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1. Introduction
Let H be aHilbert space and K is aclosed convex subset of H. A mappingT : K — K
isa(possibly nonlinear) mapping. The set of fixed points of T is denoted by F(T). The
mapping T issaid to
* Nonexpansiveif, ||Tx — Ty|| < ||lx — y||, fordl x,y € K;
e Pseudocontractive if,
ITx = Tyll> < llx = ylI> + | = T)x = (I = T)yll? foradl x,y € K;
» Strongly pseudocontractive if there exists k € (0, 1) such that
ITx = Tyll? < llx = ylI? + kll(I = T)x — (I = Tyl|?, forall x,y € K;
» Demicontrectiveif F(T) # ¢ and
ITx —pl|? < |lx — pllI® + k|lx — Tx||?, foralx € K andp € F(T);
» Hemicontrectiveif F(T) # ¢ and
ITx — pl|? < |lx — pl|? + |lx — Tx||?, forall x € K andp € F(T).

It follows from the definition that a pseudocontractive or a demicontractive mapping is
hemicontractive. Many research paper has been published on the iterative approxi-
mation of fixed points of Lipschitz strongly pseudocontractive mappings using the Mann
iteration process in Hilbert spaces and further extended to more general Banach spaces
[1,3,4,6,5,7,9, 10, 11, 20, 23].
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Recd| that the Mann [17] iteration formulais given by
Xns1 = (1 —a)x, + a,Txy, xg €K,
where {a, } isarea sequencein[0,1] satisfying some appropriate conditions.
In 1974, Ishikawa [14] introduced the following iteration process:
x1 EK,
Yo = (1= Bp)xy + BnTxy,
Xne1 = (L —ap)xp + anTy,, nz=1
where the two sequences{a,} and {£3,} satisfy some appropriate conditions and proved
strong convergence theorem for Lipschitzian pseudocontractive mapping in Hilbert space
and Qihou [18] extended this result to more general class of Lipschitz hemicontactive
mapping.
Thefollowing iteration isdueto Liu [15]. The sequence {x,,} defined by
x1 EK,
Yn = (A= Bp)xn + BuTxy + vy,
Xpe1 = A —a)x, + Ty, +u,, n=1
for eachn > 1 where{a,}, {B.} € [0,1] satisfying appropriate conditions and }; ||u, || <
o, Y|lvpll <, known as Ishikawa iteration process with errors. The sequence {x,}
defined by
x1 €K,
{xn+1 = (1 —ap)xy + anTx, + uy,
for eachn > 1 where {a,} € [0,1] satisfying appropriate conditions and Y’ [|u,| < =,
known as Mann iteration process with errors.
In 1998, Xu [25] introduced the following iteration process.
x1 EK,
Yo = ap % + by Ty + € ¥y,
Xne1 = ApXp + b, Ty, +cuu,, n=>1
for each n =1 where {u,}, {v,} ae the bounded sequences in K and
{an}, {bn}, {cn} {an} {by } and {c, } are the sequences in [0,1] such that a, + b, +
cn = ay + by +¢, = 1foreachn >1 isknown as Ishikawa iteration with errorsin
the sense of Xu.

The following Theorem is proved by Chidume and Moore [8].

Theorem 1.1. [8] Let K be a compact convex subset of a real Hilbert space H and
T: K — K be a continuous hemicontractive mapping. Let {a,,}, {b,}, {cn} {an }, {bn }
and {c, /} be thereal sequencesin [0,1] satisfying the following conditions:

() a, + b, + ¢, = an/+bn,+cn/=1;

(i)  limb,=limb, = O0;

(i) Yc, <o, Y, <o

(iv) 2 Py <o, and Y a,fn 6, < oo, Where 8, = ||x, — Tynllzi

(V) 0<a, <pB,<1lforeachn >1,wherea, = b, + c, and B, := b, + ¢,

For arbitrary x; € K, the sequence {x,,} defined by
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{xn+1 = apXy + b Tyn + cruy,
Vo = Qp /xn + b, 'Txn +cp, ’vn
for eachn > 1 where{u,}, {v,} are the arbitrary sequences in K. Then {x,,} converges
strongly to afixed point of T.

Remark 1.2.
(i) Borwein and Borwein [2] identified an example of a Lipschitz map (which is not

necessarily pseudocontractive) with a unique fixed point for which the Mann
iteration fails to converge.

(ii) Hicks and Kubicek [12] identified an example of a discontinuous
pseudocontraction with a unique fixed point for which the Mann iteration does
not always converge.

(iii) Chidume and Mutangadura [9] identified an example of continuous Lipschitz
pseudocontraction with a unique fixed point for which every non trivial Mann
iteration fails to converge.

In 2007, Rafiq [19] proved the following result.

Theorem 1.3. [19] Let K be a compact convex subset of a rea Hilbert space H and
T : K — K beahemicontractive mapping. Let {a,,} be areal sequencein[0,1] satisfying
{a,} c [6,1— 8] for somed € (0,1). For arbitrary x, € K, the sequence {x,,} is defined
by

Xp = pXp_q + (1 — apy)Tx,. @
Then {x,,} converges strongly to afixed point of T.

But, Song [21] observed that there isa gap in the iteration process (1) for hemicontractive
mapping T and proved the following theorem.

Theorem 1.4. [21] Suppose K is a compact convex subset of a real Banach space E and
T: K — K is a continuous pseudocontractive mapping such that F(T) # ¢. Assume
that {a,,} c (0,1) is areal sequence satisfying the condition lim,,_, ., = 0. Letx, € K
and let {x,,} be defined by

Xp = pXp_q + (1 —a,)Tx,, n=0.
Then {x,,} strongly convergesto afixed point of T.

In 2013, Hussain et a. [13] introduced the following Mann-type implicit iteration
associated with a family of continuous hemicontractive mappings to prove a strong
convergence result in Hilbert spaces.

Xo € K,
— m i (2)
Xn = AnXp-1 + Zi=1 .Bn Tixn

for eachn > 1 where a,,, B," €[0,1],i = 1,2, ..., m, are such that a,, + ity Bl =1
and some appropriate conditions hold.



Shailesh Dhar Diwan, Apurva Kumar Das and Samir Dashputre

Theorem 1.5. [13] Let K be a compact convex subset of a rea Hilbert space H and
T;:K - K, i =1,2,..,m, be a family of continuous hemicontractive mappings. Let
an, By €[0,1] besuchthat a, + X%, B,' = 1 and satisfying {a,,}, B, < [e,1 — ] for
somee € (0,1),i = 1,2, ..., m. Then, for arbitrary x, € K, the sequence {x,} defined by
(2) converges strongly to acommon fixed point in N2, F(T;) # ¢.

In 2011, Maruster and Maruster [ 16] introduced the concept of a-demicontractivity in
Hilbert spaces and obtained some strong convergence theorems.

Definition 1.6. [16] Let K be a closed convex subset of Hilbert space H, then a mapping
fromT : K — K issaidto be a-demicontractiveif for somea > 1,

ITx — apll® < |lx — apll® + kllx — Tx||?, k € (0,1)
fordl x € K andp € F(T).

Remark 1.7. [16] If T is a-demicontractive then ap isafixed point of T.

Motivated by the above definition and remark, the purpose of this paper isto establish
strong convergence results for family of continuous a-demicontractive mappings using
the Mann-type implicit iteration process (2) given by Hussain et a. [ 13] which extend the
corresponding results of Hussain et al. [13].

2. Main results
In the sequel, we need the following Lemmas.

Lemma 2.1. [22] Suppose that {p,}, {0,} are two sequences of nonnegative numbers
such that, for some real number Ny = 1, pp1q < pn + 0, for dl n = Ny. Then we have
the following:
(i) If ¥ g, < oo, then lim p,, exists.
(i) If ¥ 0, < o0 and {p,,} has a subsequence converging to zero, then
lim p, = 0.

Lemma 2.2. [24] For al x,y € H and 1 € [0,1], the following well known identity
holds: [|(1 — A)x + Ayl = (1 = Dllx|I* + Ayl — 21 = Dllx — ylI*.

Lemma 2.3. [13] Let H be aHilbert space. Then, fordl x, x; € H,i = 1,2, ...m,
m 2 m m m
i _ 2 i 2 _ iy — 12 icille — o II?
yx+ ) §'xf| =vlxl®+ ) 8 xll y6*llx; — x| 8187 ||xc; — x|
i=1 i=1 i=1

ij=1
wherey, 8§t € [0,1],i = 1,2,..,mandy + X1, 6 = 1.

i#j

Theorem 2.4. Let K be a compact convex subset of a red Hilbert space H and T;: K —
K,i = 1,2,..,m, be afamily of continuous a-demicontractive mappings. Lety,, 5,' €
[0,1] be such that y, + ¥, &, =1 and satisfying {y,}, 6,' © [&,1 — ¢] for some
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€€ (0,1),i=12,..,m. Then, for arbitrary x, € K, the sequence {x,} defined by

Xo E K,
m i (3)
n = ¥YnXn-1t Zi=16n Tix,

converges strongly to acommon fixed pointin N2, F (T) * (;b
Proof: Let ap € N[, F(T;) . Since each T;,i =1,2,..,m are a -demicontractive,
therefore for some a > 1, we obtain

ITixn — apll® < llxn — apll® + kllx, — Tixpll? 4

From (3), Lemma 2.3 and (4), we have
2

Iy, — apll? =

m
YnXn-1 + Z Sanixn —ap

2

m
Yn(Xn—1 — ap) + Z 6ni(Tixn —ap)

= Vn”xn—l - ocp||2
m

+ Z ./ 1Tt = apll?

Zyn n ”xn 1 Txnllz Z On ‘s J”Txn Txn”

i,j=1
i#j

< Yallxn_g — apll? + X1 8, ITixn — apll? = 2 VS 1xn_1 — Ty 12 (5)
From (4) and (5), we have

m
Itn = @I < Yallxns = @pll? + ) 8o llxw = apl> + 1 ) 83l = Texall?
i=1 i=1

_Zyil Yn6nl||xn—1 - Tixnllz 5 (6)
Also, we have  ||x, — Tixpll? = ||[yon-1 + X124 8, Tixn — Tixn||
= ynzllxn—l - Tixnllz (7)

From (6) and (7), we have
”xn - aP”Z < )/n”xn 1 “P”Z

+Z<¥n e — apll? - Zm (1= k)l = Ty

< tno = @I = ) Vb (1= kp)lXnos = Teall
, i=1
From condition, {y,,}, 6,,' € [¢,1 — &] for some ¢ € (0,1),i = 1,2, ..., m, we obtain
xXn — apll® < llXn_1 — apll® — e(1 — ke) T4 [1Xn_1 — Tixpll? ®
for al fixed pointsap € N, F(T;).
From (8), we have
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m
e(1 = k&) D ¥y = Titall? < 10y = apll? = Il — apll?
i=1

e(1- ke)Z”xj_l - Tixj”Z = Z(”xj—l - “P”Z =l - “P||2)r
j=1 j=1

forali=1,2,..,m
= |lxp — apll?

S2llxjos = Tox||* < oo, forall i = 1,2,..,m ©)
Thisimplies, limy,_,,|[x,—1 — Tixyll = 0,foral i = 1,2,...,m
From (7), limp_ollx, — Tixsll = 0,foral i =1,2,..,m
Since K is compact, there is a subsegquence {xn}.} of {x,,} which converges to a common
fixed point of N, F(T;), say ap. Since (8) holds for al fixed points of N%; F(T;), we
have

m
It = @plI? < s = @pll? = (L= ke) D" 8, tn s = Tl
i=1
From (9) and Lemma 2.1,
[|x, —apl|| » 0 asn - .
This completes the proof.

Theorem 25. LetH,K,T;,i = 1,2, ..., m, be asin Theorem 2.4 and {y,,}, Sni € [0,1] be
such that y, + X%, 5,'=1 and satisfying {y,,}, 6,' € [e,1—¢] for some ¢ €
(0,1),i =1,2,..,m. If Px:H - K is the projection operator of H onto K, then the
sequence {x,,} defined iteratively by x,, = Pg(yuxn_1 + X, 8,'T; x,,) for eachn > 0
converges strongly to acommon fixed pointin N2, F(T;) # ¢.

Proof: Since the mapping Py is nonexpansive (see [1]) and K is a Chebyshev subset of H,
therefore Py isasingle valued mapping. We have,

m
PK (ann—l + Z 5ani xn) - PKO(p

i=1
2

2

llx, — apll? =

<

m
YnXn-1 + z 6ani Xn — ap
i=1 5

<

m
Valtns = @p) + ) 8, (Tixy — ap)

i=1

m m
< Valltns = @pl? + ) 6, 1t = apl> = D (L = k) otns = Toxal?

=1 =1

m
6 = @plI? < [ty = @pI = > pu(lL = Ky Iotn s = Tiall?
i=1
It follows from the fact that the set K U T'(K) is compact, the sequence {||x,, — Tix,||} is
bounded. Following the same argument as exactly the proof of Theorem 2.4, {x,}
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converges strongly to a common fixed point in N2, F(T;) # ¢. This completes the
proof.

Remark 2.6 For m = 2, we can choose the following control parameters:

1 1 1 _ 1 2 _ 1 1
61’1 —Zand6n =

=" 2 (n+2)?
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