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Abstract. The aim of this paper is to prove the new unigssra# solutions for nonlinear

integr-odifferential equations with fractional obérary order which includes the Caputo
fractional operator derivative. The techniques ay@ll are a variety of tools such as
fractional calculus and its properties, Bihari'seqnality, and Banach contraction
mapping principle.
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1. Introduction
This paper is concerned with the uniqueness resoitgractional integro differential
equations of the type

“Dgy () =a(t) y(§)+f(t y(0)+[ K(ts ¥(9) ds [0,

with initial condition

(1.1)

y(0)=y,, (1.2)
whereO<a <1, allC([0,b],R), f OC([0,b]xR,R).
K OC ([0,b]%[0,b] xR, R) and satisfying some conditions which will be mené&d

later and°D “ is the Caputo fractional derivative. The studyfrafctional differential
equations is related to the extensive applicatioh$ractional calculus in mechanics,
physics, chemical technology, biotechnology, antbsit.

In latest years, there has been an interest iottle at of the theory fractional
differential equations, it has seen significant ioyement, see as an instance the
monographs of Delboso and Rodino [8], Diethelm KIbas et al. [10], Miller and Ross
[11] Oldham and Spanier [13] and the referencesetheRecently, uniqueness standards
for the various fractional integro-differential edions have been taken into consideration
by way some authors, for greater info, (see [14%53%,7,12,16]). For example in [12],
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Momani et al. studied the local uniqueness resulafiplying Bihari's inequality for the
following problem

DYM)=f (L yO)+] K(t.s, y(9) ds

y(©0)=y,,
where O0<a <1, f OC([0,b]xR",R"), K OC([0,b]%[0,b]xR",R") and°D“
is the Caputo fractional operator. In [6], Balawth@n and Trujillo, discussed the
existence and uniqueness of solutions of quasiliaed semilinear of integro-differential
equations with fractional order in Banach spacenkegns of Banach fixed point theorem.
In this paper, we prove the uniqueness resultshef ftactional integro-differential
equations (1.1)-(1.2) with the aid of using Bitlmiihequality and Banach contraction
principle.

The rest of this paper is split as follows. In 8&tR, we present some mathematical
tools and listing the assumptions which have adgmton this paper. Section 3 is
dedicated to proving the uniqueness of solutionspfmblem (1.1)-(1.2). Finally, the
conclusion and future work are given in Section 4.

2. Some mathematical tools
In this section, some required notations, defindiand a lemmas are given.

Let J =[0,b] and C(J,R) be the Banach space endowed with the infinity norm
la]. =sup{g(t) : tOJ}, for anyg OC(J,R), we alsoC"(J,R") be space of all

real valued continuous function which are contirslpulifferentiable onJ.

Definition 2.1. [10] The Riemann-Liouville fractional integral of order>0 of the
functiong OC(J,R) is given by
1 _
legt)=——| t-s)""g(9ds O]
9 (t) r(a)jo( a9
where[" denotes the Gamma function.

Definition 2.2. [10] Let n—1<a < n. The Caputo's fractional operator of the function
g OC"(J,R) is defined as
d n

(9 ds= [ e qg) ©OJ

1 t g d”
CDa+ t) = t_snal
w9 F(n—a)IO( ) dt"

In particular, if 0<a <1, then®Dg(t)=1,"&g(t), tOJ.

Lemma2.1.[10,15]For a, >0 and g, h are appropriate functions then, far(JJ,
we have

1) Dgligt)=g(t).

2) 1.°Drg(t)=9(t)-9g(0), 0<a<l.

o
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3) lalrgt)=1"at)=1459¢).
4) Ig+(g(t)+h(t))= Ig+g(t)+lg+h(t).
5) CD(‘)ZC =0, whereC is a constant.

Lemma 2.2. [17] (Banach contraction principle). Ld be a non-empty closed subset
of a Banach spac&X , then each contraction mappidg: K —» K has a unique fixed

point.

Lemma 2.3. [14] (Bihari's inequality). Letg :[a,b] - R™ be a continuous function
that satisfies the inequality

gt)<A+[ K(sw(a(9)ds B[ ah

where A=20, K:[ab] - R" is continuous and ¢ :[0,+®) - (0,+) is
continuous and monotone-increasing. Then the faliguwnequality hold

g(t)sw'l[w(ij‘K(s)ds] O a b
whereW R - R is given by W(x) = [

o XOR

3. Main results
In this section, we shall exhibit and demonstrétteruniqueness results of problem (1.1)-
(1.2). Before beginning and proving our main resulte present the following lemma:

Lemma 3.1. The initial value problem(1.1)-(1.2) is equivalent to the nonlinear integral
equation

y ()= Y, mj(t 'la(sxsdsmj(f ) ()=

—s)"‘lsz(r, s, y(9)dds © J (3.1)

+
I'(a) °
In other hand, each solution of the integral eqoat{3.1) is likewise a solution of initial
value problem(1.1)-(1.2) and vice versa.

Proof: It can be proved effortlessly by effect the intégrperatorl . described in the

Definition 2.1 to both sides of Eq.(1.1), so acéogdof Lemma 2.1 and switch the order
of integration (Fubini's theorem) to get the intgrquation (3.1).

Let us list the hypotheses:

(Al)a : J - R is continuous.

(A2) f : JxR - R is continuous such that
If &u)-f tv)<s¢(u-v), tOJ, uvOR.
(A3) K : JxJxR - R, is continuous orD such that
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t
_[S|K(r,s,u(s))— KT, sv9) d< M/( v |,
fort 0J, u,vOR, wherey :R* - R" is nondecreasing continuous function with

@(0)=0 and [ 2 =+w, 0<x <R, D ={(t,s): 0<s<t< i andM isa
positive constant.

Our first result depends on Bihari's inequality.

Theorem 3.1. Assume that the hypotheses (Al),(A2) and (A3). hblI< .o <],

M(a+1)
then the fractional integro-differential equatioifl.1)-(1.2) has a unique solution in
C(J,R).
Proof: By Lemma 3.1, we know that the functignis a solution to(1.1)-(1.2) iff y
satisfies

_ I T P 4 =]
y(t)—yo+r(a)jo(t s)° a(sxsdsr( )j(f)é‘ .50k

) K@r,s y(9)drds O J

1 t
+
Ma)-°
Let y,,¥,0C(J,R) and for anyt JJ such that

Ya(t) = Yo+ mj(t 'a(s)x(;%dsmj(f)é" €.s.4)5

) K5 w(3) ot ds

+
r(CY) °

and

Vo) = Yo+ mj(t 'a(w(s»dsmj(f)é" €.s¥)5

+ (t-9) [ K(r,s, y,(9) o ds
r(a) 0 s
Consequently, by (Al), (A2) and (A3), then fdrlJ , we have
|y1(t)—y2(t)|s% j;(t— 97 a3 ¥ B ¥ b ds

r() 97 f(s ¥(9)- s y( B ds
r( ) - K, s y(¥ o c
St )j(t 9" sugas) y(9- ¥(3
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a-1 _ d3
r( )J( 9 W( (9 (3

"M @(%(9- y(%) ds

l'( )-o°
_ld. ¥ B
“Te +1)|y1() YAGIR: r( )j( 9 w( y(3- y(¥) d
11+aJMb"’ r( )J. ( )a_lwq M(S)‘ }é( $|) ds
M (a+1)
1 Haw\ Y (o )I -9 w(w(9- y(3) ds

T(a+1)

where £ = — > 0. We can now apply Lemma 2.3 to obtain

- e

I (a+1)

Y10y, ()< W | W) +1L() - (1 )jt( -9 ds]

_LY T(a+1)

T T (a+1)

<Y W)+ M b ]

where W(.) is a primitive of -1-,and W™(.) is called the inverse of¥(.).

l//()’
It follows that ‘-IJ_l[lP(g) Yy

il T

b?

J - 0. (see [12]). Consequently;, (t) = y,(t),

for t0O[0,b]. So, y(t)UC(J,R) is the unique solution to fractional integro
differential equation (1.1)-(1.2) and the prantompleted.

Our second result depend on the Banach contraptiogiple. For sake of convenient,
we introduce the following assumptions
(B a : J - R is continuous.

(B2) f : JxR - R is continuous and there exists a constant 0 such that
If t,u)~f (t,v)<LJu-v|, tOJ, uvOR.
(B3) K : JxJxR - R is continuous and there exists a constant 0 such that
K(r,s,u(9))- KT, s s I uw § (130 D uuR.

where D is defined as in Theorem 3.1.
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Theorem 3.2. Assume that the hypotheses (B1)-(B3) are satisfiad.letd and /7 be
two positive real numbers such th&t< ¢ <1 and

Bt 1o

MNa+l) (@+1r(@)
ab .
+ =(@1- .
ol (F(a+1) @+ @ )j d=cn
Then the fractional integro-differential equatioi.X)-(1.2) has a unique solution
continuous on[0,b], where q :max|f (t,O} :tdJ}and

q"=maxK ¢,s,0) :¢,s)J D}.
Proof: Let the operatof : C(J,R) — C(J,R) be defined by

Ty)(1) =Y, mj(t 'la(sndsmj(f B s )s

+|_(a) (-9 K(z,s, y(9)  ds

and defineB, ={y OC(J R): | y|, </ for some 77>0. Now, we need to prove

that the operatofl has a fixed point o3, [] C(J,R). This fixed point is the unique
solution of (1.1)-(1.2). In order that, we present the proof in two steps:

Step 1: We show thatTB, [ B,.
By the hypotheses, then for ayyl! B, and for t [1J, we have

1 gt a1 =
|(Ty)(t)|s|yo|+r( )jo(t A3 0% do o [COS (sk

a-1

r( )70
|yo|+r( =97 s

r( Fay 19715 X9)= 1 s0j+] (5] as

o )ja 9[ (K@ s (9~ Kr, s0)+| Kr, s0)) d ¢

vldn, v Sy
Dl Fen a7 G )
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0 O
=|yo + a . qb b + |a] L'b
Ma+l) (a+1r (@) Na+l) @+1y @)
=@-{m+n=n.
It follows that [Ty|_ <7, this implise thatTy 0 B, which leads ta'B, [ B, .

Step 2: We shall show thal : B, — B, is a contraction mapping. Indeed, through the

assumptions, then for any, yDD B,]and for t JJ, we can write

|(ry)<t)—(TyD)<t)|

St )j< a9 y9- V(§ ds——[ (+ ¥ €.sok (f,s°))s

1
r(a)

r( il -5y [ [K(r,s, y(9)- K@z, s ¥(3) d ds
. b7, beL :

e M L e A K PR
St S

MNa+1) (a+r(a)
=¢ly-v1

Since ¢ <1, we get
ry -y, <[y- .

This implies thafl is contraction mapping. As consequence of Lemmat2e?e exists a
fixed point y JC(J,R) such thafly = y which is the unique solution of (1.1)-(1.2)

on J. This proves the required.

5. Conclusion and futurework

The main purpose of this paper was to present n@iquaness results for nonlinear
fractional integro-differential with respect to t@aputo fractional operator, highlighting
the method which has been used by Momani et 2].tflsome results. The techniques
used to prove our results are a variety of toolshsas fractional calculus and its
properties, Bihari's inequality and Banach fixeithptheorem.

The possible generalization is to consider the lprab(1.1)-(1.2) on Banach
space and determine the conditions that be fitecltes obtain the best results. As another
proposal, considering the Caputo type fractionalivdéve with respect to another
function. These suggestions will be treated inftitere.
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