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1. Introduction

Graph theory has several interesting applications in system analysis, operations research
and economics. Since most of the time the aspects of graph problems are uncertain, it is
nice to deal with these aspects via the methods of labeling. The concept of labeling of
graphsisan active research areaand it has been widely studied by several researchers. Ina
wide area network (WAN), several systems are connected to the main server, the labeling
technique plays avitd roleto label the cables. Thelabeling of graphs have been applied in
the fields such as circuit design, communication network, coding theory, and
crystallography.

A graph labeling, is a processin which each vertex is assigned a value from the
given set of numbers, the labeling of edges depends on the labels of its end vertices. An
excellent survey of various graph labeling problems, we refer to Gallian [2]. Two well
known graph labeling methods are graceful labeling and harmonious labeling. These
labelings are studied by Cahit [1].

Cordia labeling was introduced by Cahit [1]. Many labeling schemes were
introduced with dight variations in cordia such as prime cordial labeling, divisor cordial
labeling. Varathargjan et a. [10] have analyzed the divisor cordia labeling.The divisor
cordial labeling of various types of graph is presented in [5,6,7,8,11] Muthaiyan et a. [4]
introduce the concept of vertex odd divisor cordial graph. In section 2, we summarize the
necessary definitions and basic results. In section 3, we proved that some standard graphs
are vertex odd divisor cordial graph. We conclude in section 4.

365



A. Sugumaran and K. Suresh

2. Basic definitions
In this section, we provide a brief summary of the definitions and other results which are
prerequisites for the present work.

All the graphs considered here are simplefinite, undirected without loops and multiple
edges. Let G=(V,E) be agraph and as usual we denote p=|V | and q=|E]|. For
terminology and notations not specifically defined here, we refer to Harary [3].

We recall the following definition from Harary [3].

Definition 2.1. Let G =(V,E) be a graph. A mapping f:V - {0,1} is caled the
binary vertex labeling of G and f (V) is caled the label of the vertex VLIV of G
under f. Theinduced edgelabeling ™ : E - {0,1} isgivenby f (e)=| f(u)— f(v)],
fordl e=uvE.

Wedenote v, (i) isthenumber of verticesof G havinglabel i under f and
e, (i) isthe number of edges of G having label i under f, where i =0,1. Now we
define cordia labeling of agraph.

Definition 2.2. [1] Let G=(V,E) beagraph and f:V - {0,1} be a binary vertex
labeling of G. The map f is caled a cordia labeling if |v,(0)-v,(1)|<1 and
e, (0)—e, (1) I<1.

A graph G iscalled cordia graph if it admits cordial labeling.

Definition 2.3. [10] A divisor cordid labeling of a graph G =(V,E) is a bijection
f:V - {1,23,..,|V|} suchthatif each edge uv is assigned thelabel 1 if f (u)/f (v)
or f(v)/f(u) andthelabel O if f(u)f(v), then |e (0)-e; (1) |<1.

Definition 2.4. [4] A vertex odd divisor cordia labeling of a graph G=(V,E) is a
bijection f:V - {1,2,3,...,2n-1} such that if each edge uv is assigned the label 1 if
f(u)/f (v) or f(v)/f(u) andthelabel O if f(u)f(v), then |e (0)-e;(1)|<1.

A graph which admits odd divisor cordia labeling is caled a vertex odd divisor
cordia graph.

Definition 2.5. [9] Consider two copiesof graph G namely G, and G, . Thenthegraph
G' =< G,AG, > isthegraph obtained by joining the apex verticesof G, and G, by an
edge aswell asto anew vertex V' .
Notethat < G,AG,AG, >=< (G,AG,)AG, > and
< G,AG,AG,AG, =< (G,AG,AG,)AG, .

Definition 2.6. The friendship graph Fn is a planar undirected graph with 2n+1 vertices
and 3n edges. The friendship graph Fn can be constructed by joining n copies of the cycle
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graph C, with acommon vertex.

Definition 2.7. A vertex switching G, of agraph G is the graph obtained by taking a

vertex V of G, removing all the edges incident to v and adding edges joining V to
every other vertex which are not adjacentto v in G.

3. Main results
Theorem 3.1. Thegraph G=<F AF, >~ isavertex odd divisor cordia graph.

Proof: Let G, =G, =F,. Let G bethegraph <G AG, ~.Let U and V betheapex
vertices of G, and G, . Let Let u,U,,U,,...,U,, be the vertices of G, and
V,,V,, V..., V,, be the vertices of G, respectively. Let V' be the new vertex joining
with the apex vertices U and V. Then |[V(G)|F4n+3 and |E(G)|=6n+3. We
define f:V(G) - {1,35,...,8n+5}, as follows f(u)=1, f(v)=3f(V)=p where
p isthelargest prime number suchthat 0< p<8n+5.
9+6(i-1) if 1l<i<n
f(v)=<11+6(i—-n-1) if n+1l<i<2n

The remaining labels are assigned to the vertices u,,U,,U,,...,u,N in ascending order.
From the above labeling pattern, we have e,(0)=3n+1 and e (1)=3n+2.
Therefore | e, (0)—e, (1) |<1.

Hence, G isavertex odd divisor cordial graph.

Example 3.2. Vertex odd divisor cordia labeling of the graph < F,A F, > isshownin
Figure 1.

Figure 1: Vertex odd divisor cordia labelingof < F A F, >
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Theorem 3.3. Thetagraphis avertex odd divisor cordial graph.

Proof: Let Vv;,V,,V,,V,,Vs,Vs bethevertices of Thetagraph. Let G bethe Theta graph.
Then |V(G)|F6 and |E(G)|F7.

Wedefine f:V(G) - {1,3,5,7,9,11} asfollows

3 9

7
Figure 2: Vertex odd divisor cordid labeling of theta graph

f(v) =1 f(v,)=3+6(-1),1<i<2.

Except the label's assigned from the set {1,3,5,...,1]} the remaining labels are assigned to
V,,Vs,Vs in any order.We observe that, from the above labeling pattern, we have
e (1) =4 and e (0) =3. Therefore |e;(0)—e, (1) <1.

Hence G isavertex odd divisor cordial graph.

Theorem 3.4. Switching of a vertex in a Petersen graph admits vertex odd divisor cordid

graph.
Proof: Let G be the Petersen graph and let V(G) ={v,v, :1<i <9} be the vertex set.

Let G, bethegraph obtained from G by switching the vertex V.

Then |[V(G,) |10 and |E(G,) |-18.

Wedefine f:V(G) - {1,3,5,...19}, asfollows
f(v)=1,f(v)=3+6(i—-1),1<i<2f(v,) =7, f(v,,,) =5+10( -1),1<i< 2.

Figure 3: Petersen graph
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5

Figure 4: Switching of avertex Vv in Petersen graph

7

Except the labels assigned from the set {1,3,5, ...,19} the remaining labels are assigned to
{vﬁ,v7 ,v8,v9,vlo} in any order.

In view of above defined labeling pattern, we have e, (0) = e, (1) = 9.

Therefore |e; (0)—e, (1) |<1.

Hence G isavertex odd divisor cordial graph.

Theorem 3.5. Thegraph G =<K, AK, AK, > isavertex odd divisor cordial graph.
Proof: Let G, =G,=G,=K,,. Let G bethe graph G=<K, AK, AK  >~. Let
u,v and W bethe apex verticesof G, , G, and G,. Let {u,v,,w :1<i<n} bethe
pendant vertices, where u,v,w(1<i<n) ae atached with u, v and w
respectively. Let V' and V"' bethe new verticesjoining with apex vertices u and v, v
and W respectively. Then |V(G)|=3n+5 and |E(G) |F3n+6.

Wedefine f:V(G) - {1,35,...,6n+9}, asfollows
f(u=p,f(v)=1,fw)=3,f(V)=71(')=5 where p is the largest prime
number suchthat 0< p<6n+9.

case: 1 For n=2.

Figure5: Vertex odd divisor cordia labeling of < K, ,AK ,AK,, >

From the above figure we observe that e, (0) =6=¢,(1).
Hence <K ,AK ,AK,, > isavertex odd divisor cordia graph.
Case 2: when n iseven (n> 2)
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9+6(i-1) if 1<is “;2

. n, .. n .
f(v)=<11+6(i——) if —<i<n
() ( 2) >

Case 3: when nisodd

9+6(-1) if 1sisnT_1
f(v)= 11+6(i—n7_1) if ”T”sisn

Except the labds assigned from the set {1,3,5,...,6n+9} the remaining labels are
assignedto u,,V,(1<i<n) inany order.
In view of above defined labeling pattern, we have

3n if niseven

e (1)=43n-1 if nisodd and

3n if niseven
e (0)=<3n-2 if nisodd

Therefore | e, (0)—e, (1) |<1.
Hence G isvertex odd divisor cordial labeling graph.

Example 3.6. Vertex odd divisor cordia labeling for < K ;AK ;AK ;> and
<K ;AK ;AK ¢~ areshowninFigures 6 and 7.

47 @ @4 au 2795 @Y 813 @l! $21915¢
7 5
53 ® L 3
49
51 31 17
57¢@ 55 e 37 3 23 299 *°

Figure 6: Vertex odd divisor cordial labeling of < K, ;AK ;AK, ;>
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17 @45 @43 NQBQ @iz @11 @27921@,s
9 33
51 S
7 5
ol MK ¢ . ® 3
53
55 35 17
5@ 59 3 g3 @ 41 23 29 @ 33

Figure 7: Vertex odd divisor cordial labeling of < K, ;AK, ;AK g~

Theorem 3.7. The graph G =< K, AK, AK, AK, > isvertex odd divisor cordial
graph.
Proof: Let G, =G, =G, =G, =K. Let G bethegraph
G=<K,,AK, AK AK  >.lLet U , U,, U, and U, betheapexverticesof G, ,
G, , G, and G,.Let {ul,uiz,u;,ui,:lsi Sn} be the pendant vertices are attached with
U, U, , Uy and u, respectively. Let V' , V' and V" be the new vertices joining
with apex vertices U, and U,, U, and U, , U; and U,respectively.
Then |[V(G)|=4n+7 and |E(G) |= 4n+9.

Wedefine f :V(G) - {1,3,5,...,8n+13} asfollows

f(u)=p,
f(u,) =1,
f(uy) =3,
f(u,) = p,,
f(v)=11,

f(v)y=71fV")=5
where p, and p, (p,ZPp, ae the largest prime number such that
0<p,< P, <8n+13. f(u))=9+6(i—1);1<i<n Except the labels assigned from
the set {1,3,5,...,8n +13} the remaining labels are assigned to u;,u;,u;,(1<i<n) in
any order.
In view of above defined labeling pattern, we have e,(0)=2n+5 and
e (1) =2n+4.

Therefore | e, (0) — e, (1) |<1.Hence G isvertex odd divisor cordial labeling graph.

Example 3.8. Vertex odd divisor cordia labeling for < K ;AK AK ;AK ¢ > is
shownin Figure 8.
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65 63 61 59 57 @55 @53 49 27 §214158 9 35 83192°@:25
11 7 { 5
3 ® _ ® : o 71
67 47
33 1
69 77
75 YLy 37 308 45@ 51 174 o 23

Figure 8: Vertex odd divisor cordial labeling of < K, ;A K ;AK ;AK g >

4, Conclusion

The vertex odd divisor cordia labeling is a variation of cordiad labeling. It is very
interesting to study graph or families of graph which are vertex odd divisor cordia as al
the graphs do not admit vertex odd divisor cordial labeling. In this paper we proved that the

graphs < F AF, >~ , Theta graph, Switching of a vertex in a Petersen graph,

<K, AK AK, > and <K, AK, AK, AK, > are vertex odd divisor cordial
graphs.
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