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Abstract. In this article,we consider the Diophantine equatioh+®’ =7 when
p=4N+3 and p= 4N+ 1 are primes. The values y, z are positive integers. For
each prime, all the possibilities for solutions areestigated. All cases of no-solutions,
as well as cases of infinitely many solutions aetetnined. Whenever the number of
solutions forp= 4N+ 3/p= 4N + 1 is finite, we establish the respective cotinac
between this number to all Mersenne PrimhdSermat Primes known as of 2018.
Numerical solutions of various cases are also ésuib
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1. Introduction

The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hassahytions, or how many solutions.
In most cases, we are reduced to study individgalatons, rather than classes of
equations.

The literature contains a very large nuntdfearticles on non-linear such individual
equations involving primes and powers of all kindsnong them are for example [1, 5,
9, 10].

The famous general equation

PP+ =7
has many forms, in particular whep=2 [2, 3, 9, 11].
In this article we consider the equatio
2+p =72 (1)
and in our discussion, we utilize Catalan's ConjegtMersenne Primes and Fermat
Primes.

In 1844 E. C. Catalan conjectured: Thky solution in integersr >0, s > 0,
a >1,b >1 ofthe equation
rf—-g =1
isr=b=3 ands=a = 2.
The conjecture was proven by P.Méscu [6] in 2002.
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The interest in number8 2 1 being primes dates to antiquity. Wheis composite,
2" -1 is not a prime. In 1644, Mersenne pubtishdist of 11 primes for which he
claimed that 2—-1 is a prime. The first Mersenne Primes #¢ 3, 7, 31, 127. The
condition thatn be a prime is a necessary but not a sufficientition for the primality
of 22—1 (2'-1= 2047 = 2389). The search for primes for which 2-1 isa
prime continued over the years. On January 3,8 20 largest 30 known Mersenne
Prime 27%297_ 1 was discovered by GIMPS [4]. It has 23,229,4igits and is the
largest prime known to mankind [4].

A Fermat Prime is a prime of the forn!' +21 wheren is a power of 2. As of
2018 [12], only five Fermat Primes are knowsor n = 1, 2, 4, 8, 16, these primes
are {3, 5, 17, 257, 65537}.

In Section 2 we find all the solutions & +p’ =7 when p= 4N+ 3 is prime.
In Section 3 we find solutions of the above ¢igmawhen p= 4N+ 1 is prime.

2. All thesolutionsof 2*+p’= Z when p=4N+3 is prime

In this section, we discuss all the cases of egnatil) whenp = 4N + 3 is prime. In
each case, we determine all the solutions. Thiime in Theorems 2.1 and Theorem
2.2 which are self-contained. We also demonst@teesnumerical solutions.

Theorem 2.1. Suppose thatp=4N+3 (N>0) is prime. Ify=2n+1 isodd in 2
+p'=7Z, then:
(@ Forx=1 andy=1 f=0), equation (1) has infinitely many soluson
(b) Forx=1 andy> 1, equation (1) has no solutions.
(c) Forx>1 andy>1, equation (1) has no solutions.
Proof: In 2+p’ =2 the integerZ is odd, hencez is odd. Denotez=2U + 1. Then
Z= (U+1f = U +1)+1.
(@) Suppose thatx=1 andy=1. We have from equation (1)
2+ = A (2)
From equation (2) we then obtain
2 +(@AN+3) = YU+ +1 =7
Thus, p = N+ 3 = 4J(U +1)-1. Evidently, equation (2) is now
2+(@AJU+1)-1) = (B +1Y

an identity valid for infinitely many valued) > 1. Hence, equation (2) has infinitely
many solutions as asserted.

For the first five valuedJ = 1, 2, 3, 4, 6, and the convenience of theeeadve
exhibit the five solutions of equation (2) aldws:

Solution 1. 124 = 3
Solution 2. 12+ 23 = 58
Solution 3. 2+ 47 = T
Solution 4. 12+ 79 = &
Solution 5. 2+ 167 = 13

We note that Solution 1 has already hm#ained in [3].
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(b) Suppose thatx=1 and y>1 is odd. The equation* 2p’ =7 is

2+ = A ()
From (3) itfollowsthaty +1=7 -1= 4J(U +1) or
p™™t+ 1= 4U +1), n> 1 (4)

Equality (4) yields

p2n+1 + 12n+1 - (p + l)(p2n _ p2n—l . 11 oo+ lZn) - 4U(U + 1) (5)
In (5), the factor p*- p**-1'+---+1*) is odd for all valuesp. Therefore
4| @+ 1), and hence from (5)

N+ L)((AN+3F" - @N+3)7 1+ + 1) = U(U + D). (6)
The even termU(U + 1) in (6) is the product of two consecutimeegers, and hendé
is odd. Itis seen that equality (6) does nadd.ho

Therefore, equation (3) has no solutievieen y > 1 is odd.

(c) Suppose thatx>1 andy >1 is odd. Then *2p'=7 is
2+p™= 27 n> 0. (7)
For all integers x> 1, 2= 4-2*2 Theinteger Z has the form B+ 1. Itis easily
verified for every valuen> 0, that p®™* is of the form #1 + 3.
In (7), the left-hand side has the form
2+p™= 4-2"% + (A +3) = 427+ M) + 3,
whereas the right-hand side of (7) is of the form
Z = 4T+ 1.
The two sides of equation (7) contradict eatteiot Therefore, for each primg there
do not exist integers, y and z which satisfy equation (1).

This concludes the proof of Theorem 2.1. O

Theorem 2.2. Suppose thap=4N+3 (N>0)is prime. If in2+p=Zy = M is
even, then:
(@) Forn=1, equation (1) has 50 solutions.
(b) For n>1, equation (1) has no solutions.
Proof: Equation (1) is now

2+p” = 7 n>1. (8)
From (8) we obtain

20=7Z-p"=2Z- (" = - Pz +pP)

Denote
z-p"=2, z+p= 2, a<p = a+p=x 9)
Hence from (9)
2p"=2-20 = 72 (2 -1). (10)
It clearly follows from (10) thatx =1, and therefore
$F1=p" 11

(@) Suppose thatn = 1. Then (11) yields”2- 1 = p which may be a Mersenne
Prime. Every Mersenne Prime is of the forr\l 43 as required by our supposition,
and therefore is a solution of equation (1)is known [4], that there are 50 Mersenne
Primes, of which by January 2018 the largest imktp p = 2/7?**°_ 1 being the
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50" prime. Hence, equation (1) has 50 solstioap to 2*2%— 1 inclusive, as
asserted. Each such solution is of the fohf + (2"'— 1F= Z.

For the convenience of the readers, we detrate the first three solutions of
equation (8) whem=1.

Solution 6. (-1=2, p = 3) 2+ 3 = B
Solution 7. -1=3, p= 7) 2+ * = &
Solution 8. (-1=5, p =31) 2+ 3t = 33

We remark that Solution 7 has already bd#aioed in [2].

(b) Suppose thatn > 1. It clearly follows from (11) thatp — 1 > 1. Therefore, by
Catalan's Conjecture the equatiofit 2 p” = 1 has no solutions. Thus, for all values
n>1 equation (1) has no solutions as asserted.

This concludes the proof of Theorem 2.2. o

Concluding remark. It is now known that there exist 5®ersenne Primes.In
Theorem 2.2 parfa), wheny=2 andp is a Mersenne Prime, it has been established
that 2 +p? = Z has exactly 50 known solutions. Almost all ofgh solutions are
achieved by a computer. Additional solutions af #bove equation solely depend on
finding more Mersenne Primes.

3. Solutionsof 2*+p'= Z when p=4N+1 is prime

In this section, p=4N + 1 is prime, and all cases of equation &t considered.
This is done in the following Theorems 3.1 — 3each of which is self-contained.
Numerical solutions are also exhibited.

Theorem 3.1. Suppose thap = 4N + 1 is prime. If y=2n is evenin 2+p’ =7,
then for all valuesx, the equation

2+p" = 2 n> 1 (12)
has no solutions.
Proof: In 2°+p’=7 the integerZ is odd, hencez is odd. Denotez=2U + 1. Then
Z= (U+1f = U +1) +1.

From (12) we have

20=7Z-p"=2Z- (0 = - Pz +p)

Denote
z-p"=2, z+p= 2, a<p, = a+p=x (13)
From (13) it follows that
2:p" = 2-2 = 22 -1). (14)
Equality (14) implies that: = 1. Thus (14) yields
p’ = -1, (15)

By (13)f >a =1, and from (15)f =2 isimpossible. Thugt > 2. Since

474



Solutions of the Diophantine Equatiorf #2p’ =Z when p is Prime

p=4N+ 1, therefore for each and evemy> 1, p" is of the form MW + 1. For all
values g > 2, the right-hand side of (15) is of thenfo 4V + 3. The two sides of
(15) contradict each other, and therefore (E5)mpossible.

Hence, equation (12) has no solutiorssasrted. o

Theorem 3.2. Suppose thap=4N+ 1 is prime. If in2+p’ = 7 x= 2 is even
and y=2n+1 is odd, then the equation
23 p™t = A t>1, n=>0 (16)

has:
(@) No solutions for all values > 1.
(b) 4 solutions whenn = 0.
Proof: (a) Suppose thah > 1. From (16) we obtain

p™M=Z- 22 =7-2)° = @- Iz + 2).

Denote
Z_Zzp“, z+ 2= Ff, o <p, atp=2n+1. a7)
From (17) it follows that
2:2=p'-p" = p (- D). (18)
Equality (18) implies thatr =0, and hence (18) yields
2"t = - 1. (19)

From (19) and Catalan's Conjectun#,- 2**=1 has the only solution
p=3 (¢=2,t=2). But p=3 is not of the form M+ 1. Therefore, for all values

n> 1 and p=4N + 1, the equation 2+ p** = Z has no solutions.

This completes the proof of pdH).

(b) Suppose thah=0. Whena = 0 in (17) theng = 1. Therefore (19) yields

¥1+1 =p 02
In (20), the primep is known as Fermat Prime, whettet () must be a power of 2.
To the present day [12], only five Fermat Priraesknown. These are

{3, 5, 17, 257, 65537}.
The prime p =3 cannot be used in (16), since it is nahefform p=4N + 1. Note
that for allt > 1, the primep in (20) is of the form M + 1. Thus, any Fermat Prime
> 3 is a solution of (16). Therefore, whér 1, n=0 and p=4N+ 1, the equation
22 + pP™* = 7 has only 4 solutions.
The 4 solutions are presented as follows.

Solution 9. 2+ = 3
Solution 10. 52 + 1Y = 9
Solution 11. % + 257 = 129
Solution 12. %% + 65537 = 32769
This concludes the proof of Theorem 3.2. o

Theorem 3.3. Suppose thap=4N+1 is prime. If in 2+p’= Z x=2+1 is odd
and y=2n+1 is odd, then the equation
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2%+ p™ = A t>0, n>0 (21)

has:
(@) No solutions whert =0 andn=0.
(b) Infinitely many solutions whent>1 andn=0.
(c) No solutions whent=0 and n>1.
(d) At least one solution wheh>1 andn> 1.
Proof: (a) Suppose thatt=0 andn=0. From (21) we obtain

2'+p'= 2+ (@N+1) = 4N+3 =7
which is impossible sinceZ is odd and has the formZ = 4T + 1. In case(a),
equation (21) has no solutions as asserted.

(b) Suppose thatt>1 andn= 0. Itis then easily seen that infinitely maswojutions of
(21) exist. Some of these are demonstrated here.

Solution 13. 2+ 1t = B
Solution 14. 2+ 89 = 1%
Solution 15. 2+ 41 = 18
Solution 16. °2 + 113 = 25
Solution 17. Y9+ 353 = 48

It is noted that more than one solution neyst for a valud. For instance:
2> + 41 =7 2 +97=15, and soon. Cas) is complete.

() Suppose thatt=0 and n>1. We have from (21)

2+ p™ = A 22
The form of 7 is equalto F+ 1, and for alln>1, p*™! has the form M + 1.
Then, the left-hand side of (22) is of the fodil + 3, whereas the right-hand side
has the form M+ 1. This contradicts the existence of (2dgnce, the equation

2 + p*™ = Z has no solutions as asserted.

(d) Suppose thatt>1 and n>1. We obtain
29+ p™™t = 72 t>1 n>1. (23)
Then 2% = 4. 22 p™™'= (AN + 1™, and Z equalsto WU + 1) + 1. By the
Binomial Theorem, the expansion of N4 1Y™* has (& + 2) terms. The first (2+
1) terms are each a multiple ofN)4 the (2 + 2)" termis equal to 1. Denote the sum
of the (I + 1) terms by (M)M whereM is odd. Then, from (23) we have
4- 220+ (ANM +1= YU+1)+1

which after simplifications yields

27+ NM = U(U +1). (24)
The valueU(U + 1) is a product of two consecutive integers aneven. ThereforeN
is even and denotbl = 2R, U(U + 1) = 2N. From (24) we then obtain

22 + RM = W. (25)

In (25), ift>1 thenR and W are of the same parity, whereas whenl, R and W
are of a different parity. The process of findsmutions from here on presents great
difficulties, and we shall not pursue this mattay further.

However, the following values = 3, p =17, n=1, z=71 when substituted in
(23) yield the solution:
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Solution 18. 2+ 17 = 7%
Equivalently, we then have in (25)
2% =2 R =2 M =307, W= 630.
The proof of Theorem 3.3 is now complete. o

Concluding remark. It is noted that p = 17 is the third known Fermat Prime. The
first Fermat Prime 3 is not of the fornN 4 1. For the second Fermat Prime 5, all
powers of 5 have a last digit equal to 5. Whdded an odd power of 2 whose last
digit is either 2 or 8, it follows that in?2 + 5™ = 7 Z has a last digit which is
respectively either 7 or 3. Since a square mieas a last digit which is either 7 or 3,
it follows that the above equation has rlatgms.

A solution of 3™+ p®™! = Z if such exists with either Fermat Prime 257 or
65537 requires the aid of a computer. Moreovieom [12], finding more Fermat
Primes has a very low expectation.

Conjecture. Except forp = 5, 17, for all other primep either Fermat Primes or not,
we conjecture that no solutions exist fdf*2+ p** = Z when t>1, n>1.

If indeed the answer is affirmative, thea #bove equation has exactly one solution
when p = 17, namely Solution 18. Moreover, it thelidas in Section 3 that all the
solutions of 2+p’ = Z whenp=4N+ 1 have been established.
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