A one modulo three root square meabeling ofL,U(P, OK,) and L,
U(Ps OK,) are shown in figure 7 and figure 8 respectively.

21 22 22 o9 4 10 B3 15 B
V1 Vo S S S
28 25 1 7 13 19
3 28 11 t, t3 ts
Uy 31 Uz 1 6 12 18
Figure7: L,U (P,OKy)
v 13 15 19 21 95 27 31 36 40 45 49 54
Vo V3 Vg Vs Vg V7
7 10 16 28 37 46 55
Uz Us Uy Us Us U,
Yo 1 1 4 6 22 30 34 39 43 48 52 o7
60 61 63 67 72 73 75 79 84 85 87
St ) S S S S6
58 64 70 76 82 88
tl tz t3 t4 t5 tG
55 66 69 78 81 90

Figure8: L;U (PsOK,)
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Theorem 2.11. (P,,OK3) U P, is a one modulo three root square mean graph

Proof: Let wu, .... U, be the path R Let v, X, Vi, z be the vertices of'icopy ofKy 5
with central vertex yv Identifyv; with u, 1< i < m.Let wyw,...w, be the path P The
resultant graph i€ = (P,OKs3) U P, with V(G) ={u;, X, Vi, z, w; /1< i< m, 1< j< n} and
E(G) = {uixi, WY, Uz, YUs1, WWjp/ 1< i <m, K j< n-1}. Then G has 4m+n vertices and
4m+n-2 edges. Define a functign V(G) — {0, 1, 3,..., 39-2, 3gby ¢(ur) = 1; ¢(up) =
15; ¢(u) =12i-8, F i< m; d(Xy) = 0; d(x) =12i-14, X i <m; d(y1)= 6; d(y>) =16; d(y;) =
12i-9, Xi<m;d(z) = 12i-3, K i< m; ¢(wy)= 12m-5,6(w;)= 12m+3i-6, Z i < n. Thend
induces a bijectiong*: E(G) — {1, 4, ..., 39-2} where ¢*(uju1)=12i-2, K i< m-1;
o*(Uix)=12i-11, K i <m; o*(u;iyi)=12i-8, K i < m; ¢*(u;z) =12i-5, K i < m; ¢*(WWirq)
=12m+3i-5, ¥ i < n-1. Thereforep is a one modulo three root square mean labeling.
Hence (R OK3) U P, is a one modulo three root square mean graph.

Example 2.12. One modulo three root square mean labeling §dfR)UP; is given in
figure 6.
1

34 18

=5 H st e *=
55 60 63 66 69 72 ;5
® . —o —e —e —e =
Wy 58 Wa 61 W3 64 Wy 67 Ws 70 Ws Wy

Figure9: (POK3)UP;

3. Conclusion

In this paper, we prove that some disconnected hgraf, OKy) U P, (Ln
OK,) U(P,0K,), P,UP,, LU (P,OKY), (PhOK3) U P, andL,U P, for m# 2 and n= 3
are one modulo three root square mean labeling.
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